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Page	xiii	PREFACE	OVERVIEW	This	book	is	known	for	its	academic	rigor	and	effectiveness	at	serving	as	a	convenient	“onestop	shop”	for	a	large	constituency	of	seniors,	graduate	students,	researchers,	and	scholars	who	are	genuinely	interested	in	expanding	their	knowledge	of	the	rich	and	evolving	field	of	fluid	mechanics.	The	fourth	edition	maintains
the	tradition	of	fulfilling	the	role	of	a	senior	or	first-year	graduate	textbook	on	viscous	motion	with	an	eclectic	mix	of	engineering	applications.	Students	are	expected	to	understand	the	basic	foundations	of	fluid	mechanics,	vector	calculus,	partial	differential	equations,	and	rudimentary	numerical	analysis.	The	material	can	be	selectively	presented	in	a
one-semester	course	or,	with	more	extensive	coverage,	in	two	(or	even	three)	semesters.	The	evolution	of	viscous-flow	prediction	continues	its	journey	toward	more	highly	resolved,	sophisticated,	stable,	and	high-order	simulations.	This	book,	however,	retains	its	focus	on	presenting	viscous-flow	concepts,	not	software.	As	such,	we	place	a	strong
emphasis	on	the	physical	insight	and	mathematical	depth	that	we	gain	while	exploring,	systematically,	a	rich	variety	of	flow	problems.	Our	objective	is	to	make	the	book	readable,	descriptive,	and	introductory	to	the	field.	New	to	this	edition:	•	We	have	increased	the	number	of	problems	by	50	percent,	thus	adding	a	total	of	128	new	problems	to	an
original	set	of	255.	Only	6	problems	have	been	replaced,	to	avoid	pedagogical	disruptions.	Taking	student	feedback	into	account,	most	new	problems	are	example-like	or	life-like,	and	either	have	“answers”	or	are	“self-guided,”	i.e.,	with	stepby-step	instructions	to	obtain	a	specified	outcome.	The	chapter	breakdown	in	the	table	below	identifies	the
actual	number	of	problems	added	to	each	chapter.	Note	that	58	“levelling”	problems	have	been	added	to	Chaps.	1	and	2,	which	can	be	used	as	“refreshers”	in	the	areas	of	kinematic	analysis,	scaling	analysis,	dimensional	analysis,	streamline	analysis,	and	integral	analysis.	These	techniques,	we	feel,	are	essential	to	grasp	before	progressing	to	the
more	advanced	concepts	that	unfold	in	Chaps.	3–7.	We	have	also	provided	complementary	examples	on	the	use	of	the	vorticity-streamfunction	approach	as	well	as	the	Bragg–Hawthorne	formulation	in	the	context	of	two-	and	quasi	three-dimensional	flow	configurations.	An	additional	30	problems	are	featured	in	Chaps.	3	and	4	to	further	explore	the
benefits	of	differential	analysis,	the	momentum-integral	approach,	and	the	celebrated	Blasius	solution.	•	New	material	has	been	incorporated	into	Chaps.	2–7.	More	specifically,	we	have	introduced	the	highly	effective	Bragg–Hawthorne	approach	for	solving	steady	axisymmetric	flow	problems	(Chap.	2);	some	pulsatory	flow	extensions	and	solutions
discovered	in	the	context	of	injection	or	suction-driven	porous	ducts	(Chap.	3);	newly	found	solutions	to	the	Blasius	equation	for	flow	over	flat	plates	that	overcome	the	Pohlhausen	paradox	(Chap.	4);	a	generalization	of	Kármán’s	momentum-integral	approach	for	both	laminar	and	turbulent	boundary	layers	(Chaps.	4	Page	xivand	6);	a	two-dimensional
biglobal	stability	approach	for	both	incompressible	and	compressible	flow	configurations	(Chap.	5);	closed-form	analytical	expressions	for	the	fundamental	compressible,	isentropic	flow	equations,	the	weakly	compressible	water	hammer	problem,	and	several	two-dimensional	and	axisymmetric	flow	profiles,	such	as	the	compressible	Hart–McClure,
Taylor,	and	Taylor–Culick	profiles	(Chap.	7).	•	To	overcome	noted	deficiencies	reported	by	incoming	students,	and	to	assist	in	problem	solving,	we	have	removed	one	appendix	and	added	seven	more	to	the	original	set	of	three,	for	a	total	assortment	of	nine	appendices,	A–I.	These	contain	review	material	on	(A)	vector	identities;	(B)	reduced	forms	of	the
incompressible	Navier–Stokes	equations,	which	can	be	readily	applied	to	either	two-dimensional	or	three-dimensional	planar	or	axisymmetric	flow	configurations;	(D)	Einstein’s	indicial	notation;	(E)	energy	loss	evaluation;	(F)	Bragg–Hawthorne’s	equations	in	spherical	polar	coordinates;	(H)	Edgar	Buckingham’s	Pi	procedure	with	a	list	of	88	non-
dimensional	parameters;	and,	lastly,	(I)	various	trigonometric	identities.	We	have	eliminated	the	appendix	detailing	the	Runge–	Kutta	code,	and	relabeled	the	“Transport	Properties	of	Various	Newtonian	Fluids”	and	“Equations	of	Motion”	as	Apps.	C	and	G.	•	To	avoid	mixing	vector	and	indicial	notations	in	key	equations	throughout	the	text,	we	have
presented	their	entirely	vector	and	entirely	indicial	forms	side	by	side,	to	help	those	unfamiliar	with	the	indicial	notation,	without	requiring	it.	We	have	also	supplied	a	short	appendix	to	introduce	Einstein’s	indicial	notation	(App.	D).	We	have	deliberately	eliminated	cases	where	the	indicial	and	vector	notations	are	collocated	in	the	same	expression.	•
We	have	tried	to	unify	the	nomenclature	seamlessly,	by	implementing	minimal	amendments	and	avoiding	disruptions	to	any	particular	segment	of	the	book.	So	while	the	Blasius	similarity	variable	is	kept	as	the	normalized	coordinate	across	the	boundary	layer	is	renamed	as	This	is	done	to	avoid	confusion	between	the	two	transformations,	especially
that	the	Blasius	similarity	variable	extends	out	to	infinity	in	the	far	field	above	the	boundary	layer,	whereas	the	normalized	y-coordinate	remains	bracketed	within	the	interval	0	≤	ξ	≤	1.	Not	only	do	we	provide	the	conversion	factors	between	η	and	ξ,	we	also	reexamine	their	dependent	variables.	In	this	vein,	we	maintain	the	characteristic	Blasius
stream	function	as	f(η),	but	relabel	the	normalized	velocity	in	the	boundary	layer	as	In	previous	editions,	f	is	used	to	denote	both	the	stream	function	and	its	derivative,	while	η	is	used	to	represent	the	Blasius	similarity	variable	as	well	as	the	normalized	boundary	layer	coordinate,	despite	their	dissimilar	definitions.	This	distinction,	we	hope,	will	help.	•
We	have	introduced	in	Chap.	4	simplified	analytic	expressions	that	follow	from	Kármán’s	momentum-integral	equation	absent	a	pressure	gradient:	these	compact	formulas	enable	us	to	reproduce,	rather	straightforwardly,	all	boundary	layer	characteristics,	such	as	the	disturbance,	displacement,	and	momentum	thicknesses,	for	any	assumed	velocity
profile.	As	a	result,	skin	friction	coefficients	and	other	boundary	layer	properties,	which	are	typically	tabulated	in	most	fluid	textbooks,	can	be	readily	reproduced	and	verified,	for	any	mean	flow	function	f(ξ),	using	these	simple	relations.	•	On	its	centennial	anniversary,	we	now	offer	a	compelling	rational	explanation	for	the	1921	Pohlhausen	paradox,
namely,	the	reason	why	the	use	of	a	fourth-order,	quartic	polynomial	approximation	of	the	velocity	profile	in	the	viscous	region	leads	to	less	accurate	predictions	of	the	skin	friction	coefficient	and	disturbance,	displacement,	and	momentum	thicknesses,	than	using,	for	example,	quadratic	or	cubic	Pohlhausen	polynomials	(Table	4-1).	Not	only	do	we
clarify	the	Pohlhausen	paradox,	we	provide	an	alternative	quartic	polynomial	in	Chap.	4	that	does	not	suffer	from	the	principal	deficiency	undermining	Pohlhausen’s.	This	new	formulation,	enables	us	to	achieve	an	appreciable	order-of-magnitude	improvement	in	accuracy	between	our	analytical	predictions	and	the	robustly	computed	Blasius	values	in
both	viscous	and	thermal	analyses,	particularly,	those	that	are	traditionally	carried	out	using	Pohlhausen’s	quartic	polynomial,	Instead	of	accruing	a	10–20	percent	error	in	each	boundary	layer	estimate,	the	new	formulation	leads	to	relative	errors	that	do	not	exceed	1.7	percent.	•	Since	no	coverage	of	viscous	flow	theory	is	complete	without	a	detailed
discussion	of	the	Blasius	similarity	equation,	we	expand	the	corresponding	material	by	providing	in	Sec.	43.1	a	summary	of	advances	made	in	the	past	100	years	while	trying	to	solve	it.	These	advancements	include	elegant	numerical	schemes	as	well	as	persistent	analytical	efforts	that	give	rise	to	series	solutions,	intuitive	approximations,	and	other
uniformly	valid	expansions	that	are	based	on	a	variety	of	theoretical	techniques.	After	reviewing	the	pertinent	literature	and	describing	a	set	of	continuous	functions	that	approximate	the	Blasius	profile	over	its	semi-infinite	range	of	0	≤	η	<	∞,	we	present	the	reader	with	a	real	treat:	a	compact,	quasi-exact	exponential	function	that	entails	a	maximum
L2	=	6	×	10−4	error	(Table	4-4),	thus	placing	it	within	the	same	margin	of	error	associated	with	the	Blasius	equation	itself!	The	reader	may	enjoy	verifying	that	this	one-term	closed-form	expression,	with	s	=	1.6304,	matches	the	Blasius	solution	virtually	identically,	not	only	from	the	wall	to	the	edge	of	the	boundary	layer,	but	all	the	way	to	infinity
(Fig.	4-13).	Page	xv	•	Two	foundational	sections	have	been	added	to	Chap.	5,	thus	extending	the	essentially	one-dimensional	hydrodynamic	stability	coverage	to	the	fast-growing	biglobal	approach	in	the	context	of	both	incompressible	and	compressible	motions.	•	An	extension	of	Kármán’s	momentum-integral	formulation	to	a	turbulent,	power	law
profile	with	an	arbitrary	exponent	is	presented	in	Chap.	6.	•	Analytically	inverted	forms	of	the	isentropic	equations	for	compressible	gases	are	provided	in	Chap.	7	along	with	new	coverage	of	the	weakly	compressible	water	hammer	problem,	which	has	remained	unresolved	for	nearly	120	years.	Compressible	forms	of	several	classical	profiles	are	also
introduced.	•	Over	200	new	references	have	been	cited	or	updated.	•	An	Instructor	Manual	and	Student	Resource	Web	Site	have	been	developed.	We	have	added	PowerPoint	slides	to	accompany	the	Instructor	Manual,	which	should	prove	useful	to	those	adopting	this	text.	ORGANIZATION	We	have	retained	the	effective	seven-chapter	format	of	the
Viscous	Fluid	Flow	textbook.	Chapter	1	introduces	viscous-flow	concepts	and	boundary	conditions	while	overviewing	the	basic	transport	properties	of	Newtonian	and	non-Newtonian	fluids	and	their	constitutive	relations.	New	material	has	been	added	on	mass	diffusivity	and	Fick’s	law.	Based	on	popular	demand,	Chap.	1	has	been	shortened	while
being	augmented	by	several	practical	appendices:	these	begin	with	vector	identities	in	App.	A,	and	are	followed	by	abridged	kinematic	expressions	in	App.	B,	and	transport	properties	in	App.	C.	Chapter	2	overviews	the	basic	equations	of	motion.	We	have	expanded	the	section	describing	the	hyperbolic,	parabolic,	and	elliptic	nature	of	the	elusive
Navier–Stokes	equations.	We	have	provided,	as	much	as	practical,	both	vector	and	indicial	forms	for	key	equations.	Material	has	been	added	on	the	Bragg–Hawthorne	formulation	for	the	effective	analysis	of	axisymmetric	flow	configurations.	We	have	unified	recurring	symbols	by	adopting,	for	example,	the	traditional	σ	for	the	total	stress	component—
which	can	absorb	the	normal	pressure—and	by	reserving	τ	for	the	shear	stress.	We	have	also	embraced	the	spherical	polar	coordinate	system	preferred	by	mathematicians,	wherein	θ	refers	to	the	azimuthal	angle,	and	φ	stands	for	the	polar	inclination,	or	zenith	angle.	Within	this	setup,	θ	remains	invariant	in	both	cylindrical	and	spherical	coordinates.
Before	leaping	into	Chaps.	3	and	4,	however,	38	refresher	problems	are	furnished,	which	emphasize	force	scaling,	proper	normalization,	and	dimensional	analysis,	as	well	as	streamline	analysis,	kinematic	analysis,	and	integral	analysis;	these	can	be	beneficial	to	practice	or	review	before	engaging	more	advanced	content.	Among	the	newly	formulated
problems,	some	involve	attractive	models	of	cyclones	and	tornadoes,	as	well	as	the	internal	mean	flow	of	an	idealized	rocket	motor.	Chapter	3	continues	to	unravel	a	variety	of	laminar-flow	solutions	of	the	Navier–Stokes	equations.	As	usual,	several	collections	of	new	exact	and	asymptotic	solutions	are	described,	and	the	Stokes	paradox	is	clarified.
More	detail	is	provided	while	presenting	oscillatory	and	pulsatory	flow	solutions	for	porous	channels	and	tubes.	Along	similar	lines,	the	connectivity	of	the	Stokes	number	to	the	kinetic	Reynolds	number	and	the	Womersley	number	is	illuminated.	The	section	describing	various	computational	fluid	dynamics	(CFD)	models	is	extracted	and	converted	into
an	online	supplement,	to	avoid	producing	an	excessively	long	chapter.	Chapter	4	and	its	references	have	been	updated	by	incorporating	several	new	breakthrough	developments	that	simplify	the	use	of	Kármán’s	momentum-integral	approach	for	laminar	boundary	layers	with	no	pressure	gradients.	Not	only	is	Pohlhausen’s	paradox	illuminated,	its
quartic	flow	approximation	is	superseded	by	a	compact	polynomial	approximation	that	enables	us	to	achieve	much	greater	accuracy	while	retaining	the	flexibility	and	simplicity	of	a	polynomial	representation.	Newly	devised	Blasius	flow	formulations	that	remain	valid	beyond	the	boundary	layer	edge	are	also	compared	and	discussed.	Chapter	5	has
been	expanded	from	its	one-dimensional	coverage	to	a	fully	twodimensional,	biglobal	stability	treatment	of	both	incompressible	and	compressible	flow	fields.	Illustrations	are	taken	from	the	class	of	Taylor	and	Taylor–Culick	profiles,	which	are	injection-driven	Berman	solutions	in	porous	channels	and	tubes	at	high	crossflow	Reynolds	numbers.	Chapter
6	preserves	the	basic	outline	for	turbulent	mean-flow	characterization.	As	usual,	the	power-law	overlap	layer	controversy	is	explained,	DNS	predictions	are	included,	and	Sec.	6-6.1	on	the	momentum-integral	analysis,	which	leads	to	reasonable	predictions	of	turbulent	boundary	layer	properties	by	Prandtl’s	and	Coles’	wall-wake	laws,	is	generalized
using	a	power-law	profile	of	arbitrary	exponent.	New	problems	focus	on	foundational	issues	such	as	the	use	of	wall	coordinates	to	reproduce	the	fundamental	linear	and	log-law	relations	in	the	viscous	and	inertial	sublayers,	and	the	effectiveness	of	turbulent-flow	models	at	providing	channel	and	pipe	flow	estimates	of	the	wall	friction	factor.	Page	xvi
Chapter	7	has	been	supplemented	by	several	essential	sections.	For	example,	having	added	in	the	3rd	edition	the	isentropic	flow	equations,	the	4th	edition	provides	analytically	inverted	expressions	of	these	compressible-flow	relations	that	eliminate	the	need	to	use	iteration	or	gas	dynamics	tables.	At	the	outset,	predicting	properties	such	as	the
subsonic	or	supersonic	flow	Mach	numbers	for	a	given	area	expansion	ratio	can	be	carried	out	straightforwardly,	with	no	need	for	root	finding,	iteration,	or	interpolation.	A	systematic	methodology	for	deriving	a	compressible	correction	to	a	two-dimensional	or	axisymmetric	flow	profile	using	a	Rayleigh–Janzen	expansion	is	presented.	Examples
provided	include	the	quasi-viscous	Taylor	and	Taylor–Culick	flows	in	porous	channels	and	tubes	as	well	as	the	academic	Hart–McClure	motion	in	a	porous	tube.	Lastly,	a	solution	to	the	weakly	compressible	water	hammer	problem,	which	has	eluded	researchers	for	over	120	years,	is	outlined.	Of	the	three	original	appendices,	we	have	dropped	the
third,	on	Runge–Kutta	integration,	and	added	seven	more,	for	a	total	set	of	nine.	These	begin	with	fundamental	vector	identities	and	end	with	trigonometric	identities;	they	also	journey	through	abbreviated	equations	of	motion,	Einstein’s	notation,	energy	loss	evaluation	tools,	and	a	comprehensive	list	of	nondimensional	parameters.
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Majdalani	Page	xviii	Page	xix	LIST	OF	SYMBOLS	English	Symbols	a	A	b	B	ΔB	c,	ci,	cr	cp,	cυ	C	Ci	D	Dh	Dij	e	et	f,F	f	,	F,	g	g	G	h	hi	h	H	H1	J	k	K	speed	of	sound;	acceleration	(Chap.	2);	body	radius	(Chap.	4)	area;	amplitude,	Eq.	(5-48);	damping	parameter,	Eq.	(6-90)	jet	or	wake	width,	Fig.	6-35	stagnation-point	velocity	gradient	(Sec.	3-8.1);	turbulent
wall-law	intercept	constant,	Eq.	(6-38a)	wall-law	shift	due	to	roughness,	Eq.	(6-49)	wave	phase	speeds	(Chap.	5)	specific	heats,	Eq.	(1-60)	Chapman–Rubesin	parameter,	Eq.	(7-35)	species	concentrations	(Chap.	1)	diameter;	drag	force	(Chap.	4);	diffusion	coefficient	(Chap.	1)	duct	hydraulic	diameter,	4A/P	turbulent	transport	or	diffusion,	Eq.	(6-111)	,	E
internal	energy	sum	of	internal,	kinetic	and	potential	energies,	Eq.	(2-113)	force	similarity	variables;	dimensionless	velocity,	u/U	gravitational	acceleration	vector	(Pr)	heat-transfer	parameter,	Eqs.	(3-227)	and	(4-100)	enthalpy;	duct	width;	heat-transfer	coefficient	scaling	factors,	Eqs.	(2-58)	and	(4-233)	2	0	stagnation	enthalpy,	h	+	V	/2	shape	factor,
δ*/θ;	stagnation	enthalpy,	Eq.	(7-3)	alternate	shape	factor,	(δ	−	δ*)/θ	jet	momentum,	Eqs.	(4-125),	(4-227),	and	(6-144)	thermal	conductivity;	roughness	height	(Chaps.	5	and	6)	bulk	modulus,	Eq.	(1-74);	duct	pressure-drop	parameter,	Eq.	(4-197);	turbulence	ℓ	L	Lslip	m	̇	m	M	n	p	̂p	P	q	Q	r	r,	θ,	z	kinetic	energy,	Eq.	(6-16);	stagnation-point	velocity
gradient,	Fig.	7-6	mean-free	path	(Chap.	1);	mixing	length,	Eq.	(6-88)	characteristic	length	slip	length,	uw/(∂u/∂n)w	mass;	wedge-velocity	exponent,	Eq.	(4-91)	mass	flow	rate	molecular	weight,	Eq.	(1-65);	moment,	Eq.	(3-245)	normal	to	the	wall;	power-law	exponent,	Eq.	(1-33)	pressure	effective	pressure	(with	gravity),	p	+	ρgz	̂	/dx)h2/(2μU)	(Chap.	3);
(δ/τw)(dpe/dx)	(Chap.	6);	pressure	gradient	parameter,	(−dp	duct	perimeter	heat-transfer	rate	per	unit	area;	turbulence	level,	Eq.	(5-51)	heat;	volume	flow	rate,	Eq.	(3-35)	radial	coordinate;	recovery	factor,	Eq.	(7-31)	cylindrical	polar	coordinates,	Eq.	(2-63)	Page	xx	r,	φ,	θ	spherical	polar	coordinates	preferred	by	mathematicians,	Eq.	(2-65);
permeability	parameter	(φ	in	Chap.	6)	r0	cylinder	surface	radius,	Fig.	4-39	R	gas	constant;	body	radius	s	entropy;	velocity	slope	or	Blasius	slope	s	at	the	wall,	(Chap.	4)	S	Sutherland	constant,	Eq.	(1-34);	laminar	shear	parameter,	Eq.	(4-155);	van	Driest	parameter,	Eq.	(7-145)	t	time	T	temperature;	percent	turbulence,	Eq.	(5-51)	T*	wall	heat-flux
temperature,	qw/(ρcpυ*);	compressible-flow	reference	temperature,	Eq.	(7-57)	ℑ	surface	tension	coefficient	u,	υ,	w	Cartesian	velocity	components	ur,	uθ,	uz	cylindrical	polar	velocity	components	u′,	υ′,	w′	turbulent	velocity	fluctuations	Δ	u	wake	velocity	defect,	Fig.	6-35c	and	Eq.	(6-155)	U,	W	υ*	wall-friction	velocity,	(τw/ρw)1/2	υ	β	V	wake	velocity,	Eq.
(6-137)	velocity;	also	Ue/U0,	Eq.	(6-133)	ϑ	w	x,	y,	z	Z	volume	(Chap.	2)	rate	of	work	done	on	an	element,	Eq.	(2-36)	Cartesian	coordinates	gas	compressibility	factor,	p/(	ρRT)	freestream	velocity	components	Greek	Symbols	α	α,	β	α*,	β,	ζ	β	γ	δ,	δu	δ*	δc	δh	δT	δ3	δij	Δ	ϵ	ϵij	κ	λ	Λ	λn	thermal	diffusivity,	k/(ρ	cp);	wedge	angle	(Fig.	3-39);	wave	number,	Eq.
(5-12);	angle	of	attack	finite-difference	mesh-size	parameters,	Eq.	(4-167);	also	compressible	wall-law	parameters,	Eqs.	(7-141)	compressible	finite-difference	mesh-size	parameters,	Eq.	(7-85)	thermal	expansion	coefficient,	Eq.	(1-76);	Falkner–Skan	parameter,	Eq.	(4-93);	Clauser	parameter,	Eq.	(6-42),	(δ*/τw)	dpe/dx	=	Pη*	specific-heat	ratio,	cp/cυ;
finite-difference	parameter	Eq.	(4-184);	intermittency,	Fig.	6-5;	compressibility	parameter,	Eq.	(7-141)	velocity	or	viscous	boundary-layer	thickness	displacement	thickness,	Eq.	(4-4)	conduction	thickness,	Eq.	(4-177)	enthalpy	thickness,	Eq.	(4-29)	temperature	or	thermal	boundary-layer	thickness	dissipation	thickness,	Eq.	(4-149)	Kronecker	delta
defect	thickness,	Eq.	(6-43)	small	perturbation	parameter;	turbulent	dissipation	[Eq.	(6-26)]	strain-rate	tensor;	Reynolds	stress	dissipation,	Eq.	(6-111)	Kármán	constant,	approximately	0.41	second	coefficient	of	viscosity	(Chap.	2);	Thwaites’	parameter	(θ2/ν)dU/dx,	Eq.	(4132);	(2/Cf)1/2	(Chap.	6)	Kármán–Pohlhausen	parameter,	Eq.	(3-38);	pipe-friction
factor,	Eq.	(6-54)	Graetz	function	eigenvalues,	Table	3-1	Darcy	friction	factor,	η	η*	μ	ν	π	similarity	variable;	Blasius	similarity	variable	(Chap.	4),	elevation	(Chap.	5)	dimensionless	displacement	thickness	(Chap.	4),	δ*/δ	dynamic	viscosity	kinematic	viscosity,	μ/ρ	a	circle’s	perimeter	divided	by	its	diameter,	3.14159265	.	.	.	free-surface	Page	xxi	Π	ϕ	φ	Φ	ψ
θ	θ*	Θ	ρ	σ	τ	τij	χ	ξ	ω	Ω	ζ	Coles’	wake	parameter,	Eq.	(6-47)	velocity	potential	(Chap.	2);	latitude	(Chap.	3);	wave	angle,	Eq.	(5-12);	dimensionless	disturbance,	Eq.	(5-29)	polar	or	zenith	angle	in	spherical	coordinates,	Chap.	2	dissipation	function,	Eq.	(2-46)	stream	function	azimuthal	coordinate	angle;	momentum	thickness,	Eq.	(4-6)	dimensionless
momentum	thickness	(Chap.	4),	θ/δ	reduced	temperature	(dimensionless	temperature	ratio),	Eq.	(3-222)	or	(4-78)	density	stress;	turbulent	jet	growth	parameter,	Eq.	(6-149);	eigenmode	(Chap.	5);	Blasius	constant,	(Chap.	4)	boundary-layer	shear	stress	stress	tensor	hypersonic	interaction	parameter,	Eq.	(7-104)	similarity	variable,	y/δ	vorticity;	angular
velocity;	frequency	angular	velocity	heat-transfer	coefficient,	Eq.	(3-14);	ratio	δT/δ,	Eq.	(4-31)	Dimensionless	Groups†	Rea	Br	β	Ca	CD	Cf	Acoustic	Reynolds	number,	Brinkman	number,	Clauser’s	equilibrium	parameter,	cavitation	number,	drag	coefficient,	Fanning’s	skin-friction	coefficient,	2τw/(ρU2)	Ch	CL	Stanton	number,	Cp	pressure	coefficient,	2(p
−	p∞)/(ρU2)	E	c	Eckert	number,	U2/(cpΔT)	=	Br/Pr	Ek	Ekman	number,	ν/(ΩL2)	Eu	Euler	number,	2Δp/(ρ	U2)	Fr	Froude	number,	U2	/(gL)	Fo	Fourier	number,	ατ/	L2	f	or	Λ	lift	coefficient,	2	FL/(ρU2A)	Darcy’s	friction	factor,	2Δp/(ρU2L/D)	Grashof	number,	gβ	L3ΔT/ν2	Gr*	modified	Grashof	number,	Rek	or	ω*	Kinetic	Reynolds	number,	K	n	Knudsen
number,	ℓ/L	L	*	Graetz	number	(Sec.	3-3.8),	L/(d0ReDPr)	Gr	Le	Λ	M	a	M	j	Lewis	number,	D/α	=	Sc/Pr	Kármán–Pohlhausen	parameter,	−δ2(dp/dx)/(μU)	=	(δ2/ν)	dU/dx	Mach	number,	U/a	Majdalani	number,	U3/(ω2	νL)	=	Rek/St3	Nu	Nusselt	number,	qw	L/(kΔT)	=	ChRePr	Pe	Po	Pr	Page	xxii	Prt	Péclet	number,	RePr	Poiseuille	number,	2τL/(μU)	Prandtl
number,	μcp/k	Ra	Rayleigh	number,	GrPr	=	gβL3ΔT/(να)	Reynolds	number,	UL/ν	Rossby	number,	U/(ΩL)	Re	Ro	Ri	Sc	λS	St	Ta	Turbulent	Prandtl	number,	μtcp/kt	Richardson	number,	gβLΔT/U2	=	Gr/Re2	Schmidt	number,	ν/D	Stokes	parameter,	Strouhal	number,	ωL/U	or	f	L/U	Taylor	number,	4Ω2R4/ν2	or	Eq.	(5-42)	Rew	We	Wo	Wave	Reynolds
number,	U2/(ων)	=	StMj	Weber	number,	ρU2L⁄ℑ	Womersley	number,	Subscripts	a	∞	e	e	q	0	c,	crit	comp	incomp	lam	liq	m	max	n	r	rms	sep	sol	t	T	turb	tr	θ	φ	V	vap	w	x	w	adiabatic	wall	far	field	freestream,	boundary-layer	edge	equivalent	or	van	Driest’s	effective	velocity	(Chap.	7)	initial	or	reference	value	critical,	at	the	point	of	instability	compressible
incompressible	laminar	liquid	mean	maximum	normal	recovery	or	adiabatic	wall	root	mean	square	separation	point	solid	turbulent,	tangential	thermal	property	turbulent	transition	azimuthal,	swirl,	or	tangential	component	polar,	zenith,	or	tangential	component	viscous	property	vapor	property	wall	property	at	position	x	Superscripts	_	time-averaged
properties	′	*	+	^	~	primes	denote	differentiation;	turbulent	fluctuations	asterisks	usually	denote	dimensionless	variables	(Chaps.	2,	3,	and	4)	law-of-the-wall	variables	circumflexes	(carets)	denote	small-disturbance	variables	(Chap.	5)	tildes	denote	total	or	instantaneous	variables	(Chap.	5)	†A	more	detailed	list	is	provided	in	Appendix	H2.	Page	1
CHAPTER	1	PRELIMINARY	CONCEPTS	.	.	.	the	progress	of	human	knowledge	will	be	rapid	and	discoveries	made	of	which	we	have	at	present	no	conception.	I	begin	to	be	almost	sorry	I	was	born	so	soon,	since	I	cannot	have	the	happiness	of	knowing	what	will	be	known	a	hundred	years	hence.	Benjamin	Franklin	(1706–1790)	1-1	HISTORICAL
OUTLINE	STUDY	of	viscous	fluid	flow	phenomena	may	be	viewed	as	one	of	the	most	THE	exhilarating	and	yet	daunting	areas	of	engineering	as	it	brings	into	perspective	decades	of	research	as	well	as	a	multitude	of	tools,	models,	and	methods	of	analysis.	These	include,	but	are	not	limited	to,	the	tools	of	dimensional	analysis,	similitude,	kinematics,
streamline	analysis,	head	loss	and	energy	analysis,	integral	or	control	volume	analysis,	differential	or	infinitesimal	analysis,	point-by-point	analysis,	von	Kármán’s	momentum-integral	analysis,	boundary-layer	analysis,	hydrodynamic	stability	analysis,	turbulence,	and	numerical	analysis.	Although	it	is	not	necessary	to	review	the	history	of	the	discipline
one	wishes	to	pursue,	it	can	be	useful	to	highlight	the	individual	contributions	and	notable	efforts	that	have	been	invested	in	its	development.	This	brief	section	outlines	some	of	the	major	contributions	to	the	subject	of	fluid	mechanics.	In	fact,	several	excellent	books	on	fluid	mechanics	history	exist	that	the	reader	may	be	referred	to,	namely,	Rouse
and	Ince	(1957),	G.	A.	Tokaty	(1994),	J.	D.	Anderson	(1997),	M.	Eckert	(2006),	and	J.	S.	Calero	(2008).	According	to	G.	Garbrecht	(1987),	fluid	mechanics	has	a	rich	history	that	can	be	traced	back	to	prehistoric	times.	Archeological	records	suggest	that	early	communities	possessed	sufficient	intellect	to	develop	streamlined	spears,	fin-stabilized
arrows,	boats,	and	hydraulic	channels.	Later,	Roman	engineers	designed	and	built	gravity-driven	stone-arch	aqueducts	to	transport	water	from	distant	sources	to	Rome	and	its	surrounding	areas.	The	first	such	aqueduct	was	constructed	in	312	BC,	and	eventually	hundreds	more	were	built	throughout	the	Roman	Empire.	The	first	analysis	of	a	viscous
fluid	at	rest	may	be	attributed	to	the	Greek	mathematician	Archimedes	(287–212	BC),	i.e.,	when	he	postulated	the	two	principles	of	buoyancy	now	bearing	his	name.	Other	Greek	inventors	developed	pumps,	valves,	and	siphons.	Outside	of	Europe,	the	Arabian	world	witnessed	an	era	of	unparalleled	scientific	growth	that	led	to	the	development	of
reliable	measurements	of	density	and	volume,	controller	valves,	and	reciprocating	pumps.	During	the	same	period,	the	study	of	fluid	mechanics	in	the	West	slipped	into	the	“dark	ages”	of	inactivity,	which	lasted	for	more	than	1,500	years.	Incidentally,	in	the	year	1500,	the	multitalented	Italian	prodigy,	Leonardo	da	Vinci,	deduced	the	formula	for	mass
conservation	of	an	incompressible	one-dimensional	flow.	This	painter,	sculptor,	musician,	philosopher,	anatomist,	botanist,	geologist,	architect,	engineer,	and	scientist	also	designed	an	anemometer,	a	flying	machine,	a	parachute,	a	submarine,	scuba	gear,	and	other	military	contraptions.	His	notes	conveyed	surprisingly	accurate	sketches	of	waves,
hydraulic	jumps,	jets,	eddies,	vortices,	and	wakes.	Despite	sporadic	developments	during	the	Renaissance	period,	the	17th	century	may	be	viewed	as	the	dawn	of	fluid	mechanics	research.	It	started	when	Evangelista	Torricelli	(1608–1647)	published	the	velocity	of	efflux	from	an	orifice	and	Edme	Mariotte	(1620–	1684)	built	a	wind	tunnel	with	a	drag
balance.	It	then	accelerated	when	Sir	Isaac	Newton	(1643–1727)	published	his	Principia	and	proposed	in	1687	that	resistance	to	flow	was	“proportional	to	the	Page	2velocity	by	which	the	parts	of	the	fluid	are	being	separated	from	each	other.”	Most	common	liquids	and	gases	that	follow	this	rule	are	now	called	Newtonian.	Ironically,	Newton	indirectly
discouraged	viscous-flow	research	by	introducing	and	promoting	interest	in	differential	calculus.	This	enabled	some	of	the	greatest	mathematicians	of	the	18th	century—Leonhard	Euler	(1707–1783),	Jean	le	Rond	d’Alembert	(1717–1783),	Joseph-Louis	Lagrange	(1736–1813),	Pierre-Simon	Laplace	(1749–1827),	and	Franz	Josef	von	Gerstner	(1756–
1832)—to	produce	brilliant,	but	highly	idealistic,	solutions	to	inviscid	fluid	motions	that	were	called	perfect	or	ideal.	Euler,	for	example,	proved	Bernoulli’s	postulate	that	pressure	and	velocity	were	related.	Nonetheless,	practical	engineers	realized	that	these	solutions	were	quite	limited;	for	example,	d’Alembert	proved	that	frictionless	fluid	motion
past	a	body	predicted	zero	drag,	which	contradicted	viscous-flow	behavior.	The	disagreement	between	theory	and	practice	led	some	engineers	to	focus	on	producing	and	interpreting	experimental	results	with	little	or	no	reliance	on	theory.	Later,	Navier	in	1827,	Cauchy	in	1828,	Poisson	in	1829,	St.	Venant	in	1843,	and	Stokes	in	1845	added	viscosity
to	the	equations	of	motions	and	made	them	applicable	to	real	fluids.	The	corresponding	Navier–Stokes	equations	were	nonlinear	and	difficult	to	solve	except	for	simple	geometries	and	low	to	moderate	speeds.	A	breakthrough	occurred	in	1904	when	Ludwig	Prandtl	(1875–1953)	proved	the	existence	of	a	thin	boundary	layer	in	fluids	with	small
viscosity.	This	concept	greatly	improved	our	understanding	of	viscous	flows	and	the	manner	by	which	they	can	be	mathematically	subdivided	and	synthesized.	Prandtl’s	breakthrough	was	quickly	followed	by	groundbreaking	contributions	by	three	of	his	students:	Heinrich	Blasius’s	spatially	reductive	similarity	solution	for	the	boundary-layer	equations
in	1908,	Theodore	von	Kármán’s	ever	so	useful	momentum-integral	formulation	in	1921,	and,	concurrently,	Pohlhausen’s	polynomial	approximations	of	the	boundary-layer	velocity.	Pohlhausen’s	approximations,	however,	deteriorated	most	paradoxically	in	their	effectiveness	at	predicting	boundary-layer	characteristics	as	their	polynomial	orders
increased.	This	paradox	lingered	until	the	time	of	this	writing.	The	second	most	important	breakthrough,	which	also	took	place	in	the	early	20th	century,	was	the	development	of	tools	necessary	to	correlate	various	experiments	using	dimensional	analysis.	Leaders	in	this	field	were	Osborne	Reynolds	(1842–1919),	Lord	Rayleigh	(1842–	1919),	and
Prandtl	himself.	All	new	results	could	now	be	expressed	in	a	compact,	universal,	highly	portable,	dimensionless	form.	The	latter	part	of	the	20th	century	saw	the	invention	of	digital	computing	and	both	qualitative	flow	visualization	techniques	that	use	Schlieren,	shadowgraph,	laser-induced	fluorescence,	tufts,	yarns,	smoke,	dye,	bubbles,	oils,	etc.,	and
quantitative	measurement	techniques,	such	as	hot-wire	and	hot-film	anemometry,	laser-doppler	velocimetry,	holography,	particle	image	and	particle	tracking	velocimetry,	as	well	as	pressure,	temperature,	and	shear-sensitive	paints.	Presently,	advancements	in	ultrasound,	X-ray,	computerized	tomography,	and	magnetic	resonance	velocimetry
continue	to	be	made.	When	combined	with	modern	turbulence	models	and	supercomputers,	researchers	are	now	able	to	simulate	almost	every	prototypical	viscous	fluid	motion.	1-2	SOME	EXAMPLES	OF	VISCOUS-FLOW	PHENOMENA	Before	embarking	upon	the	inevitable	detailed	studies	of	theoretical	and	experimental	viscous	flows,	let	us	discuss
three	examples,	chosen	to	illustrate	both	the	strength	and	the	limitations	of	the	subject:	(1)	airfoil	flow,	(2)	a	cylinder	in	crossflow,	and	(3)	pipe-entry	flow.	These	examples	remind	us	that	a	textbook	tends	to	emphasize	analytical	power	while	deemphasizing	practical	difficulties.	Viscous-flow	theory	does	have	limitations,	especially	in	the	high-Reynolds-
number	turbulent-flow	regime,	where	the	flow	undergoes	random	fluctuations	and	is	only	modeled	on	a	semiempirical	time-mean	or	statistical	basis.	Although	geometry,	fluid	buoyancy,	and	compressibility	will	be	important	in	all	viscous	flows,	the	primary	controlling	parameter	is	the	dimensionless	Reynolds	number:	(1-1)	where	U	is	a	velocity	scale,	L
is	a	characteristic	geometric	size,	and	ρ	and	μ	refer	to	the	fluid	density	and	viscosity,	respectively.	Fluid	properties	alone	can	cause	dramatic	differences	in	the	Reynolds	number	and,	consequently,	the	flow	pattern.	For	example,	if	U	=	1	m/s	and	L	=	1	m	at	20°C,	one	gets	ReL	=	9	×	103,	7	×	104,	and	1	×	106	for	SAE-10	oil,	air,	and	water,	respectively.
By	allowing	for	possible	changes	in	size	and	speed,	the	Reynolds	number	can	vary	from	a	small	fraction	(falling	dust	particles)	to	5	×	109	(a	cruising	supertanker).	For	a	given	geometry,	as	ReL	increases,	the	flow	pattern	changes	from	smooth	or	laminar	through	a	transitional	region	into	a	fluctuating	or	turbulent	regime.Page	3	Example	1	Flow	past	a
thin	airfoil.	Consider	flow	past	a	thin	airfoil	at	small	angle	of	incidence,	α	<	5°	as	sketched	in	Fig.	1-1a.	In	practical	applications,	the	Reynolds	number,	ReL,	is	large.	For	example,	if	L	=	1	m,	U	=	100	m/s,	and	ν	=	μ/ρ	≈	1.5	×	10−5	m2/s	(air	at	20°C	and	1	atm),	ReL	=	6.7	×	104.	Under	these	circumstances,	the	flow	creates	a	thin	boundary	layer	near
the	airfoil	surface	and	a	thin	wake	downstream.	The	measured	surfacepressure	distribution	on	the	foil	can	be	predicted	by	inviscid-flow	theory	[e.g.,	White	(2016),	Sec.	8.7],	and	the	wall	shear	stress	can	be	computed	with	the	boundary-layer	theory	of	Chaps.	4	to	6.	The	sharp	trailing	edge	establishes	the	flow	pattern,	because	a	viscous	fluid	cannot	go
around	such	a	sharp	edge	but	instead	must	leave	smoothly	and	tangentially,	as	shown	in	Fig.	1-1a.	FIGURE	1-1	Flow	past	a	thin	airfoil:	(a)	low	incidence	angle,	smooth	flow,	no	separation;	(b)	high	incidence	angle,	upper	surface	separates	or	“stalls,”	lift	decreases.	According	to	inviscid	theory,	if	F	is	the	lift	force	per	unit	depth	on	a	symmetric
(twodimensional)	airfoil,	the	dimensionless	lift	coefficient	CL	is	given	by	(1-2)	where	L	is	the	chord	length	of	the	airfoil.	At	larger	incidence	angles	(10−15°),	boundary-layer	separation,	or	stall,	will	occur	on	the	upper	or	suction	(low-pressure)	surface,	as	shown	in	Fig.	1-1b.	For	thicker	airfoils,	separation	generally	occurs	at	the	trailing	edge.	Thin
airfoils	may	form	a	partial	separation,	or	bubble,	near	the	leading	edge.	In	stalled	flow,	the	upper	surface-pressure	distribution	deviates	considerably	from	inviscid	theory,	resulting	in	a	loss	of	lift	and	an	increase	in	drag	force.	When	an	airfoil	flow	separates,	its	lift	coefficient	levels	off	to	a	maximum	and	then	decreases,	sometimes	gradually,
sometimes	quickly	as	a	short	leading-edge	bubble	is	suddenly	elongated.	Figure	1-2	compares	typical	theoretical	and	experimental	lift	curves	for	a	symmetric	airfoil.	FIGURE	1-2	Typical	comparison	of	theory	and	experiment	for	lift	coefficient	on	a	symmetric	airfoil.	Page	4	As	long	as	the	angle	of	attack	is	below	stall,	the	lift	can	be	predicted	by	inviscid
theory	and	the	friction	by	boundary-layer	theory.	The	onset	of	stall	can	be	predicted.	In	the	stalled	region,	however,	boundary-layer	theory	is	no	longer	valid,	and	one	must	resort	to	either	experimentation	or	numerical	simulation	on	a	digital	computer.	Figures	1-1	and	1-2	are	for	two-dimensional	airfoils—of	infinite	span	into	the	paper.	Practical	wings,
of	course,	have	tips	and	can	have	leading	edges	swept	or	nonorthogonal	to	the	oncoming	stream.	The	flow	over	them	is	three-dimensional	and	the	lift	coefficient	is	reduced,	due	to	decreased	lift	on	the	tips	[White	(2016),	p.	558].	Example	2	Flow	past	a	circular	cylinder.	A	very	common	geometry	in	fluids	engineering	is	crossflow	of	a	stream	at	velocity
U∞	past	a	circular	cylinder	of	radius	R.	For	plane	inviscid	flow,	the	solution	superimposes	a	uniform	stream	with	a	line	doublet	and	is	given	in	polar	coordinates	by	[White	(2016),	p.	539]	(1-3)	The	streamlines	of	this	flow	can	then	be	plotted	as	in	Fig.	1-3.	At	the	surface	of	the	cylinder,	r	=	R,	we	have	υr	=	0	and	υθ	=	−2U∞sinθ;	the	latter	remains	finite
and	thus	violative	of	the	no-slip	condition	imposed	by	intermolecular	forces	between	the	fluid	and	the	solid.	FIGURE	1-3	Perfect-fluid	flow	past	a	circular	cylinder.	The	pressure	distribution	at	the	cylinder	surface	can	be	found	from	Bernoulli’s	equation,	where	ρ	is	the	fluid	density.	The	result	is	This	distribution	is	shown	as	the	dash–dot	line	in	Fig.	1-4.
Equations	(1-3)	illustrate	a	characteristic	of	inviscid	flow	without	a	free	surface	or	“deadwater”	region:	There	are	no	parameters	such	as	the	Reynolds	number	and	no	dependence	upon	physical	properties.	Also,	the	symmetry	of	Cp(θ)	in	Fig.	1-4	indicates	that	the	integrated	surface-pressure	force	in	the	streamwise	direction—the	cylinder	drag—is	zero.
This	is	an	example	of	the	unrealistic	d’Alembert	paradox	for	inviscid	flow	past	immersed	bodies.	FIGURE	1-4	Comparison	of	perfect-fluid	theory	and	an	experiment	for	the	pressure	distribution	on	a	cylinder.	[After	Flachsbart	(1932).]	The	experimental	facts	differ	considerably	from	this	inviscid	symmetrical	picture	and	depend	strongly	upon	the
Reynolds	number.	Figure	1-4	shows	measured	Cp	by	Flachsbart	(1932)	for	two	Reynolds	numbers.	The	pressure	on	the	rear	or	lee	side	of	the	cylinder	is	lower	everywhere	than	the	freestream	pressure.	Consequently,	unlike	the	d’Alembert	paradox,	the	real	fluid	causes	a	large	pressure-drag	force	on	the	body.Page	5	Moreover,	the	real	streamlines	are
far	from	symmetrical	behind	the	cylinder.	Figure	1-5	displays	the	numerically	simulated	flow	pattern	in	water	moving	past	a	cylinder	at	ReD	=	170.	The	flow	breaks	away	or	“separates”	from	the	rear	surface,	forming	a	broad,	pulsating	wake.	The	same	pattern	has	been	visualized	by	releasing	hydrogen	bubbles	at	the	tube’s	entrance	in	streaklines
parallel	to	the	stream	and	timelines	normal	to	the	flow	[Nakayama	(1988)].	Note	that	the	wake	consists	of	pairs	of	vortices	that	shed	alternately	from	the	upper	and	lower	parts	of	the	rear	surface.	These	are	called	Kármán	vortex	streets,	after	a	paper	by	Kármán	(1911)	explaining	this	alternation	to	be	a	stable	configuration	for	vortex	pairs.	Beginning
for	ReD	>	35,	the	vortex	streets	occur	in	almost	any	bluff-body	flow	and	persist	over	a	wide	range	of	Reynolds	numbers,	as	shown	in	Fig.	1-6.	As	the	Reynolds	number	increases,	the	wake	becomes	more	complex—and	turbulent—but	the	alternating	shedding	can	still	be	detected	at	ReD	=	107.	FIGURE	1-5	Velocity	contours	and	streamlines	for	flow
past	a		cylinder	at	ReD	=	170	that	illustrate	the	development	of	alternating	Kármán	vortex	streets	[Produced	by	T.	Ramesh-Kumar	and	J.	Majdalani	using	a	finite		volume	solver.]	FIGURE	1-6	Effect	of	the	Reynolds	number	on	the	flow	past	a	cylinder.	[After	Homann	(1936	).]	Page	6	As	shown	in	Fig.	1-7,	the	dimensionless	cylinder	shedding	frequency	or
Strouhal	number	falls	around	St	=	f	D/U	≈	0.2	for	Reynolds	numbers	ranging	from	100	to	105.	Thus,	the	shedding	cycle	takes	place	during	the	time	that	the	freestream	moves	approximately	five	cylinder	diameters.	Vortex	shedding	is	a	characteristic	of	many	viscous	flows	which,	though	posed	with	fixed	and	steady	boundary	conditions,	evolve	into
unsteady	motions	because	of	flow	instability.	The	pressure	distributions	in	Fig.	1-4	are	time	averaged	for	this	reason.	FIGURE	1-7	Measured	Strouhal	number	for	vortex	shedding	frequency	behind	a	circular	cylinder.	The	drag	coefficient	on	a	cylinder,	defined	as	CD	=	F/(ρU2RL),	is	plotted	in	Fig.	1-8	over	a	wide	range	of	Reynolds	numbers.	The	solid
curve,	for	a	smooth	wall,	shows	a	sharp	drop,	called	the	drag	crisis,	at	ReD	≈	2	×	105,	which	occurs	when	the	boundary	layer	on	the	front	surface	becomes	turbulent.	If	the	surface	is	rough,	the	drag	crisis	occurs	earlier,	a	fact	exploited	in	sports	by	the	deliberate	dimpling	of	golf	balls.	As	shown	in	Fig.	1-8,	freestream	turbulence	also	causes	an	early
drag	crisis.	FIGURE	1-8	Drag	coefficient	of	a	circular	cylinder.	To	summarize,	real	fluid	flow	past	a	bluff	body	such	as	a	circular	cylinder	can	differ	markedly	from	the	inviscid-flow	prediction.	Viscous	forces	which	are	extremely	small	(only	a	few	percent	of	the	total	drag),	actually	control	the	flow	by	inducing	separation	and	wake	formation	at	the	rear
of	the	body.	Boundary-layer	theory	can	predict	the	onset	of	separation,	but	the	surface-pressure	distribution	changes	so	markedly	from	inviscid	theory	(Fig.	1-4)	that	Prandtl’s	matching	scheme	of	Chap.	4	fails	to	be	quantitative.	For	Re	≪	1,	Stokes’	creeping-flow	theory	can	be	used	effectively	(Sec.	3-9).	For	higher	Reynolds	numbers,	numerical
modeling	of	both	laminar	and	turbulent	flows	is	possible	[Sidebottom,	Ooi,	and	Jones	(2015)].	Some	perturbation	solutions	are	also	possible	[Van	Dyke	(1964);	Nayfeh	(2000)].	Page	7	Example	3	Flow	in	a	circular	pipe.	Consider	now	the	flow	illustrated	in	Fig.	1-9,	where	a	steady	viscous	flow	enters	a	tube	from	a	reservoir.	Wall	friction	causes	a	viscous
layer,	probably	laminar,	to	begin	at	the	inlet	and	grow	in	thickness	downstream,	possibly	becoming	turbulent	further	inside	the	tube.	Unlike	the	external	flows	of	Examples	1	and	2,	this	internal	flow	is	constrained	by	the	solid	walls,	and	inevitably	the	viscous	layers	must	coalesce	at	some	distance	xL,	so	that	the	tube	is	then	completely	filled	with
boundary	layer.	Slightly	further	downstream	of	the	coalescence,	the	flow	profile	ceases	to	change	with	axial	position	and	is	said	to	be	fully	developed.	FIGURE	1-9	Flow	in	the	entry	region	of	a	tube.	The	developed	flow	in	Fig.	1-9	ends	up	turbulent,	which	typically	occurs	for	a	Reynolds	number	U0	D/ν	>	2000.	At	lower	Re,	both	the	developing	and
developed	regions	remain	laminar.	Figure	1-10	illustrates	the	evolution	of	a	uniform	flow	entering	a	circular	tube.	Note	that	the	fluid	near	the	wall	slows	down	and	the	central	core	accelerates.	The	numerically	simulated	profiles	change	from	near-slug	flow	at	the	inlet	to	near-parabolic	downstream.	FIGURE	1-10	Development	of	laminar	flow	in	the
entrance	of	a	tube	at	Re	=	1600.	[Produced	by	T.	Ramesh-Kumar	and	J.	Majdalani	using	a	finite-volume	solver.]	Pipe	flow	is	common	in	engineering.	The	theory	of	constant-area	duct	flow,	for	both	developing	and	developed	laminar	and	turbulent	conditions,	is	well	formulated	and	satisfying.	Analytical	difficulties	arise	if	the	duct	diameter	is	tapered.
Tapered	flow	does	not	become	fully	developed	and,	if	the	area	increases	in	the	flow	direction	(subsonic	diffuser),	separation,	backflow,	and	unsteadiness	complicate	the	flow	pattern.	A	sketch	of	flow	in	a	“stalled”	diffuser	is	shown	in	Fig.	1-11,	after	Kline	et	al.	(1959).	Diffusers	can	now	be	analyzed	by	numerical	methods,	using	either	boundary-layer
theory	[Johnston	(1998)],	or	computational	fluid	dynamics	[Muggli	(1997)].	If	the	duct	area	decreases	in	the	flow	direction	(subsonic	nozzle),	there	is	no	flow	separation	or	unsteadiness,	and	the	nozzle	can	be	readily	analyzed	by	elementary	boundary-layer	theory.	FIGURE	1-11	Flow	separation	in	a	diffuser.	Page	8	1-3	PROPERTIES	OF	A	FLUID	It	is
common	in	introductory	physics	to	divide	materials	into	the	three	classes	of	solids,	liquids,	and	gases,	noting	their	different	characteristics	when	placed	in	a	container.	This	is	a	handy	classification	in	thermodynamics,	for	example,	because	of	the	strong	differences	in	state	relations	among	the	three.	In	fluid	mechanics,	however,	there	are	only	two
classes	of	matter:	fluids	and	nonfluids	(solids).	A	solid	can	resist	an	applied	shear	force	and	remain	at	rest,	while	a	fluid	cannot.	This	distinction	is	not	completely	clear-cut.	Consider	a	barrel	full	of	pitch	(tar	or	asphalt)	at	room	temperature.	The	pitch	looks	hard	as	a	rock	and	will	easily	support	a	brick	placed	on	its	surface.	But	if	the	brick	is	left	there
for	several	days,	one	will	have	trouble	retrieving	the	brick	from	the	bottom	of	the	barrel.	Pitch,	then,	is	usually	classed	as	a	fluid.	Consider	the	metal	aluminum.	At	room	temperature,	aluminum	is	solid	to	all	appearances	and	will	resist	any	applied	shear	stress	below	its	strength	limit.	However,	at	400°F,	well	below	its	1200°F	melting	point,	aluminum
flows	gently	and	continuously	under	applied	stress	and	has	a	measurable	viscosity.	Nor	is	high	temperature	the	criterion	for	fluid	behavior	in	metals,	since	lead	exhibits	this	gentle	viscous	creep	at	room	temperature.	Note	also	that	mercury	is	a	fluid	and	has	the	lowest	viscosity	relative	to	its	own	density	(kinematic	viscosity)	of	any	common	substance.
This	text	is	primarily	concerned,	then,	with	easily	recognizable	fluids	that	flow	readily	under	applied	shear,	although	some	slight	attention	will	be	paid	to	the	borderline	substances,	which	partly	flow	and	partly	deform	when	sheared.	All	gases	are	true	fluids,	as	are	the	common	liquids,	such	as	water,	oil,	gasoline,	and	alcohol.	Some	liquid	substances,
which	may	not	be	true	fluids,	are	emulsions,	colloids,	high-polymer	solutions,	and	slurries.	The	general	study	of	flow	and	deformation	of	materials	constitutes	the	subject	of	rheology,	of	which	viscous	flow	is	a	special	case	[see,	for	example,	the	texts	by	Owens	and	Phillips	(2002),	Irgens	(2013),	and	Spagnolie	(2014)].	Restricting	ourselves	to	true	fluids,
we	now	return	and	illustrate	their	properties.	These	properties	are	of	at	least	four	classes:	1.	Kinematic	properties	(linear	velocity,	angular	velocity,	vorticity,	acceleration,	and	strain	rate).	Strictly	speaking,	these	are	properties	of	the	flow	field	itself	rather	than	of	the	fluid.	2.	Transport	properties	(viscosity,	thermal	conductivity,	and	mass	diffusivity).
3.	Thermodynamic	properties	(pressure,	density,	temperature,	enthalpy,	entropy,	specific	heat,	Prandtl	number,	bulk	modulus,	and	coefficient	of	thermal	expansion).	4.	Other	miscellaneous	properties	(surface	tension,	vapor	pressure,	eddy-diffusion	coefficients,	and	surface-accommodation	coefficients).	Some	items	in	class	4	are	not	true	properties	but
depend	upon	flow	conditions,	surface	conditions,	and	contaminants	in	the	fluid.	The	use	of	class	3	properties	requires	hedging.	It	is	a	matter	of	some	concern	that	classical	thermodynamics,	strictly	speaking,	does	not	apply	to	this	subject,	since	a	viscous	fluid	in	motion	is	technically	not	in	equilibrium.	Fortunately,	deviations	from	local	thermodynamic
equilibrium	are	usually	not	significant	except	when	flow	residence	times	are	short	and	the	number	of	molecular	particles	is	small,	e.g.,	hypersonic	flow	of	a	rarefied	gas.	The	reason	is	that	gases	at	normal	pressures	are	quite	dense	in	the	statistical	sense:	A	cube	of	sea-level	air	1	μm	on	a	side	contains	approximately	108	molecules.	Such	a	gas,	when
subjected	to	a	change	of	state—even	a	shock	change—will	rapidly	smooth	itself	into	local	equilibrium	because	of	the	enormous	number	of	molecular	collisions	occurring	in	a	short	distance.	A	liquid	is	even	more	dense,	and	thus	we	accept	thermodynamic	equilibrium	as	a	good	approximation	in	this	text.†	1-3.1	The	Kinematic	Properties	In	fluid
mechanics,	one’s	first	concern	is	normally	with	the	fluid	velocity.	In	solid	mechanics,	on	the	other	hand,	one	might	instead	follow	particle	displacements,	since	particles	in	a	solid	are	bonded	together	in	a	relatively	rigid	manner.	Consider	the	rigid-body	dynamics	problem	of	a	rocket	trajectory.	After	solving	for	the	paths	of	any	three	noncollinear
particles	on	the	rocket,	one	is	finished,	since	all	other	particle	paths	can	be	inferred	from	these	three.	The	scheme	of	following	the	trajectories	of	individual	particles	is	called	the	Lagrangian	description	of	motion,	which	proves	to	be	very	useful	in	solid	mechanics.	However,	it	is	not	as	practical	in	fluid	mechanics	unless	a	discrete	number	of	particles	is
to	be	tracked.	Page	9	Now	consider	the	fluid	flow	out	of	the	nozzle	of	that	rocket.	Surely,	we	cannot	follow	the	millions	of	separate	paths.	Fluids	are	composed	of	countless	particles	whose	individual	paths	can	be	very	challenging	and	often	unmanageable	to	describe	separately.	Even	the	point	of	view	is	important,	since	an	observer	on	the	ground
would	perceive	a	complicated	unsteady	flow,	while	an	observer	fixed	to	the	rocket	would	see	a	nearly	steady	flow	of	quite	regular	pattern.	Thus,	it	is	generally	useful	in	fluid	mechanics	(1)	to	choose	the	most	convenient	origin	of	coordinates	that	can	make	the	flow	appear	steady,	and	(2)	to	study	only	the	velocity	field	as	a	function	of	position	and	time,
by	focusing	on	the	properties	of	interest	at	one	specific	location	in	space,	instead	of	trying	to	follow	innumerable	particle	paths.	This	scheme	of	describing	the	flow	at	every	fixed	point	as	a	function	of	time	is	called	the	Eulerian	formulation	of	motion.	As	such,	the	field	or	Eulerian	method	of	description	seeks	to	describe	the	properties	of	a	flow	at	a
given	point	in	space	as	a	function	of	time.	Consequently,	all	field	properties	become	functions	of	both	space	and	time.	For	example,	the	Eulerian	velocity	vector	field	can	be	defined	in	the	following	Cartesian	form:	(1-4)	Complete	knowledge	of	the	scalar	variables	u,	υ,	and	w	as	functions	of	(x,	y,	z,	t)	is	often	the	solution	to	a	problem	in	fluid	mechanics.
Note	that	we	have	used	the	notation	(u,	υ,	w)	to	represent	the	velocity	components,	not	the	spatial	displacements,	as	we	would	in	solid	mechanics.	Actual	displacements	are	of	so	little	use	in	fluid	problems	that	they	are	seldom	discussed.	The	Eulerian,	or	velocity-field	system,	is	certainly	the	proper	choice	in	fluid	mechanics,	but	it	comes	with	an	added
mathematical	complication.	The	three	fundamental	laws	of	mechanics—conservation	of	mass,	momentum,	and	energy—are	formulated	for	particles	(systems)	of	fixed	identity,	i.e.,	they	are	Lagrangian	in	nature.	All	three	of	these	laws	relate	to	the	time	rate	of	change	of	some	property	for	a	fixed	particle.	Let	Q	represent	any	property	of	the	fluid.	If	(dx,
dy,	dz,	dt)	represent	arbitrary	changes	in	the	four	independent	variables,	the	total	differential	change	in	Q	is	given	by	(1-5)	Since	we	are	deliberately	following	an	infinitesimal	particle	of	fixed	identity,	the	spatial	increments	must	be	such	that	(1-6)	Substituting	in	Eq.	(1-5),	we	find	the	proper	expression	for	the	time	derivative	of	Q	for	a	particular
elemental	particle:	(1-7)	The	quantity	dQ/dt	is	variously	termed	the	substantial	derivative,	particle	derivative,	total	derivative,	or	material	derivative—all	names	which	try	to	invoke	the	feeling	that	we	are	following	a	fixed	fluid	particle.	To	strengthen	this	feeling,	it	is	traditional	to	give	this	derivative	the	special	symbol	DQ/Dt,	which	is	a	purely	a
mnemonic	device,	not	intended	to	frighten	readers.	In	Eq.	(1-7),	the	last	three	terms	represent	the	spatial	transport	or	convective	derivative,	since	they	vanish	if	the	velocity	is	zero	or	if	Q	has	no	spatial	change.	The	term	∂Q/∂t	is	called	the	local	derivative.	Also	note	the	neat	vector	form	(1-8)	where	∇	denotes	the	gradient	operator	which,	in	Cartesian
coordinates,	is	given	by	1-3.2	Acceleration	of	a	Fixed-Identity	Particle	If	Q	is	V	itself,	we	obtain	our	first	kinematic	property,	the	particle-acceleration	vector:	(1-9)	Note	that	the	acceleration	is	concerned	with	u,	υ,	w,	and	12	scalar	derivatives,	i.e.,	the	local	changes	∂u/∂t,	∂υ/	∂t,	and	∂w/∂t	as	well	as	the	nine	spatial	derivatives	of	the	form	∂ui/∂xj,	where	i



and	j	can	be	made	to	loop	over	the	three	coordinate	directions.	In	what	follows,	we	will	avoid	using	i,	j,	and	k	to	denote	unit	vectors	but	instead	use	them	as	Cartesian	indexes.Page	10	The	convective	terms	in	D/Dt	present	unfortunate	mathematical	difficulty	because	they	are	nonlinear	products	of	variable	terms.	For	this	reason,	viscous	flows	with
finite	convective	accelerations	are	nonlinear	in	character	and	give	rise	to	vexing	analytical	problems	that	cannot	be	solved	using	the	superposition	principle;	nonunique	solutions,	even	in	steady	laminar	flow;	and	coupled	oscillatory	motion	in	a	continuous	frequency	spectrum,	which	is	the	chief	feature	of	a	high	Reynolds	number,	or	turbulent,	flow.
Note	that	these	nonlinear	terms	are	accelerations,	not	viscous	stresses.	It	is	ironic	that	the	main	obstacle	in	viscousflow	analysis	stems	from	an	inviscid	term;	the	viscous	stresses	themselves	remain	linear	when	the	viscosity	and	density	are	assumed	constant.	In	frictionless	flow,	nonlinear	convective	accelerations	still	exist	but	do	not	misbehave,	as	it
can	be	seen	with	reference	to	the	valuable	vector	identity,	(1-10)	For	the	reader’s	convenience,	several	other	vector	identities	that	are	relevant	to	fluid	mechanics	are	provided	in	App.	A.	As	we	shall	see,	the	term	∇	×	V	often	vanishes	when	the	viscosity	is	zero	(although	rotational	inviscid	flows	also	exist),	leaving	the	convective	acceleration	equal	only
to	the	familiar	kinetic-energy	term	of	Bernoulli’s	equation.	Inviscid	flow,	then,	is	nonlinear	also,	but	the	nonlinearity	is	confined	to	the	calculation	of	static	pressure,	not	to	the	determination	of	the	velocity	field,	which	is	linear.	If	we	agree	from	this	brief	discussion	that	viscous	motion	is	mathematically	formidable,	we	deduce	that	a	very	important
problem	consists	of	modeling	a	viscous-flow	experiment.	The	corresponding	question	becomes	at	this	point:	When	can	a	velocity	distribution	V1	measured	in	a	flow	about	or	through	a	model	shape	B1	be	scaled	by	(say)	a	simple	multiplier	to	yield	the	velocity	distribution	V2	about	or	through	a	geometrically	similar	but	larger	(say)	model	shape	B2?	This
desirable	condition	is	called	similarity,	and	the	conditions	for	achieving	it	are	discussed	in	Chap.	2.	1-3.3	Other	Kinematic	Properties	In	fluid	mechanics,	as	in	solid	mechanics,	we	are	interested	in	the	general	motion,	deformation,	and	rate	of	deformation	of	particles.	Like	its	solid	counterpart,	a	fluid	element	can	undergo	four	different	types	of	motion
or	deformation:	(1)	translation,	(2)	rotation,	(3)	extensional	strain	or	dilatation,	and	(4)	shear	strain.	The	four	types	are	easy	to	separate	geometrically,	which	is	of	course	the	reason	they	are	so	defined.	The	reader	who	is	familiar	with,	say,	the	theory	of	elasticity	for	solids	will	find	the	following	analysis	of	fluid	kinematic	properties	almost	identical	to
that	in	solid	mechanics.	Consider	an	initially	square	fluid	element	at	time	t	and	then	again	later	at	time	t	+	dt,	as	illustrated	in	Fig.	1-12	for	motion	in	the	xy	plane.	We	can	see	by	inspection	the	four	types	of	motion	that	have	acted	on	the	element.	There	has	been	translation	of	the	reference	corner	B	to	its	new	position	B′.	There	has	been	a
counterclockwise	rotation	of	the	diagonal	BD	to	the	new	position	B′D′.	There	has	been	dilatation;	the	element	looks	slightly	larger.	There	has	been	shear	strain,	i.e.,	the	square	has	become	rhombic.	FIGURE	1-12	Distortion	of	a	moving	fluid	element.	Now	let	us	shift	this	discussion	to	a	quantitative	basis.	Note	in	each	case	that	the	final	result	will	be	a
rate,	i.e.,	a	time	derivative.	The	translation	is	defined	by	the	displacements	udt	and	υdt	of	the	point	B.	The	rate	of	translation	is	(u,	υ);	in	three-dimensional	motion,	the	rate	of	translation	is	the	velocity	(u,	υ,	w).	The	angular	rotation	of	the	element	about	the	z	axis	is	defined	as	the	average	counterclockwise	rotation	of	the	two	sides	BC	and	BA.	As	shown
in	Fig.	1-12,	BC	has	rotated	an	amount	dα.	Meanwhile,	BA	has	rotated	clockwise;	thus,	its	counterclockwise	turn	is	(−dβ).	The	average	rotation	is	therefore	(1-11)	where	the	subscript	z	denotes	rotation	about	an	axis	parallel	to	the	z	axis.	We	actually	perceive	the	counterclockwise	rotation	in	Fig.	1-12	because	dα	is	drawn	deliberately	larger	than	dβ.
Referring	to	Fig.	1-12,	we	find	that	both	dα	and	dβ	are	directly	related	to	velocity	derivatives	through	the	calculus	limit:	(1-12)	Page	11Substituting	Eq.	(1-12)	into	(1-11),	we	find	that	the	rate	of	rotation	(angular	velocity)	about	the	z	axis	is	given	by	(1-13)	In	an	exactly	similar	fashion,	the	rates	of	rotation	about	the	x	and	y	axes	can	be	determined	from
(1-14)	These	are	clearly	the	three	components	of	the	angular	velocity	vector	dΩ/dt.	The	three	factors	of	one-half	are	irritating,	and	it	is	customary	to	work	instead	with	a	quantity	ω	equal	to	twice	the	angular	velocity:	(1-15)	The	new	quantity	ω,	which	proves	to	be	of	vital	interest	in	fluid	mechanics,	is	called	the	vorticity	of	the	fluid.	By	inspecting	Eqs.
(1-13)	to	(1-15),	we	see	that	vorticity	and	velocity	are	related	by	basic	vector	calculus:	(1-16)	and	hence	the	divergence	of	vorticity	vanishes	identically:	(1-17)	Mathematically	speaking,	we	say	the	vorticity	vector	is	solenoidal.	Moreover,	the	vorticity	is	intimately	connected	to	the	convective	acceleration	through	Eq.	(1-10).	If	ω	=	0,	the	flow	is	termed
irrotational.	Now	consider	the	two-dimensional	shear	strain,	which	is	commonly	defined	as	the	average	decrease	of	the	angle	between	two	lines	which	are	initially	perpendicular	in	the	unstrained	state.	The	strain	rate	represents	the	rate	at	which	a	fluid	element	is	being	strained	or	deformed	at	a	given	point	in	space.	Taking	AB	and	BC	in	Fig.	1-12	as
our	initial	lines,	the	shear-strain	increment	may	be	estimated	from	.	In	the	(x,	y)	plane,	the	shear-strain	rate	is	(1-18)	Similarly,	the	other	two	components	of	the	shear–strain	rate	are	(1-19)	By	analogy	with	solid	mechanics,	the	shear–strain	rates	are	symmetric,	that	is,	ϵij	=	ϵji.Page	12	The	fourth	and	final	particle	motion	is	dilatation,	or	extensional
strain.	Again	with	reference	to	Fig.	1-12,	the	extensional	strain	in	the	x	direction	is	defined	as	the	fractional	increase	in	length	of	the	horizontal	side	of	the	element.	This	is	given	by	(1-20)	with	precisely	similar	expressions	for	the	other	two	strains.	The	three	extensional	strain	rates	become	(1-21)	Taken	as	a	whole,	the	strain	rates,	both	extensional	and
shear,	constitute	a	symmetric	secondorder	tensor,	which	may	be	visualized	as	the	array	(1-22)	Although	the	component	magnitudes	vary	with	a	change	of	axes	x,	y,	and	z,	the	strain-rate	tensor,	like	the	stress	tensor	[Eq.	(2-14)]	and	the	strain	tensor	of	elasticity,	follows	the	transformation	laws	of	symmetric	tensors	[see,	for	example,	Aris	(1990),
Spiegel	et	al.	(2009),	and	Haskell	(2015)].	In	particular,	there	are	three	invariants	that	are	independent	of	direction	or	choice	of	axes:	(1-23)	A	further	property	of	symmetric	tensors	is	that	there	exists	one	and	only	one	set	of	axes	for	which	the	off-diagonal	terms	(the	shear–strain	rates	in	this	case)	vanish.	These	are	known	as	the	principal	axes	for
which	the	strain-rate	tensor	becomes	(1-24)	The	quantities	(ϵ1,	ϵ2,	ϵ3)	are	called	the	principal	strain	rates.	For	this	special	case,	the	three	tensor	invariants	become	(1-25)	If	the	invariants	are	known,	the	system	in	Eq.	(1-25)	is	necessary	and	sufficient	to	solve	for	the	principal	strain	rates,	although	there	are	actually	much	simpler	ways	to	achieve	this	[
Timoshenko	and	Goodier	(1970)].	Finally,	if	we	adopt	the	short	notation	ui,j	=	∂ui/∂uj,	where	i	and	j	are	any	two	coordinate	directions,	any	velocity	derivative	of	this	type	can	be	split	into	two	parts,	one	symmetric	and	one	antisymmetric:	(1-26)	By	comparing	Eq.	(1-26)	with	Eqs.	(1-13),	(1-14),	(1-18),	(1-19),	and	(1-21),	we	see	that	Eq.	(1-26)	can	also	be	
written	as	(1-27)	That	is,	each	velocity	derivative	can	be	resolved	into	a	strain	rate	plus	an	angular	velocity.	The	angular	velocity	does	not	distort	the	element,	so	that	only	the	strain	rate	will	cause	a	viscous	stress,	a	fact	which	is	exploited	in	Chap.	2.	To	summarize,	we	have	shown	that	all	the	kinematic	properties	of	fluid	flow—	acceleration,
translation,	angular	velocity,	rate	of	dilatation,	and	shear–strain	rate—are	directly	related	to	the	fluid	velocity	vector	V	=	(u,	υ,	w).	These	Page	13relations	are	identical	to	the	equivalent	expressions	from	infinitesimal	solid	mechanics,	if	(u,	υ,	w)	are	instead	taken	to	be	components	of	the	displacement	vector.	This	analogy	between	fluid	and	solid
continuum	mechanics	is	sometimes	used	to	produce	the	equations	of	motion	of	a	viscous	linear	fluid	as	a	direct	carryover	from	the	equations	of	linear	(Hookean)	elasticity,	with	which	students	are	often	more	familiar.	For	the	reader’s	convenience,	a	summary	of	kinematic	expressions	is	provided	in	App.	B	using	both	Cartesian	and	cylindrical
coordinates.	1-3.4	The	Transport	Properties	of	a	Fluid	The	three	so-called	transport	properties	are	the	coefficients	of	viscosity,	thermal	conductivity,	and	diffusion,	so	named	because	of	the	relation	that	they	bear	to	movement,	or	transport,	of	momentum,	heat,	and	mass,	respectively.	Each	of	the	three	coefficients	relates	a	flux	or	transport	of	a	specific
property	to	its	gradient.	Viscosity	relates	the	momentum	flux	to	its	velocity	gradient,	thermal	conductivity	relates	the	heat	flux	to	its	temperature	gradient,	and	the	diffusion	coefficient	relates	the	mass	transport	to	its	concentration	gradient.	Further,	the	mathematical	properties	of	momentum,	heat,	and	mass-flux	problems	are	often	similar	and
expressible	using	analogous	equations.	1-3.5	The	Coefficient	of	Viscosity	The	layperson	knows	from	experience	what	viscosity	means	and	associates	it	with	the	ability	of	a	fluid	to	flow	freely.	Heavy	oil	takes	a	long	time	to	flow	out	of	a	can.	Light	oil	flows	out	quickly.	The	disastrous	Boston	molasses-tank	explosion	of	1919	[Shank	(1954)]	caused	one	of
the	slowest	floods	in	history.	Viscosity	also	affects	the	behavior	of	molten	lava	venting	out	of	the	mouths	of	volcanoes.	The	higher	the	viscosity	of	the	magma,	the	more	explosive	the	eruption,	the	thicker	the	lava,	and	the	steeper	the	volcano	can	be.	The	idea	of	viscosity	being	proportional	to	time	to	flow	has	become	accepted	practice	in	the	petroleum
industry.	Thus,	the	motorist	purchases	oil	with	a	viscosity	labeled	SAE	30.	This	means	that	60	ml	of	this	oil	at	a	specified	temperature	takes	30	s	to	run	out	of	a	1.76-cm	hole	in	the	bottom	of	a	cup.	This	experiment	is	convenient	and	reproducible	for	very	viscous	liquids	such	as	oil,	but	the	time	to	flow	is	not	viscosity,	any	more	than	the	speed	of	sound
is	the	time	it	takes	an	echo	to	return	from	a	mountainside.	It	is	an	intriguing	fact	that	the	flow	of	a	viscous	liquid	out	of	the	bottom	of	a	cup	is	a	difficult	problem	for	which	no	analytic	solution	exists	at	present.	A	more	fundamental	approach	to	viscosity	is	to	view	it	as	the	property	of	a	fluid	connecting	any	applied	stress	to	the	resulting	strain	rate.	The
corresponding	relations	are	considered	in	Sec.	2-4.	In	fact,	the	main	distinction	between	fluids	and	solids	is	that	a	fluid	deforms	continuously	under	the	application	of	a	shearing	stress,	no	matter	how	small	this	stress	may	be.	In	fluids,	the	stress	is	proportional	to	the	strain	rate	or	rate	of	deformation,	whereas	in	solids	the	stress	is	proportional	to	the
deformation	angle,	and	the	proportionality	constant	is	simply	the	shear	modulus	or	modulus	of	rigidity,	which	is	often	denoted	by	G.	Here	we	consider	a	simple	and	widely	used	example	of	a	fluid	sheared	between	two	plates,	as	in	Fig.	1-13.	This	geometry	is	such	that	the	shear	stress	τxy	must	be	constant	throughout	the	fluid.	The	motion	u	=	u(y)	is	in
the	x	direction	and	varies	with	y	only.	Thus,	there	is	only	a	single	finite	strain	rate	in	this	flow:	FIGURE	1-13	A	fluid	sheared	between	two	plates.	(1-28)	If	one	performs	this	experiment,	one	finds	that,	for	all	the	common	fluids,	the	applied	shear	is	a	unique	function	of	the	strain	rate:	(1-29)	Since,	for	a	given	motion	V	of	the	upper	plate,	τxy	is	a
constant,	it	follows	that	in	these	fluids	ϵxy,	and	hence	du/dy,	is	a	constant,	so	that	the	resulting	velocity	profile	is	linear	across	the	plate,	as	illustrated	in	Fig.	1-13.	This	is	true	regardless	of	the	actual	form	of	the	functional	relationship	in	Eq.	(1-29).	If	the	no-slip	condition	holds,	the	velocity	profile	varies	from	zero	at	the	lower	wall	to	V	at	the	upper
wall	(Prob.	1-16	considers	the	case	of	a	slip	boundary	Page	14condition).	Repeated	experiments	with	various	values	of	τxy	have	helped	to	establish	the	functional	relationship	in	Eq.	(1-29).	For	simple	fluids	such	as	water,	oils,	or	gases,	the	relationship	is	linear	or	Newtonian:	(1-30)	The	quantity	μ,	called	the	coefficient	of	viscosity	of	a	Newtonian	fluid,
is	what	handbooks	commonly	quote	when	listing	the	viscosity	of	a	fluid	(see	App.	C).	Actually,	there	is	also	a	second	coefficient,	λ,	related	to	bulk	fluid	expansions,	but	it	is	rarely	encountered	in	practice	(see	Sec.	2-4).	Equation	(1-30)	shows	that	the	dimensions	of	μ	are	stress–time:	N	⋅	s/m2	[or	kg/(m	⋅	s)]	in	metric	units	and	lbf	⋅	s/ft2	[or	slugs/(ft	⋅	s)]
in	English	units.	The	conversion	factor	is	1	N	⋅	s/m	=	0.020886	lbf	⋅	s/ft2.	The	coefficient	μ	is	a	thermodynamic	property	that	varies	with	temperature	and	pressure.	Data	for	common	fluids	are	given	in	App.	C.	Note	that,	for	gases,	μ	increases	with	T	because	an	increase	in	the	rate	of	collisions	leads	to	more	resistance	to	motion.	For	liquids,	however,	μ
decreases	with	T	because	the	added	spacing	between	molecules	at	higher	temperatures	allows	liquid	layers	to	slide	more	easily.	The	kinematic	viscosity,	ν	=	μ/ρ,	which	has	units	of	m2/s	(or	ft2/s),	tends	to	be	larger	for	gases	because	of	their	generally	lower	densities.	Conversely,	it	is	the	smallest	for	mercury	because	of	its	relatively	high	density.	If	the
functional	relationship	in	Eq.	(1-29)	is	nonlinear,	the	fluid	is	said	to	be	nonNewtonian.	Some	examples	of	non-Newtonian	behavior	are	sketched	in	Fig.	1-14.	Curves	for	true	fluids,	which	cannot	resist	shear,	must	pass	through	the	origin	on	a	plot	of	τ	vs.	ϵ.	Other	substances,	called	yielding	fluids,	show	a	finite	stress	at	zero	strain	rate	and	are	really	part
fluid	and	part	solid.	FIGURE	1-14	Viscous	behavior	of	various	materials.	The	curve	labeled	pseudoplastic	in	Fig.	1-14	is	said	to	be	shear	thinning,	since	its	slope	(local	viscosity)	decreases	with	increasing	stress.	If	the	thinning	effect	is	very	strong,	the	fluid	may	be	termed	plastic,	as	shown	with	the	dashed	line.	The	opposite	case	of	a	shearthickening
fluid	is	usually	called	a	dilatant	fluid.	Also	illustrated	in	Fig.	1-14	is	a	material	with	a	finite	yield	stress,	followed	by	a	linear	curve	at	finite	strain	rate.	This	idealized	material,	part	solid	and	part	fluid,	is	called	a	Bingham	plastic	and	is	commonly	used	in	analytic	investigations	of	yielding	materials	under	flow	conditions.	Yielding	substances	need	not	be
linear	but	may	show	either	dilatant	or	pseudoplastic	behavior.	More	specifically,	if	a	fluid	behaves	as	a	solid	until	a	minimum	shear	stress	is	exceeded	and	then	exhibits	a	strictly	linear	relation	between	stress	and	strain,	it	is	called	an	ideal	Bingham	plastic	(e.g.,	clay	suspensions,	putty,	toothpaste,	drilling	muds,	and	cement	slurries).	Still	another
complication	of	some	non-Newtonian	fluids	is	that	their	behavior	may	be	time	dependent.	If	the	strain	rate	is	held	constant,	the	shear	stress	may	vary,	and	vice	versa.	If	the	shear	stress	decreases,	the	material	is	called	thixotropic,	while	the	opposite	effect	is	termed	rheopectic.	Such	curves	are	also	sketched	in	Fig.	1-14.	Viscoelastic	fluids	partially
return	to	their	original	shape	after	releasing	stress.	A	simple	but	often	effective	analytic	approach	to	non-Newtonian	behavior	is	the	powerlaw	approximation	of	Ostwald	and	de	Waele:	(1.31a)	where	K	and	n	are	material	parameters	which,	in	general,	vary	with	pressure,	temperature,	and	composition	in	the	case	of	mixtures.	The	exponent	n	delineates
three	cases	on	the	lefthand	side	of	Fig.	1-14:	(1.31b)	Page	15	Note	that	Eq.	(1-31a)	is	unrealistic	near	the	origin,	where	it	would	incorrectly	predict	the	pseudoplastic	to	have	an	infinite	slope	and	the	dilatant	a	zero	slope.	Hence,	many	other	formulas	have	been	proposed	for	non-Newtonian	fluids;	see,	for	example,	Hutton	et	al.	(1989)	or	Bird	et	al.
(2007).	The	readers	are	encouraged	to	familiarize	themselves	with	such	flows,	although	the	present	text	is	mainly	focused	on	the	study	of	Newtonian	fluids.	1-3.6	Viscosity	as	a	Function	of	Temperature	and	Pressure	The	coefficient	of	viscosity	of	a	Newtonian	fluid	is	directly	related	to	molecular	interactions	and	thus	may	be	considered	a
thermodynamic	property	in	the	macroscopic	sense,	varying	with	temperature	and	pressure.	The	theory	of	the	transport	properties	of	gases	and	liquids	is	still	being	developed,	and	a	comprehensive	review	is	given	by	Hirschfelder	et	al.	(1954).	Extensive	data	on	properties	of	fluids	are	given	by	Reid	et	al.	(1987).	No	single	functional	relation	μ(T,	p)
really	describes	any	large	class	of	fluids,	but	reasonable	accuracy	(±	20	percent)	can	be	achieved	by	nondimensionalizing	the	data	with	respect	to	the	critical	point	(Tc	,	pc).	This	procedure	is	the	so-called	principle	of	corresponding	states	[Keenan	(1941)];	accordingly,	a	given	property,	here	μ/μc	,	can	be	written	as	a	function	of	T/Tc	and	p/pc	,	the
reduced	temperature	and	pressure.	This	principle	is	not	justified	on	thermodynamic	grounds	but	arises	simply	from	dimensional	analysis	and	experimental	observation.	Since	changes	occur	very	rapidly	near	the	critical	point,	Tc	and	Pc	are	known	only	approximately,	and	it	is	essentially	impossible	to	measure	μc	accurately.	Appendix	C	contains	a	table
of	critical	constants	(Tc	,	pc	,	μc	,	kc)	for	common	fluids,	which	should	be	regarded	as	best-fit	values.	Figure	1-15	shows	a	recommended	correlation	of	reduced	viscosity	μ	/μc	vs.	reduced	temperature	T	/Tc	and	reduced	pressure	p	/pc.	As	stated,	the	accuracy	for	any	given	fluid	is	about	±	20	percent.	By	examining	this	figure,	one	can	make	the
following	general	statements:	FIGURE	1-15	Reduced	viscosity	vs.	reduced	temperature	for	several	values	of	reduced	pressure	pr	=	p	/pc.	[After	Uyehara	and	Watson	(1944).]	1.	The	viscosity	of	liquids	decreases	rapidly	with	temperature.	2.	The	viscosity	of	low-pressure	(dilute)	gases	increases	with	temperature.	3.	The	viscosity	always	increases	with
pressure.	4.	Very	poor	accuracy	is	obtained	near	the	critical	point.	Page	16Since	pc	for	most	fluids	is	greater	than	10	atm	(App.	C),	typical	gas	flow	problems	correspond	to	low	reduced	pressure	and	approximately	the	low-density-limit	curve	of	Fig.	115.	Thus,	it	is	common	in	aerodynamics,	for	example,	to	ignore	the	pressure	dependence	of	gas
viscosity	and	consider	only	temperature	variations.	1-3.7	The	Low-Density	Limit	The	kinetic	theory	of	dilute	gases	is	now	highly	refined	and	has	been	the	subject	of	several	excellent	texts,	e.g.,	Hirschfelder	et	al.	(1954),	Present	(1958),	and	Brush	(1972).	According	to	some	theories,	which	date	back	to	Maxwell,	the	macroscopic	concept	of	viscosity	is
related	to	a	statistical	average	of	the	momentum	exchange	occurring	between	molecules	of	the	fluid.	For	dilute	gases,	the	viscosity	is	found	to	be	proportional	to	the	density	ρ,	the	mean	free	path	ℓ,	and	the	speed	of	sound	a	in	the	gas.	The	accepted	approximation	for	nonpolar	gases	is	a	slight	adjustment	of	Maxwell’s	original	expression:	(1-32)	The
product	ρℓ	is	approximately	constant	for	dilute	gases,	but	more	refined	calculations	by	Chapman	and	Cowling	(1970)	show	that	it	varies	slightly	with	temperature.	For	routine	calculations,	a	common	approximation	for	the	viscosity	of	dilute	gases	is	the	power	law	(1-33)	where	n	is	of	the	order	of	0.7,	and	T0	and	μ0	are	reference	values.	This	formula
was	also	suggested	by	Maxwell	and	later	deduced	on	purely	dimensional	grounds	by	Rayleigh.	Table	1-1	lists	empirical	values	of	n	for	various	gases	and	the	accuracy	obtainable	for	a	given	temperature	range.	TABLE	1-1	Power-law	and	Sutherland-law	viscosity	parameters	for	gases[Eqs.	(1-33)	and	(1-34)]†	Source:	Data	from	Hirschfelder	et	al.	(1954).
†No	data	given	above	maximum	temperature	listed.	Formulas	inaccurate	below	minimum	temperature	listed.	A	second	widely	used	kinetic	theory	approximation	was	derived	by	Sutherland	(1893)	using	an	idealized	intermolecular-force	potential.	The	final	formula	is	(1-34)	where	S	is	an	effective	temperature,	called	the	Sutherland	constant,	which	is
characteristic	of	the	gas.	The	accuracy	is	slightly	better	than	that	of	Eq.	(1-33)	for	the	same	temperature	range.	Values	of	S	for	common	gases	are	also	given	in	Table	1-1.	Less	common	gases	are	tabulated	in	App.	C.	These	dilute-gas	formulas	are	strictly	valid	only	for	a	single-component	substance;	air	qualifies	because	its	two	principal	components,
oxygen	and	nitrogen,	consist	of	nearly	identical	diatomic	molecules.	For	mixtures	of	gases	with	markedly	different	species,	the	mixture	viscosity	varies	strongly	with	species	concentration.	A	good	discussion	of	transport	properties	of	gas	mixtures	is	given	in	Bird	et	al.	(2007).	Page	17	1-3.8	The	Coefficient	of	Thermal	Conductivity	It	is	well	established
in	thermodynamics	that	heat	flow	is	the	result	of	temperature	variation,	i.e.,	a	temperature	gradient.	This	can	be	formally	expressed	as	a	proportionality	between	the	heat	flux	and	the	driving	temperature	gradient,	i.e.,	Fourier’s	law:	(1-35)	where	q	stands	for	the	vector	rate	of	heat	transfer	per	unit	area	and	the	quantity	k	represents	our	second
transport	coefficient,	the	thermal	conductivity.	Note	that	in	one-dimensional	space,	q	reduces	to	(1-36)	which	shows	that	heat	will	have	a	positive	sign	when	T(x)	−	T(x	+	Δx)	>	0,	thus	confirming	that	heat	flows	in	the	direction	of	decreasing	temperature.	Solid	substances	often	show	anisotropy,	or	directional	sensitivity,	when	their	thermal
conductivities	differ	with	spatial	orientation,	(1-37)	Fortunately,	a	fluid	is	isotropic,	i.e.,	has	no	directional	characteristics,	and	thus	k	may	be	viewed	as	a	thermodynamic	property	which,	like	viscosity,	varies	with	temperature	and	pressure.	Moreover,	much	like	viscosity,	the	common	fluids	will	correlate	with	their	critical	properties,	as	shown	in	Fig.	1-
16.	Note	that	the	general	remarks	for	Fig.	1-15	also	apply	to	Fig.	1-16,	although	the	actual	numerical	values	are	quite	different.	The	low-density	limit	for	k	is	quite	practical	for	the	problems	in	this	text,	and	the	kinetic	theory	of	dilute	gases	applies	once	more.	FIGURE	1-16	Reduced	thermal	conductivity	vs.	reduced	temperature.	[After	Owens	and
Thodos	(1957	).]	Page	18By	inspection	of	Eq.	(1-35),	we	see	that	thermal	conductivity	k	should	have	dimensions	of	energy	per	time	per	length	per	degree,	the	common	engineering	unit	being	W/(m	⋅	K)	or	Btu/(h	⋅	ft	⋅°R).	The	metric	to	English	unit	conversion	factor	is	(1-38)	Also,	k	has	the	dimensions	of	viscosity	times	specific	heat,	so	that	the	ratio	of
these	forms	a	fundamental	parameter	called	the	Prandtl	number:	(1-39)	This	parameter	involves	fluid	properties	only,	rather	than	length	and	velocity	scales.	As	we	shall	see,	the	Prandtl	number	is	important	in	heat	transfer	calculations	but	does	not	enter	into	friction	computations.	The	kinetic	theory	for	conductivity	of	dilute	gases	is	very	similar	to	the
viscosity	analysis	and	enables	us	to	write	(1-40)	where	ν	=	μ/ρ	and	α	=	k/(	ρcp)	represent	the	kinematic	viscosity	and	thermal	diffusivity,	respectively.	This	expression	relates	the	Prandtl	number	to	γ,	the	specific-heat	ratio	of	the	gas.	In	fact,	it	is	seen	to	be	a	fair	approximation	to	the	Prandtl	numbers	of	the	gases	plotted	in	Fig.	1-17.	FIGURE	1-17
Prandtl	number	vs.	temperature	for	seven	gases.	[Data	from	Hilsenrath	et	al.	(1955).]	For	routine	calculations	with	dilute	gases,	the	power	law	and	Sutherland	formula,	which	correlate	viscosity	data,	can	also	be	used	for	thermal	conductivity:	(1.41a)	(1.41b)	The	accuracy	is	from	2	to	4	percent,	depending	upon	the	gas.	Values	of	n,	S,	k	0,	and	T0	are
given	for	the	common	gases	in	Table	1-2,	along	with	their	accuracy	when	compared	with	the	data	compiled	by	White	(2016).Page	19	TABLE	1-2	Power-law	and	Sutherland-law	thermal-conductivity	parameters	for	gases[Eqs.	(1-41a)	and	(1-41b)]	Source:	Data	from	White	(1988).	1-3.9	The	Coefficient	of	Mass	Diffusivity	The	third	and	final	transport
coefficient	is	associated	with	the	movement	of	mass	due	to	molecular	exchange.	This	process,	called	mass	or	species	diffusion,	constantly	occurs	in	a	fluid	because	of	random	molecular	motion;	the	air	in	a	given	portion	of	a	room	continually	loses	some	particles	and	gains	others,	so	that	the	specific	content	of	a	given	volume	is	always	changing.
Diffusion	becomes	macroscopically	evident	when	a	variable	mixture	of	two	or	more	species	is	involved.	If	we	stand	on	one	side	of	a	room	while	an	amount	of	hydrogen	sulfide	gas	is	released	at	the	other	side,	we	soon	sense	the	odor	as	the	hydrogen	sulfide	diffuses	to	our	side,	replacing	some	of	our	air,	which	diffuses	to	the	other	side.	The	transfer	of
mass	is	equal	and	opposite;	i.e.,	diffusion	is	an	equal	exchange	of	species,	and	the	final	state	in	this	case	would	be	a	uniform	mixture	of	air	and	hydrogen	sulfide	throughout	the	room.	It	is	well	to	note	that	the	rate	of	diffusion	is	not	equal	to	the	mean	molecular	speed	c‾	but	is	far	slower.	Many	molecular	collisions	occur	in	a	short	distance,	the	mean
free	path;	hence,	the	hydrogen	sulfide	“front”	advances	slowly,	a	mean	free	path	at	a	time,	so	to	speak.	Mass	diffusion	occurs,	then,	whenever	there	is	a	gradient	in	the	proportions	of	a	mixture,	i.e.,	a	concentration	gradient.	There	are	two	different	definitions	of	concentration	in	frequent	use:	(1)	the	volume	concentration	ρi	=	mi	/	ϑ	=	mass	of
component	i	per	unit	volume	and	(2)	the	mass	concentration	Ci	=	ρi	/ρ	=	mass	of	species	i	per	unit	mass	of	the	mixture.	The	second	definition	or	mass	concentration	will	be	more	useful	in	this	text	if	for	no	other	reason	than	that	it	is	a	dimensionless	fraction	less	than	or	equal	to	unity.	By	analogy	with	viscosity	and	thermal	conductivity,	we	postulate
that	mass	diffusion	per	unit	area	is	proportional	to	the	local	concentration	gradient.	In	vector	form,	we	have	(1-42)	where	m ̇	i	denotes	the	mass	flux	of	species	i	in	the	direction	of	decreasing	concentration	(which	accounts	for	the	minus	sign).	The	quantity	D	is	called	the	coefficient	of	mass	diffusivity	and	has	dimensions	of	(length)2/time	usually	either
square	feet	per	second	or	square	centimeters	per	second.	Equation	(1-42)	is	referred	to	as	Fick’s	law	of	diffusion.	In	terms	of	the	mass	concentration,	Ci	=	ρi	/ρ,	Eq.	(1-42)	may	be	manipulated	to	write	(1-43)	where	“ln”	denotes	the	natural	logarithm.	Since	mass	flux	per	unit	area	equals	density	times	velocity,	we	can	write,	by	definition,	(1-44)	where	Vi
represents	the	diffusion	velocity	of	species	i.	In	this	simpler	form,	then,	Fick’s	law	can	be	written	as	(1-45)	Page	20which,	in	one-dimensional	space,	shows	that	the	diffusion	speed	is	proportional	to	the	relative	difference	in	species	concentration	per	unit	distance,	namely,	The	diffusion	coefficient	D	has	the	same	dimensions	as	the	kinematic	viscosity	ν
or	the	thermal	diffusivity	α	=	k/(	ρcp).	Thus,	their	ratios,	like	the	Prandtl	number,	give	rise	to	important	dimensionless	parameters	in	a	fluid-diffusion	problem.	These	are:	(1-46)	The	Schmidt	number	relates	viscous	diffusion	to	mass	diffusion,	and	the	Lewis	number	compares	mass	diffusion	to	thermal	diffusion.	1-3.10	Transport	Properties	of	Liquids
The	theoretical	analysis	of	liquid	transport	properties	is	not	nearly	as	well	developed	as	that	for	gases.	The	difficulty	is	that	liquid	molecules	are	very	closely	packed	compared	to	gases	and	thus	dominated	by	large	intermolecular	forces.	Momentum	transfer	by	collisions—so	dominant	in	gases—is	secondary	in	liquids.	The	kinetic	theory	of	liquids	is
summarized	in	the	texts	by	Bird	et	al.	(2007)	and	Reid	et	al.	(1987).	However,	the	theory	is	not	yet	quantitative,	in	the	sense	that	a	given	liquid’s	properties	cannot	be	predicted	from	other	thermodynamic	data.	If	no	data	are	available,	we	recommend	the	reduced	temperature	and	pressure	plots,	given	by	Figs.	1-15	and	1-16,	with	±	20	percent
accuracy.	If	data	measurements	are	available	for	calibration,	however,	they	may	be	fit	accurately	to	the	empirical	formula:	(1-47)	where	(	μ0	,	T0)	are	reference	values	and	(a,	b,	c)	are	dimensionless	curve-fit	constants.	For	nonpolar	liquids,	c	≈	0,	i.e.,	the	plot	is	linear.	For	example,	App.	C	tabulates	the	viscosity	of	water	at	atmospheric	pressure.	If
these	data	sets	are	plotted	in	the	manner	suggested	by	Eq.	(1-47),	the	results	are	shown	in	Fig.	118.	The	plot	is	nearly	linear,	and	the	curve-fit	values	are	FIGURE	1-18	Empirical	plot	of	the	viscosity	of	water	in	the	manner	suggested	by	Eq.	(1-47).	(1-48)	corresponding	to	T0	=	273	K	and	μ0	=	0.00179	kg/(m	⋅	s).	The	accuracy	of	the	curve	fit	is	±1
percent	when	compared	to	the	data	of	App.	Table	C.1.	For	thermal	conductivity	of	liquids,	Eq.	(1-47)	may	not	be	a	good	fit—e.g.,	data	for	water	in	App.	Fig.	C-5.	Reid	et	al.	(1987)	recommend	the	simple	linear	fit	(1-49)	which	will	be	accurate	at	least	over	a	limited	temperature	range.	1-3.11	The	Thermodynamic	Properties	As	stated	before,	by	their
very	nature,	viscous	flows	are	technically	not	in	equilibrium,	but	at	normal	densities	the	deviations	from	equilibrium	are	negligible.	Two	exceptions	to	this	are	chemically	reacting	flows	and	very	sudden	state	changes,	as	in	a	strong	shock	wave.	Generally,	though,	it	is	quite	reasonable	to	assume	that	a	moving	viscous	fluid	is	a	pure	substance	whose
properties	are	related	by	ordinary	equilibrium	thermodynamics.	The	properties	most	important	to	this	subject	are	pressure,	density,	temperature,	entropy,	enthalpy,	and	internal	energy.	Of	these	six,	two	may	be	regarded	as	the	independent	variables	from	which	all	others	follow	through	experimental	(or	theoretical)	equations	of	state.	In	Chap.	2,	it
will	be	convenient	to	consider	p	and	T	as	primary	variables,	but	technically	this	is	not	a	perfect	choice.Page	21	The	first	law	of	thermodynamics	can	be	written	as	(1-50)	dW	=	work	done	on	system	For	a	substance	at	rest	with	infinitesimal	changes,	we	have	(1-51)	where	ϑ	represents	the	volume	and	d(ϑ	/	m)	=	d(	ρ−1)	=	−	ρ−2dρ.	Substituting	these
terms	into	Eq.	(1-50)	and	expressing	the	result	on	a	unit	mass	basis	using	e	=	E	/	m,	s	=	S	/	m,	and	ρ	=	m	/	ϑ,	we	get	(1-52)	which	is	one	form	of	the	first	and	second	laws	combined	for	infinitesimal	processes.	Equation	(1-52)	implies	that	the	single	state	relation	(1-53)	is	entirely	sufficient	to	define	a	fluid	thermodynamically.	For,	in	terms	of	the
calculus	of	two	variables,	(1-54)	from	which,	by	comparison	with	Eq.	(1-52),	the	temperature	and	pressure	can	be	extracted	using	(1-55)	Page	22after	which	the	enthalpy	can	be	deduced	from	its	definition:	(1-56)	Thus,	a	single	chart	of	e	vs.	s	for	lines	of	constant	ρ	is	sufficient	to	determine	all	thermodynamic	properties.	Equation	(1-53)	is	therefore
called	a	canonical	equation	of	state.	A	second	and	more	popular	canonical	equation	of	state	is	obtained	by	using	Eq.	(1-56)	to	eliminate	de	in	Eq.	(1-52),	with	the	result	(1-57)	Again,	using	calculus,	we	find	that	from	the	canonical	relation	(1-58)	all	other	properties	can	be	retrieved,	i.e.,	(1-59)	In	this	case,	a	chart	of	h	vs.	s	for	lines	of	constant	p	will
define	the	substance	completely.	Such	a	plot	is	very	popular	and	is	called	a	Mollier	chart,	after	Richard	Mollier	(1863–1935),	a	German	engineering	professor	who	first	proposed	it.	Figure	1-19	is	a	sketch	of	the	Mollier	chart	for	air	as	given	by	Little	(1963).	Tabular	properties	for	eight	common	gases	are	given	by	Hilsenrath	et	al.	(1955).	Figure	1-19
shows	only	the	constant-pressure	lines,	which	are	quite	sufficient	thermodynamically,	as	discussed	previously.	However,	in	preparing	such	a	Mollier	chart	for	publication,	it	is	usual	to	include	other	lines	(constant	density,	temperature,	and	speed	of	sound).	Data	for	water	and	steam	are	given	by	Harvey	et	al.	(2014).	FIGURE	1-19	Mollier	chart	for
equilibrium	air.	[After	Little	(1963).]	1-3.12	Secondary	Thermodynamic	Properties	Still	other	properties	are	often	used	in	flow	analyses,	particularly	with	idealized	equations	of	state	such	as	the	perfect-gas	law.	Two	of	these	are	the	specific	heats	(so-called)	at	constant	pressure	and	constant	volume:	(1-60)	Page	23which	of	course	are	not	heats	at	all
but	expressions	of	energy	change.	The	ratio	of	specific	heats	(1-61)	represents	an	important	dimensionless	parameter	in	high-speed	(compressible)	flow	problems.	This	ratio	lies	between	1.0	and	1.7	for	all	fluids.	For	a	liquid,	which	is	nearly	incompressible,	cp	≈	cυ	and	γ	≈	1.0.	Figure	1-20	shows	values	of	γ	at	atmospheric	pressure	for	various	gases	as
a	function	of	absolute	temperature.	The	pressure	dependence	of	γ	is	very	weak,	and	the	figure	shows	that	the	approximation	(γ	=	const.)	is	accurate	over	fairly	wide	temperature	variations.	FIGURE	1-20	Specific-heat	ratio	for	eight	common	gases.	[Data	from	Hilsenrath	et	al.	(1955).]	Another	minor	but	important	thermodynamic	property	is	the	speed
of	sound	a,	defined	as	the	rate	of	propagation	of	infinitesimal	pressure	pulses	[White	(2016),	Sec.	9.2]:	(1-62)	Since	the	partial	derivative	in	Eq.	(1-62)	is	rather	inconvenient	to	handle,	an	alternative	relation	can	be	used,	specifically,	(1-63)	The	reader	may	prove	as	an	exercise	that	Eqs.	(1-62)	and	(1-63)	are	thermodynamically	identical.	Since	viscous
flows	are	definitely	not	isentropic	in	general,	the	speed	of	sound	is	not	a	natural	ingredient	of	viscous	analyses	but	enters	instead	through	the	assumption	of	perfect-gas	relations,	as	does	the	Mach	number.	1-3.13	The	Perfect	Gas	All	the	common	gases	follow	with	reasonable	accuracy,	at	least	in	some	finite	region,	the	socalled	ideal	or	perfect-gas	law:
(1-64)	Page	24where	R	is	called	the	gas	constant.	Equation	(1-64)	has	a	solid	theoretical	basis	in	the	kinetic	theory	of	dilute	gases,	e.g.,	Kauzmann	(2012),	and	should	not	be	regarded	as	an	empirical	formula.	The	gas	constant	R	may	be	written	in	terms	of	the	molecular	weight	M	of	the	gas:	(1-65)	where	R0	is	a	universal	constant	similar	to	Boltzmann’s
constant.	The	value	of	R0	is	(1-66)	which	has	too	many	significant	figures,	since	no	gas	really	fits	the	law	that	well.	Equations	(1-64)	and	(1-65)	are	also	suitable	for	mixtures	of	gases	if	the	equivalent	molecular	weight	is	properly	defined	in	terms	of	the	mass	fractions,	Ci	=	ρi/ρ:	(1-67)	In	terms	of	the	mole	fractions	xi	(the	number	of	moles	of	species	i
per	mole	of	mixture),	we	have	(1-68)	As	a	classic	example,	air	at	ordinary	temperatures	has	mole	fractions	of	approximately	78	percent	nitrogen,	21	percent	oxygen,	and	1	percent	argon.	Then,	from	Eq.	(1-68),	we	have	from	which	These	are	the	accepted	values	for	room-temperature	dry	air.	According	to	Eq.	(1-64),	the	so-called	compressibility	factor
(1-69)	should	be	unity	for	gases.	Actually,	Z	varies	from	zero	to	4.0	or	greater,	depending	on	the	temperature	and	pressure.	To	good	accuracy,	Z	is	a	function	only	of	the	reduced	variables,	pr	=	p	/pc	and	Tr	=	T/Tc,	which	are	normalized	by	their	critical	values	and	referred	to	as	the	reduced	temperature	and	pressure.	This	is	illustrated	in	Figs.	1-21	and
1-22,	which	are	representative	of	all	gases.	Examining	these	figures,	we	see	that	the	perfect-gas	law	(Z	=	1)	is	accurate	to	±	10%	in	the	range	1.8	≤	Tr	≤	15	and	0	≤	pr	≤	10,	which	is	the	range	of	interest	for	the	majority	of	viscous-flow	Page	25problems.	The	higher	temperatures	should	be	viewed	with	suspicion	for	multiatomic	molecules,	which	may
dissociate	into	smaller	particles	and	raise	the	value	of	Z	markedly.	In	air,	for	example,	dissociation	happens	twice:	at	2000	K,	where	O2	→	2O	and	at	4000	K,	where	N2	→	2N.	Figure	1-23	shows	the	compressibility	factor	of	air	as	calculated	by	Hansen	(1958).	Note	the	first	and	second	plateaus	corresponding	to	O2	and	then	N2	dissociation.	The	effect	is
particularly	strong	at	low	pressure.	FIGURE	1-21	Compressibility	factors	for	gases.	[After	Weber	(1939).]	FIGURE	1-22	Compressibility	at	higher	pr	and	Tr.	[After	Weber	(1939).]	FIGURE	1-23	Calculated	compressibility	of	air.	[After	Hansen	(1958).]	1-3.14	Other	Properties	of	the	Perfect	Gas	As	a	direct	consequence	of	the	perfect-gas	law	[Eq.	(1-64)],
many	useful	and	simple	relations	arise.	The	specific	heats	are	constrained	to	be	functions	of	temperature	only:	(1-70)	Hence,	from	Eqs.	(1-60),	we	have	(1-71)	Further,	it	follows	that	(1-72)	Finally,	from	Eq.	(1-63),	the	speed	of	sound	takes	the	simple	form	(1-73)	Because	of	their	reasonable	accuracy	and	delightful	simplicity,	the	perfect-gas	relations
are	understandably	popular	in	viscous-flow	analysis.	We	make	liberal	use	of	the	perfect-gas	law	in	Chap.	7.	As	shown	in	Fig.	1-20,	the	specific-heat	ratio	γ	tends	to	decrease	with	temperature.	Because	all	of	these	gases	are	reasonably	perfect,	it	follows	from	Eqs.	(1-72)	that	cp	and	cυ	must	increase	with	temperature.	Moreover,	since	R	is	known	from
Eq.	(1-65),	Fig.	1-20	may	be	used	to	calculate	cp	and	cυ	to	good	accuracy.	Page	26Finally,	Fig.	1-17	discussed	earlier	displays	the	Prandtl	number	Pr	=	μcp/k	versus	temperature	for	various	common	gases.	1-3.15	Bulk	Modulus	In	flow	problems	that	involve	sound-wave	propagation,	it	is	useful	to	introduce	a	thermodynamic	property	that	expresses	the
change	of	density	with	increasing	pressure.	This	property	is	the	bulk	modulus	K:	(1-74)	From	Eq.	(1-63),	then,	we	see	that	the	speed	of	sound	can	be	written	in	terms	of	K:	(1-75)	where	γ	may	be	taken	as	1.0	for	liquids	and	solids.‡	For	liquids,	K	is	fairly	constant,	varying	slightly	with	pressure	and	temperature.	For	water,	a	good	average	value	is	K	=
2.2	×	109	Pa.	Taking	γ	=	1.0	and	an	average	water	density	of	998	kg/m	3,	we	calculate	the	speed	of	sound	in	water	to	be	approximately	1480	m/s.	For	a	perfect	gas,	one	may	readily	verify	that	K	=	p	by	simply	equating	Eqs.	(1-73)	and	(1-75)	as	both	are	equal	to	the	speed	of	sound	squared,	γK/ρ	=	γRT,	or	K	=	ρRT	=	p.	1-3.16	Coefficient	of	Thermal
Expansion	There	is	a	subset	of	flow	problems,	called	natural	convection,	where	the	flow	pattern	is	due	to	buoyant	forces	caused	by	temperature	differences.	Such	buoyant	forces	are	proportional	to	the	coefficient	of	thermal	expansion	β,	defined	as	(1-76)	For	a	perfect	gas	[Eq.	(1-64)],	one	can	show	that	β	=	1/T.	This	can	be	seen	by	taking	the	derivative
with	regard	to	T	at	a	constant	pressure	Substituting	this	expression	back	into	Eq.	(1-76),	and	reapplying	the	state	relation	ρ	=	p	/	(RT),	one	arrives	at	For	a	liquid,	β	is	usually	smaller	than	1/T	and	may	even	be	negative	(the	celebrated	inversion	of	water	near	the	freezing	point).	For	imperfect	gases,	β	can	be	considerably	larger	than	1/T	near	the
saturation	line,	particularly	at	high	pressures.	This	is	illustrated	in	Fig.	1-24	for	steam.	We	see	that	steam	is	well	approximated	by	the	perfect-gas	result	β	=	1/T	at	low	pressures	and	high	temperatures.	FIGURE	1-24	Thermal-expansion	coefficient	for	steam.	The	quantity	β	is	also	useful	in	estimating	the	dependence	of	enthalpy	on	pressure	based	on
the	thermodynamic	relation	(1-77)	where	we	remark	that,	of	course,	T	must	be	absolute	temperature.	For	a	perfect	gas,	the	second	term	vanishes,	so	that	h	=	h(T)	only.	Figure	1-24	shows	that	imperfect	gases	such	as	steam	often	fit	this	approximation,	dh	≈	cp	dT.Page	27	Table	1-3	provides	measured	values	of	the	bulk	modulus	K	and	the	thermal-
expansion	coefficient	β	for	water	at	saturation	pressures.	TABLE	1-3	Bulk	modulus	K	and	expansion	coefficient	β	for	water	at	saturation	conditions	†Critical	point.	1-4	BOUNDARY	CONDITIONS	FOR	VISCOUS-FLOW	PROBLEMS	The	equations	of	motion	to	be	discussed	in	Chap.	2	will	require	mathematically	tenable	and	physically	realistic	boundary
conditions.	It	is	of	interest	here	to	study	the	underlying	physical	mechanisms	of	the	boundary	approximations	commonly	used.	For	fluid	flow,	there	are	five	types	of	boundaries	considered:	1.	2.	3.	4.	5.	A	solid	surface	(which	may	be	porous).	A	free	liquid	surface.	A	liquid–vapor	interface.	A	liquid–liquid	interface.	An	inlet	or	exit	section.	Cases	2	and	3
are	related	in	the	sense	that	a	free	liquid	surface	is	a	special	case	of	the	liquid–	vapor	interface	where	the	vapor	causes	a	negligible	interaction.	Let	us	take	up	these	cases	in	order.Page	28	1-4.1	Conditions	at	a	Solid	Surface	Wall	boundary	conditions	depend	upon	whether	the	fluid	is	a	liquid	or	a	gas.	For	macroflows,	system	dimensions	are	large
compared	to	molecular	spacing,	so	that	both	liquid	and	gas	particles	contacting	the	wall	must	essentially	be	in	equilibrium	with	the	solid.	At	a	solid	surface,	the	fluid	will	assume	the	velocity	of	the	wall	(the	no-slip	condition)	and	the	temperature	of	the	wall	(the	no-temperature-jump	condition):	(1-78)	Equation	(1-78)	will	be	used	throughout	this	text	for
Newtonian	liquids.	1-4.2	Kinetic	Theory	for	Slip	Velocity	in	Gases	If	the	fluid	is	a	gas,	Eqs.	(1-78)	will	fail	when	the	mean	free	path	ℓ	is	comparable	to	the	length-scale	L	of	the	flow.	The	ratio	of	these	two	lengths	is	called	the	Knudsen	number,	Kn:	(1-79)	Thus,	if	Kn	≪	1	there	is	negligible	slip.	If	Kn	=	O(10−1),	there	is	slip.	If	Kn	=	O(1)	or	greater,	the
flow	is	molecular	and	slip	is	an	inadequate	concept.	There	are	two	ways	for	the	Knudsen	number	to	dominate:	(1)	if	ℓ	is	very	large,	that	is,	a	very	rarefied	gas	[Sharipov	(2016)];	and	(2)	if	L	is	very	small,	as	in	the	case	of	microflows	and	nanoflows	[Karniadakis	and	Beskok	(2001)].	Consider	gas	molecules	as	they	strike	and	reflect	from	a	solid	wall,	as	in
Fig.	1-25.	If	the	wall	is	perfectly	smooth,	a	molecule	would	impinge	and	reflect	at	the	same	angle	θ	similar	to	the	reflection	of	a	light	ray	from	a	mirror.	This	behavior	is	referred	to	as	specular	reflection,	where	molecules	conserve	their	tangential	momentum	and	exert	no	wall	shear.	In	this	case,	there	is	perfect	slip	flow	at	the	wall.	FIGURE	1-25
Specular	and	diffuse	reflection	of	particles.	On	a	molecular	scale,	however,	even	the	most	highly	polished	wall	appears	rough.	It	is	more	likely	that	the	impinging	molecules	view	the	wall	as	rough	and	reflect	at	random	angles	uncorrelated	with	their	entry	angle.	This	is	termed	diffuse	reflection	and	is	shown	in	the	lower	half	of	Fig.	1-25.	Equilibrium
across	a	plane	y	near	the	wall	requires	that	the	loss	of	tangential	momentum	be	balanced	by	a	finite	slip	velocity	uw	to	transmit	shear	to	the	wall.	As	postulated	by	Navier	in	1827,	the	slip	velocity	is	proportional	to	the	wall	shear:	where	α	is	a	constant.	Later,	Maxwell	in	1879	showed	with	kinetic	theory	that	α	≈	ℓ	/	μ	or	(1-80)	where	ℓ	is	the	mean	free
path	of	the	gas.	See,	for	example,	Kauzmann	(2012).	One	can	approximate	the	fluid	away	from	the	wall	as	a	Newtonian	continuum.	If	we	assume	that	a	fraction	f	of	the	molecules	is	reflected	diffusely,	the	slip	velocity	becomes	(1-81)	Page	29However,	this	correction	seems	superfluous,	as	a	review	by	Sharipov	and	Seleznev	(1998)	suggests	that	the
simpler	Eq.	(1-80)	is	quite	accurate	for	single-component	gases.	That	is,	f	≈	1.	Is	slip	important	in	boundary-layer	flows?	Many	researchers	have	concluded	that,	for	boundary	layers,	(1-82)	where	Ma	=	U	/	a	denotes	the	Mach	number	of	the	freestream.	For	further	study	of	microflows,	nanoflows,	and	rarefied	gases,	see	the	monographs	by	Sharipov
(2016)	and	Kandlicar	and	Garimella	(2016).	For	most	gas	flow	analyses	in	this	text,	we	will	use	the	standard	no-slip	condition	[Eq.	(1-78)].	1-4.3	Kinetic	Theory	for	Wall-Temperature	Jump	The	temperature	condition	in	Eq.	(1-78)	will	also	fail	for	a	gaseous	motion	if	the	mean	free	path	is	large	compared	to	flow	dimensions.	This	effect	is	called
temperature	jump	and	is	analogous	to	velocity	slip.	The	kinetic-theory	expression	for	the	jump	Tgas	−	Tw	in	a	gas	is	given	by	Smoluchowski	(1898):	(1-83)	where	α	is	the	so-called	thermal-accommodation	coefficient,	defined	as	the	fraction	of	impinging	molecules,	which	is	equated	to	the	temperature	of	the	wall.	Clearly	α	is	analogous	to	the	diffuse-
reflection	coefficient	f	in	Eq.	(1-81).	Experiments	have	shown	that	α	is	also	fairly	close	to	unity.	Thus,	the	same	remarks	as	before	apply	here.	The	temperature	jump	in	turbulent	flow	is	entirely	negligible,	and	the	jump	in	laminar	flow	is	also	extremely	small	except	at	low	Reynolds	number	and	high	Mach	number.	It	is	customary,	then,	to	adopt	the	no-
slip	and	no-temperature-jump	conditions	in	routine	analysis	of	viscous	gas-flow	problems:	(1-84)	In	many	cases,	of	course,	the	coordinate	system	is	such	that	the	wall	is	stationary,	so	that	the	velocity	condition	is	simply	Vfluid	=	0.	1-4.4	Conditions	at	a	Free	Liquid	Surface	There	are	many	flow	problems	where	the	liquid	fluid	ends,	not	at	a	solid	wall,
but	at	an	open	or	free	surface	exposed	to	an	atmosphere	of	either	gas	or	vapor.	We	distinguish	between	two	cases:	(1)	the	ideal	or	classic	free	surface	that	exerts	only	a	known	pressure	on	the	liquid	boundary	and	(2)	a	more	complicated	case	where	the	atmosphere	exerts	not	only	pressure	but	also	shear,	heat	flux,	and	mass	flux	at	the	surface.	This
latter,	more	involved	surface	is	more	properly	termed	a	liquid–vapor	interface,	the	ocean	surface	being	a	splendid	example.	The	classic	free	surface	is	sketched	in	Fig.	1-26.	Let	us	assume	that	the	xy	plane	is	more	or	less	parallel	to	the	free	surface,	so	that	the	actual	deflected	shape	of	the	surface	can	be	denoted	by	z	=	η	(x,	y).	FIGURE	1-26	Conditions
at	an	ideal	free	surface.	The	two	required	conditions	for	this	surface	are:	(1)	the	fluid	particles	at	the	surface	must	remain	attached	(kinematic	condition)	and	(2)	the	liquid	and	the	atmospheric	pressure	must	balance	except	for	surface-tension	effects.	The	kinematic	condition	is	specified	mathematically	by	requiring	the	particle’s	upward	velocity	to
equal	the	motion	of	the	free	surface,	namely,	(1-85)	Page	30The	pressure	equilibrium	is	expressed	by	(1-86)	where	Rx	and	Ry	represent	the	radii	of	curvature	of	the	surface	and	ℑ	denotes	the	coefficient	of	surface	tension	of	the	interface.	For	a	two-dimensional	surface	deflection	with	η	=	η(x)	only,	Eq.	(1-86)	becomes	(1-87)	We	see	from	this	relation
that,	when	the	interface	smiles	(concave	upward,	positive	curvature),	p	>	pa,	while	a	frowning	interface	(concave	downward)	results	in	p	>	pa.	Equations	(1-85)	and	(1-86)	represent	complex	nonlinear	conditions,	but	they	can	be	evaluated	numerically.	In	the	range	0	to	100°C,	a	clean	air–water	interface	has	a	nearly	linear	variation	of	surface	tension
with	temperature:	(1-88)	with	accuracy	of	±	1	percent.	Measured	values	of	air–water	surface	tension	are	given	in	Table	1-4	for	temperatures	up	to	the	critical	point.	These	are	ideal	for	a	very	clean	interface.	Under	field	conditions,	ℑ	can	vary	greatly	due	to	the	presence	of	surface	contaminants	or	slicks.	TABLE	1-4	Surface-tension	coefficient	for	an
air–water	interface	†Critical	point.	In	large-scale	problems,	such	as	open-channel	or	river	flow,	the	free	surface	deforms	only	slightly	and	surface-tension	effects	become	negligible.	Equations	(1-85)	and	(1-86)	then	simplify	into	(1-89)	These	are	obviously	very	attractive	linearized	conditions.	Note:	The	present	discussion	concerns	the	deformation	of	an
interface	by	uniform	surface	tension.	If	the	surface	tension	varies	along	the	interface	due,	for	example,	to	a	temperature	gradient,	a	flow	called	Marangoni	convection	will	be	induced	from	the	hot	surface	toward	the	cold	surface.	This	mechanism	is	beyond	the	scope	of	the	present	text.	For	an	example	of	Marangoni	flow	analysis,	see	the	paper	by
Sasmal	and	Hochstein	(1994)	or	the	reviews	by	Ostrach	(1982)	and	Davis	(1987).	1-4.5	Conditions	at	a	Deformable	Fluid–Solid	Interface	In	most	of	the	problems	of	this	text,	a	solid	boundary	will	be	taken	to	be	a	rigid	interface	that	merely	imposes	no-slip	and	no-temperature-jump	conditions	on	the	fluid.	The	dynamics	and	thermodynamics	of	the	solid
are	neglected.	However,	there	is	a	growing	field	of	research	in	which	the	solid	is	coupled	to	the	fluid	through	deformable	and	dynamic	interactions.	In	this	case,	we	must	match	the	velocity,	stress,	temperature,	and	heat	transfer	across	the	interface,	and	the	equations	of	motion	for	both	the	fluid	and	the	solid	must	be	solved	simultaneously.	Material–
behavior	Page	31relations	can	be	used	when	the	fluid	is	Newtonian	and	the	solid	satisfies	Hooke’s	law.	For	details,	see	the	texts	by	Blevins	(2001)	and	Au-Yang	(2001).	SUMMARY	This	chapter	overviews	the	introductory	concepts	of	fluid	motion	with	which	the	reader	should	already	be	conversant.	A	brief	history	and	some	sample	viscous-flow
problems	are	outlined,	followed	by	an	extensive	discussion	of	the	different	quantities	that	distinguish	a	fluid:	(1)	the	kinematic	properties,	(2)	the	transport	properties,	and	(3)	the	thermodynamic	properties.	The	chapter	closes	with	a	cursory	look	at	various	boundary	conditions	relevant	to	viscous-fluid	flow.	PROBLEMS	1-1.	A	sphere	1.4	cm	in	diameter
is	placed	in	a	freestream	of	18	m/s	at	20°C	and	1	atm.	Compute	the	diameter	Reynolds	number	of	the	sphere	if	the	fluid	is	(a)	air,	(b)	water,	and	(c)	hydrogen.	1-2.	A	telephone	wire	8	mm	in	diameter	is	subjected	to	a	crossflow	wind	and	begins	to	shed	vortices.	From	Fig.	1-7,	what	wind	velocity	(in	m/s)	will	cause	the	wire	to	“sing”	at	middle	C	(256
Hz)?	1-3.	If	the	wire	in	Prob.	1-2	is	subjected	to	a	crossflow	wind	of	12	m/s,	use	Fig.	1-8	to	estimate	its	drag	force	(in	N/m).	1-4.	For	oil	flow	in	a	pipe	far	downstream	of	the	entrance	(Figs.	1-9	and	1-10),	the	axial	velocity	profile	is	a	function	of	r	only	and	is	given	by	u	=	(C/μ)	(R2	−	r2),	where	C	is	a	constant	and	R	is	the	pipe	radius.	Suppose	the	pipe	is
1	cm	in	diameter	and	umax	=	30	m/s.	Compute	the	wall	shear	stress	(in	Pa)	if	μ	=	0.3	kg/(m	⋅	s).	1-5.	1-6.	Glycerin	at	20°C	is	confined	between	two	large	parallel	plates.	One	plate	is	fixed	and	the	other	moves	parallel	at	17	mm/s.	The	distance	between	plates	is	3	mm.	Assuming	no-slip,	estimate	the	shear	stress	in	the	glycerin,	in	Pa.	A	plane	unsteady
viscous	flow	is	given	in	polar	coordinates	by	where	C	is	a	constant	and	ν	is	the	kinematic	viscosity.	Compute	the	vorticity	ωz	(r,	t)	and	sketch	an	array	of	representative	velocity	and	vorticity	profiles	for	various	times.	1-7.	A	two-dimensional	unsteady	flow	has	the	velocity	components:	Find	the	equation	of	the	streamlines	of	this	flow	which	pass	through
the	point	(x0,	y0)	at	time	t	=	0.	1-8.	Using	Eq.	(1-3)	for	inviscid	flow	past	a	cylinder,	consider	the	flow	along	the	streamline	approaching	the	forward	stagnation	point	(r,	θ)	=	(R,	π).	Compute	(a)	the	distribution	of	strain	rates	εrr	and	εrθ	along	this	streamline	and	(b)	the	time	required	for	a	particle	to	move	from	the	point	(2R,	π)	to	the	stagnation	point.
1-9.	A	commonly	used	equation	of	state	for	water	is	approximately	independent	of	temperature:	where	A	≈	3000,	n	≈	7,	p0	=	1	atm,	and	ρ0	=	998	kg/m3.	From	this	formula,	compute	(a)	the	pressure	(in	atm)	required	to	double	the	density	of	water,	(b)	the	bulk	modulus	of	water	at	1	atm,	and	(c)	the	speed	of	sound	in	water	at	1	atm.	1-10.	As	shown	in
Fig.	P1-10,	a	3	×	3-ft	plate	slides	down	a	long	30°	incline	on	which	there	is	a	film	of	oil	0.005	in.	thick	with	viscosity	μ	=	0.0005	slug/(ft	⋅	s).	Assuming	that	the	plate	does	not	deform	the	oil	film,	estimate	(a)	the	terminal	sliding	velocity	(in	ft/s)	and	(b)	the	time	required	for	the	plate	to	accelerate	from	rest	to	99	percent	of	the	terminal	velocity.	FIGURE
P1.10	Page	32	1-11.	Estimate	the	viscosity	of	nitrogen	at	36	MPa	and	49°C,	and	then	compare	with	the	measured	value	of	45	μPa	⋅	s.	1-12.	Estimate	the	thermal	conductivity	of	helium	at	420°	C,	1	atm,	and	compare	with	the	measured	value	of	0.28	W(m	⋅	K).	1-13.	According	to	Table	C-5	and	Fig.	1-15,	at	what	pressure	is	the	viscosity	of	CO2	equal	to
approximately	30	×	10−5	Pa	⋅	s	when	the	temperature	is	800°R?	1-14.	Some	measured	values	for	the	viscosity	of	ammonia	gas	are	as	follows:	Fit	these	data	measurements,	in	the	least-square-error	sense,	to	the	power	law,	Eq.	(133),	and	the	Sutherland	law,	Eq.	(1-34).	1-15.	Experimental	data	for	the	viscosity	of	helium	at	low	pressure	are	as	follows:
Fit	these	values	to	a	suitable	formula.	1-16.	Repeat	the	analysis	of	the	velocity	profile	between	two	plates	(Fig.	1-13)	for	a	Newtonian	fluid	but	allow	for	a	slip	velocity	δu	≈	ℓ(du/dy)	at	both	walls.	Compute	the	shear	stress	at	both	walls.	[τw	=	μV/(h	+	2ℓ	)	at	both	walls.]	1-17.	By	considering	the	equilibrium	of	forces	on	the	element	shown	in	Fig.	P1-17,
derive	Eq.	(1-86),	which	expresses	the	pressure	jump	across	a	curved	surface	due	to	surface	tension.	FIGURE	P1.17	1-18.	Two	spherical	bubbles	of	radii	R1	and	R2,	which	contain	air,	coalesce	into	a	single	bubble	of	radius	R3.	If	the	ambient	air	pressure	is	p0	and	the	merging	process	is	isothermal,	derive	a	formula	that	relates	R3	to	(	p0,	R1,	R2,	ℑ	).
1-19.	In	Prob.	1-1,	if	the	temperature,	sphere	size,	and	velocity	remain	the	same	for	airflow,	at	what	air	pressure	will	the	Reynolds	number	ReD	be	equal	to	10,000?	1-20.	A	solid	cylinder	of	mass	m,	radius	R,	and	length	L	falls	concentrically	through	a	vertical	tube	of	radius	R	+	ΔR,	where	ΔR	≪	R.	The	tube	is	filled	with	gas	of	viscosity	μ	and	mean	free
path	ℓ.	Neglect	fluid	forces	on	the	front	and	back	faces	of	the	cylinder	and	consider	only	shear	stress	in	the	annular	region,	assuming	a	linear	velocity	profile.	Find	an	analytic	expression	for	the	terminal	velocity	of	fall,	V,	of	the	cylinder	(a)	for	no	slip	and	(b)	with	slip	[Eq.	(1-80)].	1-21.	Solve	P1-20	for	the	terminal	fall	velocity	for	no	slip	if	the	cylinder	is
aluminum,	with	diameter	4	cm	and	length	10	cm.	The	tube	has	a	diameter	of	4.02	cm	and	is	filled	with	argon	gas	at	20°C.	1-22.	In	Fig.	P1-22	a	disk	rotates	steadily	inside	a	disk-shaped	container	filled	with	oil	of	viscosity	μ.	Assume	linear	velocity	profiles	with	no	slip	and	neglect	stress	on	the	outer	edges	of	the	disk.	Find	a	formula	for	the	torque	M
required	to	drive	the	disk.	FIGURE	P1.22	Page	33	1-23.	Based	on	Eq.	(1-76),	it	can	be	shown	that	the	coefficient	of	thermal	expansion	of	a	perfect	gas	is	given	by	β	=	1/T.	Use	this	approximation	to	estimate	β	of	ammonia	gas	(NH3)	at	20°C	and	1	atm	and	then	compare	with	the	accepted	value	from	a	data	reference.	1-24.	The	rotating-cylinder
viscometer	in	Fig.	P1-24	shears	the	fluid	in	a	narrow	clearance	Δr,	as	shown.	Assuming	a	linear	velocity	distribution	in	the	gaps,	if	the	driving	torque	M	is	measured,	find	an	expression	for	μ	by	(a)	neglecting	and	(b)	including	the	bottom	friction.	FIGURE	P1.24	1-25.	Consider	1	m3	of	a	fluid	at	20°C	and	1	atm.	For	an	isothermal	process,	calculate	the
final	density	and	the	energy,	in	joules,	required	to	compress	the	fluid	until	the	pressure	is	10	atm	for	(a)	air	and	(b)	water.	Discuss	the	difference	in	results.	1-26.	Equal	layers	of	two	immiscible	fluids	are	being	sheared	between	a	moving	and	a	fixed	plate,	as	in	Fig.	P1-26.	Assuming	linear	velocity	profiles,	find	an	expression	for	the	interface	velocity	U
as	a	function	of	V,	μ1,	and	μ2.	FIGURE	P1.26	1-27.	1-28.	Use	the	inviscid-flow	solution	of	flow	past	a	cylinder,	Eq.	(1-3),	to	(a)	find	the	location	and	value	of	the	maximum	fluid	acceleration	along	the	cylinder	surface.	Is	your	result	valid	for	gases	and	liquids?	(b)	Apply	your	formula	for	amax	to	airflow	at	10	m/s	past	a	cylinder	of	diameter	1	cm	and
express	your	result	as	a	ratio	compared	to	the	acceleration	of	gravity.	Discuss	what	your	result	implies	about	the	ability	of	fluids	to	withstand	acceleration.	The	coefficient	of	thermal	expansion	is	defined	as	Determine	β	for	an	ideal	gas	with	p	=	ρRT.	Show	your	work	in	detail.	1-29.	Starting	with	Maxwell’s	low-density	approximation	of	the	viscosity,
namely,	and	Newton’s	expression	of	the	wall	shear	stress	as	a	function	of	the	velocity	gradient,	τw	=	μ(∂u/∂y)w,	express	Maxwell’s	slip	velocity,	uw	=	(∂u/∂y)w,	(a)	(b)	as	a	function	of	the	shear	stress,	density,	and	speed	of	sound	a;	as	a	function	of	the	Mach	number,	the	mean-flow	velocity	U,	and	the	skin	friction	coefficient,	Cf	=	2	τw/(ρU2).	Page	34	1-
30.	Consider	a	hydraulic	lift	with	a	50	cm	diameter	shaft	sliding	inside	a	housing	with	an	inside	diameter	of	50.02	cm.	If	the	shaft	travels	at	0.25	ms,	calculate	the	shaft	resistance	to	motion	per	unit	length.	You	may	use	water	as	the	working	fluid.	1-31.	Consider	a	thin	air	gap	of	1	mm	that	is	formed	between	two	parallel	surfaces	that	are	maintained	at
20°C	and	40°C,	respectively.	In	the	case	of	a	quiescent	medium	(say	still	air),	calculate	the	heat	transfer	rate	across	the	gap	per	unit	area.	1-32.	In	the	presence	of	viscosity,	the	pressure	drop	associated	with	a	fully	developed	laminar	motion	in	a	horizontal	tube	of	length	L	and	diameter	D	may	be	evaluated	analytically.	One	finds:	where	μ	stands	for
the	dynamic	viscosity	and	denotes	the	volumetric	flow	rate.	Show	that	the	corresponding	head	loss	may	be	written	as	What	value	of	flam	do	you	obtain?	1-33.	A	time-dependent,	two-dimensional	motion	has	three	velocity	components	that	are	given	by	where	a	and	b	are	pure	constants.	The	objective	of	this	problem	is	to	compare	and	contrast	the
streamlines	in	this	flow	with	the	pathlines	of	the	fluid	particles.	(a)	Find	the	equations	governing	the	streamline	that	passes	through	the	point	(1,	1)	at	time	t.	(b)	Calculate	the	path	of	a	particle	that	starts	at	r0	=	(x0,	y0)	=	(1,	1)	at	t	=	0.	Determine	the	location	of	a	particle	at	t	=	1,	denoted	as	r1.	(c)	1-34.	Use	the	results	of	part	(a)	to	determine	the
condition	under	which	the	streamlines	and	pathlines	coincide.	A	tornado	may	be	simulated	as	a	two-part	circulating	flow	in	cylindrical	coordinates,	with	υr	=	υz	=	0,	(a)	Calculate	the	divergence	of	the	velocity.	Is	the	flow	compressible	or	incompressible?	(b)	Determine	the	vorticity.	Is	the	flow	rotational	or	irrotational?	(c)	Determine	the	strain	rates	in
each	segment	of	the	flow.	What	is	the	sum	of	the	three	normal	strain	rates?	1-35.	In	modeling	the	motion	of	an	8-meter	diameter	tornado	rotating	at	an	angular	speed	of	ω	at	the	point	of	maximum	swirl,	it	is	possible	to	use	the	Maicke–Majdalani	profile	(Maicke	and	Majdalani	2009)	as	a	piecewise	approximation	for	which	υr	=	υz	=	0	and	the	tangential
velocity	is	given	by	(a)	State	whether	the	flow	is	1D,	2D,	or	3D,	steady	or	unsteady,	and	specify	υθ	(r)	as	r	→	∞.	(b)	Calculate	the	divergence	of	the	velocity.	Is	the	flow	compressible	or	incompressible?	(c)	Determine	the	vorticity.	Is	the	flow	rotational	or	irrotational?	(d)	Determine	the	strain	rates	and	the	shear	stresses	in	the	inner	and	outer	flow
segments.	(e)	What	is	the	limit	of	υθ	(r)	as	r	→	0	?	Hint:	In	taking	the	limit,	it	is	helpful	to	remember	that	and	that,	in	the	inner	segment,	the	tangential	velocity	can	be	rewritten	as	1-36.	The	Taylor	profile,	which	has	been	used	to	describe	the	bulk	gaseous	motion	in	planar,	slab	rocket	chambers	(Maicke	and	Majdalani	2008),	corresponds	to	a
selfsimilar	profile	in	porous	channels	that	bears	symmetry	with	respect	to	the	chamber’s	midsection	plane.	Using	normalized	Cartesian	coordinates,	the	streamfunction	may	be	written	as	where	l	represents	the	aspect	ratio	of	the	chamber	(i.e.,	the	length	of	the	porous	surface	normalized	by	the	chamber	half	height).	In	this	problem,	the	velocity	vector,
normalized	by	the	wall	injection	speed,	may	be	expressed	as	V(x,	y)	=	u	i	+	υ	j.	(a)	Determine	the	axial	and	normal	velocity	profiles	using:	Page	35	(b)	Evaluate	the	velocity	divergence	and	determine	whether	the	motion	is	compressible	or	incompressible.	(c)	Evaluate	the	vorticity	and	determine	whether	the	motion	is	rotational	or	irrotational.	FIGURE
P1.36	1-37.	1-38.	In	the	Taylor	flow	problem	described	above,	determine	the	following:	(a)	(b)	The	strain	rates.	The	Lagrangian	time-dependent	coordinates	xj	(t)	and	yj	(t)	for	a	particle	j	that	enters	the	porous	chamber	at	the	sidewall	where	yj	=	1	and	xj	=	Xj	at	t	=	0.	Recall	that	(c)	The	pathlines	of	a	particle	j	entering	the	chamber	at	Xj	=	1,	2,	3,	4,	5.
Display	your	results	in	the	(x,	y)	plane.Page	36	The	Taylor–Culick	profile,	which	describes	the	bulk	gaseous	motion	in	solid	rocket	motors	(Culick	1966),	corresponds	to	an	axisymmetric,	self-similar	profile	in	porous	tubes.	Using	normalized	cylindrical	coordinates,	the	streamfunction	may	be	written	as	where	l	represents	the	aspect	ratio	of	the	motor
(i.e.,	the	length	of	the	porous	surface	normalized	by	the	chamber	radius).	In	this	problem,	the	velocity	vector,	normalized	by	the	wall	injection	speed,	may	be	expressed	as	V(r,	z)	=	υr	er	+	υz	ez.	(a)	(b)	Determine	the	axial	and	radial	velocity	profiles	using	Stokes’	definition:	Evaluate	the	velocity	divergence	and	determine	whether	the	motion	is
compressible	or	incompressible.	(c)	Evaluate	the	vorticity	and	determine	whether	the	motion	is	rotational	or	irrotational.	FIGURE	P1.38	1-39.	1-40.	In	the	Taylor–Culick	flow	problem	described	above,	determine	the	following:	(a)	(b)	The	strain	rates.	The	Lagrangian	time-dependent	coordinates	rj	(t)	and	zj	(t)	for	a	particle	j	that	enters	the	cylindrical
rocket	chamber	at	the	sidewall	where	rj	=	1	and	zj	=	Zj	at	t	=	0.	Recall	that	(c)	The	pathlines	of	a	particle	j	entering	the	chamber	at	Zj	=	1,	2,	3,	4,	5.	Display	your	results	in	the	(r,	z)	plane.	The	Vyas–Majdalani	profile,	which	describes	the	helical	motion	of	a	cyclonic	chamber	(Vyas	and	Majdalani	2006),	consists	of	a	three-component	velocity	profile,
V(r,	z)	=	υr	er	+	υθ	eθ	+	υz	ez,	where	Here	a	denotes	the	radius	of	the	cyclonic	chamber,	U	stands	for	the	average	tangential	velocity	at	r	=	a,	and	κ	represents	a	dimensionless	offset	swirl	parameter	that	gauges	the	relative	importance	of	axial	and	tangential	speeds.	(a)	Is	the	flow	one-dimensional,	two-dimensional,	or	threedimensional?	(b)	Is	the	flow
steady	or	unsteady?	(c)	Calculate	the	divergence	of	the	velocity.	Is	the	flow	compressible	or	incompressible?	(d)	Determine	the	vorticity.	Is	the	flow	rotational	or	irrotational?	(e)	Determine	the	strain	rates.	What	is	the	sum	of	the	three	normal	strain	rates?	(f)	Assuming	a	circular	opening	of	radius	flow	rate	by	integrating	the	axial	velocity	from
calculate	the	volumetric	FIGURE	P1.40	1-41.	The	Maicke–Majdalani	profile,	which	may	be	used	to	describe	the	motion	of	an	unbounded	tornado	(Maicke	and	Majdalani	2009),	can	be	expressed	as	a	simple	piecewise	approximation	for	which	υr	=	υz	=	0	and	where	R	denotes	the	radius	at	which	the	wind’s	angular	speed	ω	may	be	measured	and	X
represents	the	fraction	of	the	radius	R	where	the	free	vortex	behavior	ceases.	(a)	Is	this	flow	one-dimensional,	two-dimensional,	or	threedimensional?	(b)	Is	this	flow	steady	or	unsteady?	(c)	Calculate	the	divergence	of	the	velocity.	Is	the	flow	compressible	or	incompressible?	(d	)	Determine	the	vorticity.	Is	the	flow	rotational	or	irrotational?	(e)
Determine	the	strain	rates	and	the	shear	stresses	in	each	segment	of	the	flow.	(f)	What	is	the	limiting	value	of	υθ	(r)	as	r	→	0	?	Assuming	ϕ	to	be	a	scalar	and	V	a	vector,	evaluate	the	following	quantities:	1-42.	(a)	(b)	(c)	(d)	(e)	∇	×	∇	ϕ	(∇	ϕ)	×	(∇	ϕ)	(∇	ϕ)	⋅	(∇	ϕ)	∇	⋅	(∇	ϕ)	∇	⋅	(∇	×	V)	Page	37	1-43.	Assuming	U,	V,	and	W	to	be	Cartesian	vectors,	prove	the
following	identities:	†Note,	however,	that	flows	involving	chemical	or	nuclear	reactions	require	an	extended	concept	of	equilibrium.	Such	flows	typically	involve	knowledge	of	reaction	rates	and	are	not	treated	here.	‡A	solid	has	two	sound	speeds:	(K/ρ)1/2	is	the	dilatation	or	longitudinal-wave	speed,	and	(G/ρ)1/2	is	the	rotational	or	shearwave	speed.
Fluids	have	only	one	sound	speed.	Page	38	CHAPTER	2	FUNDAMENTAL	EQUATIONS	OF	COMPRESSIBLE	VISCOUS	FLOW	The	more	we	learn	of	science,	the	more	we	see	that	its	wonderful	mysteries	are	all	explained	by	a	few	simple	laws	so	connected	together	and	so	dependent	upon	each	other,	that	we	see	the	same	mind	animating	them	all.
Olympia	Brown	(1835–1900)	2-1	INTRODUCTION	EQUATIONS	of	viscous	flow	have	been	known	for	more	than	100	years.	In	their	THE	complete	form,	these	equations	are	difficult	to	solve,	even	on	modern	digital	computers.	In	fact,	at	high	Reynolds	numbers	(under	turbulent-flow	conditions),	the	equations	are,	in	effect,	impossible	to	solve	with
present	mathematical	techniques	because	the	boundary	conditions	become	randomly	time	dependent.	Nevertheless,	it	is	very	instructive	to	derive	and	discuss	these	fundamental	equations	because	they	provide	many	insights,	yield	several	particular	solutions,	and	can	be	reduced	according	to	several	modeling	laws.	Moreover,	these	exact	equations
can	be	simplified,	using	Prandtl’s	boundary-layer	approximations,	as	it	will	be	later	shown.	The	resulting	simpler	system	is	very	practical	and	yields	many	fruitful	engineering	solutions.	2-2	CLASSIFICATION	OF	THE	FUNDAMENTAL	EQUATIONS	The	basic	equations	considered	here	represent	the	three	conservation	principles	for	physical	systems:	1.
Conservation	of	mass	(continuity).	2.	Conservation	of	momentum	(Newton’s	second	law).	3.	Conservation	of	energy	(first	law	of	thermodynamics).	The	three	unknowns	that	must	be	obtained	simultaneously	from	these	three	basic	equations	are	the	velocity	V,	the	thermodynamic	pressure	p,	and	the	absolute	temperature	T.	We	consider	p	and	T	to	be	the
two	required	independent	thermodynamic	variables.	However,	the	final	forms	of	the	conservation	equations	also	contain	four	other	thermodynamic	variables:	the	density	ρ,	the	enthalpy	h	(or	the	internal	energy	e),	and	the	two	transport	properties	μ	and	k.	Using	our	tacit	assumption	of	local	thermodynamic	equilibrium,	the	latter	four	properties	are
uniquely	determined	by	the	values	of	p	and	T.	Thus,	the	system	is	completed	by	specifying	four	state	relations	(2-1)	which	can	be	provided	in	the	form	of	tables,	charts,	or	semi-theoretical	formulas	based	on	kinetic	theory.	Many	useful	analyses	simply	assume	that	ρ,	μ,	and	k	are	constants	and	that	h	is	proportional	to	T	through	h	=	cpT.	Finally,	to
specify	a	particular	problem	completely,	we	must	impose	conditions	on	V,	p,	and	T	at	every	point	of	the	boundary	of	the	flow	regime.	The	preceding	considerations	apply	to	a	fluid	of	assumed	uniform,	homogeneous	composition,	i.e.,	where	diffusion	and	chemical	reactions	are	not	considered.	Multicomponent	reacting	fluids	must	consider	at	least	two
more	relations:	4.	Conservation	of	species.	5.	Chemical	reaction	laws.Page	39	Additional	relations	that	must	be	considered	consist	of	the	diffusion	coefficient	D	=	D(p,	T),	chemical-equilibrium	constants,	reaction	rates,	and	heats	of	formation.	This	text	does	not	consider	reacting	boundary-layer	flows	[see	Kee	et	al.	(2003)].	Finally,	even	more	relations
are	necessary	if	one	considers	the	flow	to	be	influenced	by	electromagnetic	effects.	This	is	the	subject	of	the	field	of	magnetohydrodynamics.	Such	effects	are	not	considered	in	the	present	text	either.	Instead,	let	us	proceed	to	derive	the	three	basic	equations	of	a	single-component	fluid,	bearing	in	mind	that	the	results	will	also	apply	to	uniform
nonreacting	mixtures,	such	as	air	or	liquid	solutions.†	2-3	CONSERVATION	OF	MASS:	THE	EQUATION	OF	CONTINUITY	As	mentioned	in	the	discussion	of	Eq.	(1-5),	all	three	conservation	laws	are	Lagrangian	in	nature;	i.e.,	they	apply	to	a	fixed	system	of	particles.	Thus,	in	the	Eulerian	system	appropriate	to	fluid	flow,	our	three	laws	rely	on	the
particle	derivative	(1-8)	which	is	a	formidable	expression.	In	Lagrangian	terms,	the	law	of	conservation	of	mass	is	surpassingly	simple:	(2-2)	where	ϑ	is	the	volume	of	a	particle.	In	Eulerian	terms,	this	is	equivalent	to	(2-3)	We	can	relate	Dϑ/Dt	to	the	fluid	velocity	by	noting	that	the	total	dilatation	or	normal-strain	rate	is	equal	to	the	relative	time	rate	of
change	of	the	volume	of	a	particle:	(2-4)	Further,	we	can	substitute	for	the	strain	rates	from	our	kinematic	relations	in	Eqs.	(1-21)	to	retrieve:	(2-5)	Combining	Eqs.	(2-3)	through	(2-5)	to	eliminate	ϑ,	we	obtain	the	equation	for	continuity	in	its	most	general	form,	(2-6)	If	the	fluid	is	incompressible,	Eq.	(2-6)	reduces	to	the	simpler	condition	for	a
solenoidal	velocity,	namely,	(2-7)	which	is	equivalent	to	requiring	that	particles	retain	a	constant	volume.‡	It	may	be	instructive	to	note	that	although	all	constant	density	fluids	are	incompressible,	the	converse	is	not	true.	It	is	possible	to	have	incompressible	fluids	with	varying	densities.	A	clear	example	is	salt	water	which	maintains	a	constant	volume
although	its	density	varies	with	depth.	2-3.1	A	Useful	Strategy:	The	Stream	Function	If	the	continuity	Eq.	(2-6)	reduces	to	only	two	nonzero	terms,	it	can	be	satisfied	identically,	and	therefore	replaced,	by	the	so-called	stream	function	ψ.	The	idea	dates	back	to	the	French	mathematician	Joseph-Louis	Lagrange	in	1755.	The	Cartesian	incompressible-
flow	stream	function	is	treated	in	detail	in	Sec.	2-11.	Here,	we	illustrate	its	properties	using	a	steady,	twodimensional	compressible	flow	in	the	xy	plane,	for	which	the	continuity	equation	reduces	to	(2-8)	Page	40	If	we	now	define	the	stream	function	ψ	such	that	(2-9)	we	see	by	direct	substitution	that	Eq.	(2-8)	is	satisfied	identically,	assuming	of	course
that	ψ	is	continuous	to	the	second-order	derivative.	Thus,	the	continuity	equation	can	be	discarded	and	the	number	of	dependent	variables	reduced	by	one.	The	penalty,	however,	is	that	the	remaining	velocity	derivatives	are	increased	by	one	order.	The	stream	function	is	not	only	useful	but	has	physical	significance:	(2-10)	which	means	that	a	change
in	the	stream	function	represents	a	change	in	the	mass	flow	rate.	Moreover,	lines	of	constant	ψ,	along	which	dψ	=	0,	represent	lines	across	which	there	is	no	mass	flow	(dm ̇	=	0);	that	is,	they	are	streamlines	of	the	flow.	Also,	the	difference	between	the	values	of	ψ	of	any	two	streamlines	is	numerically	equal	to	the	mass	flow	between	those	streamlines.
2-	4	CONSERVATION	OF	MOMENTUM:	THE	NAVIER–	STOKES	EQUATIONS	This	relation,	commonly	known	as	Newton’s	second	law,	expresses	a	proportionality	between	an	applied	force	and	the	resulting	acceleration	of	a	particle	of	mass	m:	(2-11)	where	a	=	F/m	reminds	us	that	the	acceleration	represents	a	force	per	unit	mass.	If	the	system	is	a
fluid	particle,	it	is	convenient	to	divide	Eq.	(2-11)	by	the	volume	of	the	particle,	so	that	the	analysis	is	carried	out	in	terms	of	the	fluid	density	instead	of	the	particle	mass.	It	is	also	traditional	to	reverse	the	terms	and	place	the	acceleration	on	the	left-hand	side	such	that	(2-12)	where	f	is	the	applied	force	per	unit	volume	on	the	fluid	particle.	Note	that
in	our	chosen	Eulerian	system,	the	acceleration	is	the	rather	complicated	particle	derivative	from	Eq.	(1-9)	and	f	is	divided	into	two	types:	surface	forces	and	body	forces.	The	so-called	body	forces	are	those	that	apply	from	a	distance	to	the	entire	mass	of	the	fluid	element.	Such	forces	are	usually	due	to	external	fields	such	as	gravity	or	an	applied
electromagnetic	potential.	We	ignore	magnetohydrodynamic	effects	here	and	consider	only	the	gravitational	body	force	per	unit	volume,	(2-13)	where	g	is	the	gravitational	acceleration	vector.	The	surface	forces	are	those	applied	by	external	stresses	on	the	sides	of	the	element.	The	quantity	stress	σij	is	a	tensor,	just	as	the	strain	rate	ϵij	in	Sec.	1-3.
The	sign	convention	for	stress	components	on	a	Cartesian	element	is	shown	in	Fig.	2-1,	where	all	stresses	are	positive.	The	stress	tensor,	which	comprises	both	viscous	and	surface	pressure	effects,	can	be	written	as	FIGURE	2-1	Notation	for	stresses.	(2-14)	where	the	viscous	stress	tensor	may	be	represented	by	the	nine	components	and	δij	stands	for
the	Kronecker	delta	function	(δij	=	1	if	i	=	j	and	δij	=	0	if	i	≠	j	as	described	in	App.	D).	Note	that,	unlike	the	viscous	stresses,	the	pressure	can	be	exerted	only	normally	to	the	surface	of	the	fluid	element.	Following	the	strain	rate	ϵij,	σij,	and	τij	form	symmetric	tensors	such	that	σij	=	σji	and	τij	=	τji;	i	≠	j.	This	symmetry	is	required	to	maintain	the
equilibrium	of	moments	about	the	three	axes	of	the	element.§Page	41	The	positions	of	the	stresses	in	the	array	of	Eq.	(2-14)	are	not	arbitrary;	the	rows	correspond	to	applied	forces	in	each	coordinate	direction.	Considering	the	front	faces	of	the	element	in	Fig.	2-1,	the	total	force	in	each	direction	due	to	stress	is	(2-15)	For	an	element	in	equilibrium,
these	forces	would	be	balanced	by	equal	and	opposite	forces	on	the	back	faces	of	the	element.	If	the	element	is	accelerating,	however,	the	front-	and	backface	stresses	will	be	different	by	differential	amounts.	For	example,	(2-16)	Hence,	the	net	force	on	the	element	in	the	x	direction,	for	example,	will	be	due	to	three	derivative	terms:	or,	on	a	unit
volume	basis,	dividing	by	dx	dy	dz,	since	σij	=	σji,	we	get	(2-17)	which	we	note	is	equivalent	to	taking	the	divergence	of	the	vector	(σxx,	σxy,	σxz).	Similarly,	fy	and	fz	are	the	divergences	of	the	second	and	third	rows	of	σij.	Recalling	that	it	may	be	seen	that	Eq.	(2-17)	is	simply	f	total	vector	surface	force	may	be	expressed	as	Along	similar	lines,	the	(2-
18)	Page	42where	the	divergence	of	σij	is	to	be	interpreted	in	the	tensor	sense,	so	that	the	result	is	a	vector.	Newton’s	law,	Eq.	(2-12),	now	becomes:	(2-19)	and	it	remains	only	to	express	σij	in	terms	of	the	velocity	V.	This	is	done	by	relating	τij	to	ϵij	through	the	assumption	of	some	viscous	deformation-rate	law,	e.g,	for	a	Newtonian	fluid.**	2-4.1	The
Fluid	at	Rest:	Hydrostatics	From	the	definition	of	a	fluid	(Sec.	1-3),	viscous	stresses	vanish	if	the	fluid	is	at	rest.	The	velocity	and	shear	stresses	are	zero,	and	the	normal	stresses	become	limited	to	the	hydrostatic	pressure	contribution.	Equation	(2-19)	reduces	to	the	hydrostatic	relation	if	V	=	0:	(2-20)	If	we	take	the	z	coordinate	as	up	and	assume	ρ
and	g	are	constants,	the	pressure	will	vary	linearly	with	z,	according	to	δp	=	−ρgδz.	As	such,	pressure	will	increase	downwardly	and	proportionately	to	the	specific	weight	of	the	fluid,	as	covered	in	the	hydrostatics	subdiscipline,	e.g.,	White	(2016).	Here,	we	must	ensure	that	our	dynamic	momentum	equation	reduces	to	Eq.	(2-20)	when	V	=	0.	2-4.2
Deformation	Law	for	a	Newtonian	Fluid	By	analogy	with	Hookean	elasticity,	the	simplest	assumption	for	the	variation	of	viscous	stress	with	strain	rate	is	a	linear	law.	These	considerations	were	first	made	by	Stokes	(1845)	and,	as	far	as	we	know,	the	resulting	deformation	law	is	satisfied	by	all	gases	and	most	common	fluids.	Stokes’	three	postulates
are	1.	The	fluid	is	continuous,	and	its	stress	tensor	σij	is	at	most	a	linear	function	of	the	strain	rates	ϵij.	2.	The	fluid	is	isotropic,	i.e.,	its	properties	are	independent	of	direction,	and	therefore	the	deformation	law	is	independent	of	the	coordinate	axes	in	which	it	is	expressed.	3.	When	the	strain	rates	are	zero,	the	deformation	law	must	reduce	to	the
hydrostatic	pressure	condition,	σij	=	−	pδij.	Note	that	the	isotropic	condition	2	requires	that	the	principal	stress	axes	be	identical	to	the	principal	strain-rate	axes.	This	makes	the	principal	axes	a	convenient	place	to	begin	the	deformation-law	derivation.	Let	x1,	y1,	and	z1	be	the	principal	axes,	where	the	shear	stresses	and	shear	strain	rates	vanish
[see	Eq.	(1-24)].	With	these	axes,	the	deformation	law	could	involve	at	most	three	linear	coefficients,	C1,	C2,	and	C3.	For	example,	(2-21)	The	term	−p	is	added	to	satisfy	the	hydrostatic	condition	3	above.	But	the	isotropic	condition	2	requires	that	the	crossflow	effect	of	ϵ22	and	ϵ33	be	identical,	i.e.,	that	C2	=	C3.	Therefore,	there	are	really	only	two
independent	linear	coefficients	in	an	anisotropic	Newtonian	fluid.	We	can	rewrite	Eq.	(2-21)	in	the	simpler	form	(2-22)	where	K	=	C1	−	C2,	for	convenience.	Note	also	that	ϵ11	+	ϵ22	+	ϵ33	=	∇	⋅	V	from	Eq.	(2-5).	Now	let	us	transform	Eq.	(2-22)	to	some	arbitrary	axes	x,	y,	z,	where	shear	stresses	are	not	zero,	and	thereby	find	an	expression	for	the



general	deformation	law.	With	respect	to	the	principal	axes	x1,	y1,	z1,	let	the	x	axis	have	Page	43direction	cosines	l1,	m1,	n1,	let	the	y	axis	have	l2,	m2,	n2,	and	let	the	z	axis	have	l3,	m3,	n3.	Recall	that	for	any	set	of	direction	cosines.	Then,	the	transformation	rule	between	a	normal	stress	or	strain	rate	in	the	new	system	and	the	principal	stresses	or
strain	rates	is	given	by,	for	example,	(2-23)	Similarly,	the	shear	stresses	(strain	rates)	may	be	related	to	the	principal	stresses	(strain	rates)	by	the	following	transformation	law:	(2-24)	We	can	now	eliminate	σ11,	ϵ11,	σ22,	etc.,	from	Eq.	(2-23)	by	using	the	principal-axis	deformation	law,	Eq.	(2-22),	and	the	fact	that	l2	+	m2	+	n2	=	1.	The	result	is	(2-25)
with	exactly	similar	expressions	for	σyy	and	σzz.	Similarly,	we	can	eliminate	σ11,	ϵ11,	etc.,	from	Eq.	(2-24)	to	retrieve	(2-26)	and	precisely	analogous	expressions	for	xz	and	σyz.	Note	that	the	direction	cosines	have	all	vanished	systematically.	Equations	(2-25)	and	(2-26)	are,	in	effect,	the	desired	general	deformation	law.	By	comparing	Eq.	(2-26)	and
Eq.	(1-30)	for	shear	flow	between	parallel	plates,	we	see	that	the	linear	coefficient	K	is	equal	to	twice	the	ordinary	coefficient	of	viscosity,	K	=	2μ.	The	coefficient	C2	is	new	and	independent	of	μ	and	may	be	called	the	second	coefficient	of	viscosity.	In	linear	elasticity,	C2	is	called	Lamé’s	constant	and	is	given	the	symbol	λ,	which	is	also	adopted	here.
Since	λ	is	associated	only	with	volume	expansion,	it	is	customary	to	call	it	the	coefficient	of	bulk	viscosity,	λ.	Equations	(2-25)	and	(2-26)	can	be	combined	and	rewritten	as	a	single	general	deformation	law	for	a	viscous	Newtonian	fluid.	We	get	(2-27)	where	we	have	written	ϵij	in	terms	of	the	velocity	gradients	from	Eq.	(1-27).	This	deformation	law	was
first	given	by	Stokes	(1845)	and	assumes	knowledge	of	the	geometric	rules	for	coordinate	transformation	of	stresses	and	strain	rates.	The	interested	reader	may	refer	to	the	textbooks	on	continuum	mechanics	by	Lai	et	al.	(1995),	Malvern	(1997),	or	Talpaert	(2003).	The	scalar	forms	of	τij	are	provided	in	App.	B	for	incompressible	flow	using	both
Cartesian	and	cylindrical	coordinates.	2-4.3	Thermodynamic	Pressure	versus	Mechanical	Pressure	Stokes	(1845)	pointed	out	an	interesting	consequence	of	Eq.	(2-27).	By	analogy	with	the	strain	relation	[Eqs.	(1-25)],	the	sum	of	the	three	normal	stresses	σxx	+	σyy	+	σzz	leads	to	an	invariant	tensor.	In	this	context,	the	mechanical	pressure	is	defined	as
the	negative	onethird	of	this	sum,	i.e.,	the	average	compression	stress	on	the	element.	Then,	by	summing	Eq.	(2-27),	we	obtain	(2-28)	where	p	represents	the	thermodynamic	pressure.	Thus,	the	mean	pressure	in	a	deforming	viscous	fluid	is	not	equal	to	the	thermodynamic	property	called	pressure.	This	distinction	is	rarely	important,	since	div	V	is
usually	very	small	in	typical	flow	problems,	but	the	precise	meaning	of	Eq.	(2-28)	has	been	a	controversial	subject	for	more	than	a	century.	Stokes	himself	simply	resolves	the	issue	using	an	assumption	that	is	as	good	as	any	other,	namely,	by	setting	Taking	the	second	coefficient	of	viscosity	to	be	simply	eliminates	the	discrepancy	between	the
mechanical	and	thermodynamic	pressures.	However,	the	available	experimental	evidence	from	the	measurement	of	sound-wave	attenuation,	as	reviewed	by	Karim	and	Rosenhead	(1952),	suggests	that	λ	for	most	liquids	is	actually	positive,	rather	Page	44than	−2μ/3,	and	is	often	much	larger	than	μ.	However,	the	experiments	themselves	have	been	a
matter	of	some	controversy	[Truesdell	(1954)].	A	second	type	of	flow	condition	will	also	make	equal	to	p	regardless	of	the	value	of	λ,	specifically	Incompressible	flow:	As	such,	the	bulk	viscosity	cannot	affect	a	truly	incompressible	fluid,	but	in	fact,	it	does	affect	certain	phenomena	occurring	in	nearly	incompressible	fluids,	e.g.,	sound	absorption	in
liquids.	Meanwhile,	if	∇	⋅	V	≠	0	(e.g.,	compressible	flow),	we	may	still	avoid	the	problem	if	viscous	normal	stresses	are	negligible.	This	is	the	case	in	boundary-layer	flows	of	compressible	fluids,	for	which	only	the	first	coefficient	of	viscosity	μ	proves	to	be	important.	However,	the	normal	shock	wave	problem	represents	a	case	where	the	coefficient	λ
cannot	be	neglected.	The	second	such	case	is	the	previously	mentioned	problem	of	sound-wave	absorption	and	attenuation.	It	appears,	then,	that	the	second	viscosity	coefficient	is	still	a	controversial	quantity.	In	fact,	λ	may	not	even	be	a	thermodynamic	property	since	it	is	apparently	frequency	dependent.	Fortunately,	the	disputed	term,	λ	∇	⋅	V,	is	
typically	so	very	small	that	the	effect	of	λ	may	be	ignored	altogether.	An	interesting	discussion	of	the	second	coefficient	of	viscosity	may	be	found	in	Landau	and	Lifshitz	(1959,	Sec.	78)	and	Panton	(1996).	2-4.4	The	Navier–Stokes	Equations	The	desired	momentum	equation	for	a	general	linear	(Newtonian)	viscous	fluid	is	obtained	by	substituting	the
stress	relations,	Eq.	(2-27),	into	Newton’s	law	[Eq.	(2-19)].	The	result	is	the	famous	equation	of	motion	that	bears	the	names	of	Navier	and	Stokes.	In	fact,	this	equation	brackets	the	works	of	four	scientists:	Navier	(1827),	Poisson	(1831),	Saint	Venant	(1843),	and	Stokes	(1845).	In	scalar	form,	we	obtain	(2-28a)	These	are	the	Navier–Stokes	equations,
fundamental	to	the	subject	of	viscous	fluid	flow.	Considerable	economy	is	achieved	by	rewriting	them	as	a	single-vector	equation,	with	and	without	the	indicial	notation	(App.	D):	(2-29b)	As	usual,	the	indicial	form	may	be	further	compacted	into	2-4.5	Incompressible	Flow:	Thermal	Decoupling	If	the	fluid	is	assumed	to	be	of	constant	density,	div	V
vanishes	due	to	continuity	[Eq.	(2-7)],	and	the	vexing	bulk	coefficient	λ	disappears	from	Newton’s	law.	Equations	(2-29a)	and	(229b)	are	not	greatly	simplified,	though,	if	the	first	viscosity	μ	is	still	permitted	to	vary	with	temperature	and	pressure	(and	hence	with	position).	If,	however,	we	assume	that	μ	is	spatially	uniform,	many	terms	vanish,	leaving
us	with	a	much	simpler	Navier–Stokes	equation	for	an	incompressible	fluid	with	constant	viscosity:	(2-30)	Page	45Most	of	the	problems	in	this	text	correspond	to	incompressible	flows	that	can	be	solved	using	Eqs.	(2-7)	and	(2-30).	Note	that	it	is	sufficient	for	ρ	and	μ	to	be	constant	for	these	equations	to	become	independent	of	the	temperature.	One
may	then	solve	the	continuity	and	momentum	equations	for	the	velocity	and	pressure,	and	later	solve	for	the	temperature	from	the	thermally	decoupled	energy	equation	described	in	Sec.	2-5.	This	approximation	often	divides	textbooks	into	those	devoted	to	the	discipline	of	“fluid	mechanics”	and	those	of	“heat	transfer.”	Despite	the	main	focus	of	the
present	text	on	fluid	dynamical	concepts,	it	will	maintain	a	limited	heat-transfer	coverage	throughout.	2-4.6	Steady	Inviscid	Flow:	The	Euler	and	Bernoulli	Equations	If	we	further	assume	that	viscous	terms	are	negligible,	Eq.	(2-30)	reduces	to	(2.30a)	This	is	called	Euler’s	equation	(derived	by	Leonhard	Euler	in	1755)	for	inviscid	flow.	It	is	first	order	in
V	and	p	and	thereby	simpler	than	the	second-order	Navier–Stokes	Eq.	(2-30).	In	the	absence	of	viscosity,	the	no-slip	condition	must	be	relaxed	at	a	fixed	wall,	and	the	tangential	velocity	can	be	allowed	to	slip.	Much	research	has	been	reported	for	Euler’s	equation:	analytical	(Currie	1993),	numerical	(Tannehill	et	al.	1997),	and	mathematical	theorems
(Kreiss	and	Lorenz	1989).	As	shown	in	several	undergraduate	texts	(e.g.,	White	2016),	Euler’s	equation	for	steady,	incompressible,	frictionless	motion	may	be	integrated	along	a	streamline	between	any	two	points	1	and	2	to	yield	(2.30b)	where	z	is	vertical	upward.	This	is	Bernoulli’s	equation	for	steady	frictionless	flow.	Though	approximate,	since	all
fluids	are	viscous,	it	has	many	applications	in	aeronautics	and	hydrodynamics	and	serves	as	an	outer	boundary	matching	condition	in	boundary-layer	theory	(Chap.	4).	The	unsteady	form	of	Bernoulli’s	equation	will	be	given	in	Sec.	2-10.	Bernoulli’s	equation	stands	at	the	basis	of	streamline	analysis	and	can	be	rewritten	in	units	of	length,	which	is	a
more	convenient	form	to	use	when	analyzing	problems	with	irreversible	losses.	The	latter	are	often	lumped	into	an	energy	head	loss	term,	hL,	which	reduces	the	total	amount	of	energy	left	in	the	stream	at	the	downstream	location.	Thus,	going	from	point	1	to	2,	one	can	write	(2.30c)	where	the	head	loss	may	be	determined	using	the	procedures
described	in	White	(2016)	and	summarized	in	App.	E	on	head	loss	calculations.	2-4.7	Steady	Inviscid	Axisymmetric	Flow:	The	Bragg–Hawthorne	Equation	In	the	treatment	of	steady,	inviscid,	and	incompressible	flow	where	the	motion	is	axisymmetric,	Euler’s	equation	reduces	to	a	compact,	scalar,	second-order	partial	differential	equation	in	the	stream
function.	Known	as	the	Bragg–Hawthorne	equation	(Bragg	and	Hawthorne	1950),	this	relation	represents	the	projection	of	Euler’s	steady-state	equation	along	the	axis	of	rotation.	(2.30d)	Page	46At	this	stage,	the	incompressible	Stokes	stream	function	may	be	invoked	to	replace	the	radial	and	axial	velocities,	namely,	by	letting	As	for	the	tangential
velocity	υθ,	it	may	be	expressed	in	terms	of	the	angular	momentum	by	recognizing	that	the	tangential	momentum	equation	for	this	axisymmetric	case	reduces	to	The	requirement	for	a	vanishing	material	derivative	of	the	angular	momentum	enables	us	to	write	rυθ	=	B(ψ),	which	must	be	conserved	along	a	streamline.	In	fact,	2πB,	which	represents	the
flow	circulation,	as	well	as	the	total	head	H,	cannot	change	along	a	streamline.	Forthwith,	backward	substitution	into	Eq.	(2-30d)	leads	to	which	may	be	readily	rearranged	and	simplified	into	This	second-order	partial	differential	equation	in	ψ	(r,	z),	also	referred	to	as	the	Hicks	equation	(Hicks	1898)	or	the	Long–Squire	equation	(Long	1953;	Squire
1956),	proves	to	be	extraordinarily	important	in	the	treatment	of	axisymmetric	and	swirl-dominated	flows,	particularly,	those	arising	in	cyclone	separators	and	wall-bounded	vortex	rocket	engines	(Bloor	and	Ingham	1987;	Vyas	and	Majdalani	2006;	Majdalani	2012;	Maicke,	Cecil,	and	Majdalani	2017).	Although	an	equivalent	form	does	not	conveniently
exist	in	Cartesian	coordinates,	a	spherical	analog	with	several	important	applications	is	available,	as	shown	in	App.	F	(e.g.,	Majdalani	and	Rienstra	2007;	Barber	and	Majdalani	2017).	2-5	THE	ENERGY	EQUATION	(FIRST	LAW	OF	THERMODYNAMICS)	The	first	law	of	thermodynamics	for	a	system	states	that	the	change	in	system	energy	is	simply	the
sum	of	the	work	and	heat	added	to	the	system:	(2-31)	The	quantity	Et	denotes	the	total	energy	of	the	system;	hence,	in	a	moving	system,	such	as	a	flowing	fluid	particle,	Et	will	include	not	only	the	internal	energy	but	also	the	kinetic	and	potential	energies.	Thus,	for	a	fluid	particle,	the	energy	per	unit	volume	is	(2-32)	where	e	=	internal	energy	per
unit	mass	r	=	particle	displacement	or	position	vector	g	=	gravitational	acceleration	vector	Just	as	in	conservation	of	mass	and	momentum,	the	energy	equation	for	a	fluid	may	be	conveniently	written	as	a	time	rate	of	change,	following	the	particle.	Thus,	Eq.	(2-31)	becomes	(2-33)	From	Eq.	(2-32),	we	then	have	(2-34)	It	remains	to	express	Q	and	W	in
terms	of	fluid	properties.	It	is	assumed	that	the	heat	transfer	Q	to	the	element	is	given	by	Fourier’s	law.	From	Eq.	(1-35),	the	heat	flow	per	unit	area	is	given	by	the	vector	(1-35)	Referring	to	Fig.	2-2,	the	heat	flow	into	the	left	face	of	the	element	is	qx	dy	dz,	while	the	heat	flow	out	of	the	right	face	is	FIGURE	2-2	Heat	and	work	exchange	on	the	left	and
right	sides	of	an	element.	Page	47A	similar	situation	holds	for	the	upper	and	lower	faces	involving	q	y,	and	the	front	and	rear	faces	involving	q	z.	In	each	case,	the	net	heat	flow	is	out	of	the	element.	Hence,	the	net	heat	transferred	to	the	element	is	Dividing	by	the	element	volume	dx	dy	dz,	we	have	the	desired	expression	for	the	heattransfer	term
neglecting	internal	heat	generation:	(2-35)	Referring	again	to	Fig.	2-2,	the	rate	of	work	done	to	the	element	per	unit	area	on	the	left	face	is	and	the	rate	of	work	done	by	the	right-face	stresses	is	Again,	the	other	faces	are	similar.	In	just	the	same	fashion	as	the	heat	transfer,	then,	the	net	rate	of	work	done	on	the	element	may	be	determined	from	(2-
36)	Using	the	indicial	notation	(App.	E),	this	becomes,	very	simply,	(2-37)	The	ensuing	expression	can	be	further	decomposed	in	a	very	convenient	fashion	into	(2-38)	where	the	“:”	symbol	is	termed	double	contraction	or	double-dot	product	and	has	the	property	At	this	point,	the	divergence	of	the	stress	tensor	may	be	directly	related	to	the	momentum
equation	via	(2-19)	Hence,	after	some	vector	algebra,††	we	get	(2-39)	Page	48which	are	exactly	the	kinetic-	and	potential-energy	terms	in	Eq.	(2-34).	Thus,	the	kinetic	and	potential	energies	vanish	when	we	substitute	for	Et,	Q,	and	W	in	Eq.	(2-33)	from	Eqs.	(2-34),	(2-35),	and	(2-38):	(2-40)	This	is	a	widely	used	form	of	the	first	law	of	thermodynamics
for	fluid	motion.	If	we	split	the	stress	tensor	into	pressure	and	viscous	terms,	using	Eq.	(2-27),	we	have	(2-41)	From	the	equation	of	continuity	[Eq.	(2-6)],	we	have	(2-42)	Combining	Eqs.	(2-40)	to	(2-42)	gives	(2-43)	The	final	expression	consolidates	the	internal	and	pressure	energies	into	the	fluid	enthalpy,	(2-44)	Generally,	enthalpy	will	prove	to	be	a
more	useful	function	than	internal	energy,	particularly	in	boundary-layer	flows.	Furthermore,	the	pressure	term	Dp/Dt	may	often	be	neglected	in	Eq.	(2-43),	while	the	related	term	p∇	⋅	V	in	Eq.	(2-40)	will	be	nonnegligible	for	the	same	flow.	The	last	term	in	Eq.	(2-43),	involving	viscous	stresses,	is	customarily	called	the	dissipation	function	Φ:	(2-45)	The
term	Φ	is	always	positive	definite,	in	accordance	with	the	second	law	of	thermodynamics,	since	viscosity	cannot	add	energy	to	the	system.	For	a	Newtonian	fluid,	using	τ	from	Eq.	(2-27),	we	obtain	(2-46)	which	is	always	positive	since	all	the	terms	are	quadratic.	On	the	other	hand,	λ	may	actually	be	negative,	e.g.,	Stokes’	hypothesis	with	It	is	an
interesting	exercise,	using	Eq.	(246),	to	prove	that	the	correct	conditions	in	which	Φ	may	not	be	negative	are	(2-47)	Using	this	short	notation,	the	energy	relation	(2-43)	takes	the	final	form	(2-48)	where	Φ	is	given	by	Eq.	(2-46).	2-5.1	The	Incompressible-Flow	Approximation	From	the	thermodynamic	identity	(1-77),	we	can	rewrite	Eq.	(2-48)	as	(2-49)
Now,	if	the	flow	velocity	scale	U	becomes	smaller,	while	heat	transfer	remains	important,	the	fluid	kinetic	energy	U2	will	eventually	become	much	smaller	than	the	enthalpy	change	cp	ΔT.	Since	both	Dp/Dt	and	Φ	are	of	order	U2,	the	limit	of	low-velocity	or	incompressible	flow	will	be	(2-50)	Page	49If	we	further	assume	uniform	thermal	conductivity,
we	obtain	the	more	familiar	incompressible	heat-convection	equation:	(2-51)	Note	that	the	correct	specific	heat	is	cp,	not	cυ,	even	in	the	incompressible-flow	limit	of	nearzero	Mach	number.	A	very	good	discussion	of	this	point	is	given	in	Panton	(1996,	Sec.	10.9).	2-5.2	Summary	of	the	Basic	Equations	To	summarize,	the	three	basic	laws	of
conservation	of	mass,	momentum,	and	energy	have	been	adapted	for	use	in	fluid	motion.	They	are,	respectively,	(2-6)	(2-19)	(2-48)	where	and,	for	a	linear	(Newtonian)	fluid,	the	viscous	stresses	are	(2-27)	As	mentioned	in	the	beginning	of	this	chapter,	Eqs.	(2-6),	(2-19),	and	(2-48)	involve	seven	variables,	of	which	three	are	assumed	to	be	primary:	p,	V,
and	T	(say).	The	remaining	four	variables	are	assumed	known	from	auxiliary	relations	and	data	of	the	form	(2-1)	Finally,	we	note	that	these	relations	are	fairly	general	and	involve	only	a	few	restrictive	assumptions:	(1)	the	fluid	forms	a	(mathematical)	continuum,	(2)	the	particles	are	essentially	in	thermodynamic	equilibrium,	(3)	the	only	effective	body
forces	are	due	to	gravity,	(4)	the	heat	conduction	follows	Fourier’s	law,	and	(5)	there	are	no	internal	heat	sources.	2-6	BOUNDARY	CONDITIONS	FOR	VISCOUS	HEATCONDUCTING	FLOW	The	various	types	of	boundary	conditions	have	been	discussed	in	detail	in	Sec.	1-4	for	the	three	different	basic	boundaries:	(1)	a	fluid–solid	interface,	(2)	a	fluid–
fluid	interface,	and	(3)	an	inlet	or	exit	section.	These	various	types	of	conditions	are	sketched	in	Fig.	2-3.	The	general	results	are	that,	for	the	majority	of	viscous-flow	analyses,	the	following	conditions	must	be	imposed:	FIGURE	2-3	Various	boundary	conditions	in	fluid	flow.	1.	At	a	fluid–solid	interface,	there	must	be	no	slip	(2-52)	and	either	no
temperature	jump	(when	the	wall	temperature	is	known)	(2-53)	or	equality	of	heat	flux	in	the	normal	direction	n	to	the	surface	(when	the	solid	heat	flux	is	known)	(2-54)	2.	At	the	interface	between	a	liquid	and	a	gaseous	substance,	such	as	the	standard	atmosphere,	there	must	be	kinematic	equivalence	in	the	normal	direction	to	the	interface	(2-55)
Page	50	where	η	is	the	surface	coordinate,	and	there	must	be	equality	of	normal	momentum	flux	(2-56)	We	must	also	have	equality	of	tangential	shear	stress	and	normal	heat	flux	at	the	interface,	which	translate	into	(2-57)	where	Vt	is	the	tangential	velocity	component	parallel	to	the	direction	of	shear.	These	simplifications	occur	when	the	gaseous
substance	has	negligibly	small	transport	coefficients	relative	to	those	of	the	liquid.	Also,	in	some	problems,	such	as	the	analysis	of	confused,	stormy	seas,	we	need	to	know	the	moisture	evaporation	rate	m ̇	at	the	interface.	3.	At	any	inlet	section	of	the	flow,	we	need	the	three	quantities	V,	p,	and	T	at	every	point	on	the	boundary.	At	the	exit	section,	we
generally	need	to	know	V	and	T,	but	not	the	pressure	p.	Exit	conditions	are	difficult	because	of	the	formation	of	wakes	and	other	a	priori	unknown	outflow	behavior.	One	approximation	is	to	let	the	streamwise	flow	gradients	vanish	far	downstream	of	the	flow	field	of	interest.	Note:	If	the	pressure	can	be	eliminated,	as,	for	example,	with	the
vorticity/streamfunction	approach	to	be	discussed	in	Sec.	2-11,	then	there	is	no	need	to	impose	a	pressure	boundary	condition.	The	computer-oriented	vortex	methods,	explained	in	the	monograph	by	Cottet	and	Koumoutsakos	(1999),	do	not	compute	the	pressure	at	all.	2-7	ORTHOGONAL	COORDINATE	SYSTEMS	Most	of	the	previous	discussion	has
been	illustrated	by	Cartesian	coordinates,	and	only	lip	service	has	been	paid	to	other	important	orthogonal	systems.	The	basic	equations	of	motion,	Eqs.	(2-6),	(2-19),	and	(2-48)	are,	of	course,	valid	for	any	coordinate	system	when	written	in	tensor	form;	the	problem	for	non-Cartesian	systems	is	to	derive	the	correct	formula	for	the	gradient	vector	∇
plus	the	related	expressions	for	divergence	and	curl.	A	straightforward	procedure	is	to	use	the	metric	stretching	factors	h	i	to	relate	the	new	curvilinear	coordinates	to	a	Cartesian	system,	as	discussed	in	standard	mathematical	references,	e.g.,	Pipes	(1958).	Let	the	general	curvilinear	system	(x1,	x	2,	x	3)	be	related	to	a	Cartesian	system	(x,	y,	z)	so
that	the	element	of	arc	length	ds	is	given	by	(2-58)	which	defines	the	factors	hi.	Note	that	the	hi	stretching	factors	in	general	will	be	functions	of	the	new	coordinates	xi.	Then,	in	the	new	system,	the	components	of	the	gradient	of	a	scalar	ϕ	are	(2-59)	The	divergence	of	any	vector	A	=	(A1,	A2,	A3)	may	be	reconstructed	from	(2-60)	Page	51	and	the
spatial	components	of	the	vector	B	=	∇	×	A	may	be	obtained	from	(2-61)	with	exactly	similar	expressions	for	B2	and	B3.	Equations	(2-59)	to	(2-61)	are	sufficient	to	derive	the	equations	of	motion	in	the	new	coordinate	system	xi.	We	illustrate	with	the	two	classic	(and	probably	most	important)	systems,	cylindrical	and	spherical.	2-7.1	Cartesian
Coordinates	Just	to	review	our	previous	results,	let	xi	=	(x,	y,	z),	from	which	hi	=	(1,	1,	1).	If	V	=	(u,	υ,	w),	the	vector	operations	are	(2-62)	2-7.2	Cylindrical	Polar	Coordinates	These	radial,	azimuthal,	and	axial	(or	vertical)	coordinates	(r,	θ,	z)	are	related	to	the	Cartesian	system	(x,	y,	z)	by	(2-63)	Page	52	from	which	we	find	that	h1	=	1,	h2	=	r,	and	h3	=
1.	Let	the	cylindrical	polar	velocity	components	be	(υr,	υθ,	υz).	Then,	the	new	vector	relations	are	(2-64)	2-7.3	Spherical	Polar	Coordinates	As	clarified	in	Fig.	2-4,	the	spherical	polar	coordinates	(r,	φ,	θ),	which	stand	for	radial,	polar,	and	azimuthal	variables,	respectively,	are	defined	by	the	relations	FIGURE	2-4	Spherical	coordinate	system	with	the
same	azimuthal	angle	as	in	cylindrical	coordinates	(2-65)	from	which	we	find	that	h1	=	1,	h2	=	r,	and	h3	=	r	sin	φ.	Let	the	velocity	components	be	V	=	(υr,	υφ,	υθ).	Then,	the	desired	new	vector	relations	are	(2-66)	It	is	seen	that	the	terms	in	non-Cartesian	systems	are	somewhat	more	complicated	in	form	but	relatively	straightforward.	The	complete
equations	of	motion	in	cylindrical	and	spherical	coordinates	[i.e.,	the	special-case	forms	of	Eqs.	(2-6),	(2-19),	and	(2-48)]	are	given	in	App.	G.	2-8	MATHEMATICAL	CHARACTER	OF	THE	EQUATIONS	OF	MOTION	The	character	of	the	basic	relations,	Eqs.	(2-6),	(2-19),	and	(2-48),	is	extremely	complex.	There	are	at	least	two	factors	that	hinder	our
analysis:	(1)	the	equations	are	coupled	in	the	three	variables	V,	p,	and	T,	and	(2)	each	equation	contains	one	or	more	nonlinearities.	Are	these	equations	of	the	boundary-value	type,	initial-value	type,	or	are	they	wavelike	in	nature?	The	answer	is	that	they	contain	mixtures	of	boundary-value,	initial-value,	and	wavelike	characteristics.	The	general
theory	concerning	the	character	of	partial	differential	equations	has	developed	from	the	study	of	the	interesting	but	rather	specialized	quasi-linear	second-order	equation,	which	remains	linear	in	its	highest	derivatives:	(2-67)	Page	53where	the	coefficients	A,	B,	and	C	may	be	constants	or	functions	of	(x1,	x2),	and	where	D	may	be	a	nonlinear	function
of	x1,	x2,	ϕ,	∂	ϕ/∂	x1,	and	∂ϕ/∂x2.	By	developing	an	analytic	continuation	of	the	second	derivatives,	it	is	found	that	the	character	of	Eq.	(2-67)	changes	radically,	depending	on	the	sign	of	the	discriminant	B2	−	4AC.	In	particular,	(2-68)	The	names	elliptic,	parabolic,	and	hyperbolic	are	related	to	the	conic	sections	of	analytic	geometry.	Like	the	conic
sections,	these	names	denote	a	vastly	different	character	for	Eq.	(267):	1.	If	the	equation	is	elliptic,	it	can	be	solved	by	specifying	the	boundary	conditions	on	a	complete	contour	enclosing	the	region;	it	is	a	boundary-value	problem.	2.	If	the	equation	is	parabolic,	boundary	conditions	must	be	closed	in	one	direction	but	remain	open	at	one	end	of	the
other	direction;	it	becomes	a	mixed	initial-	and	boundaryvalue	problem.	3.	If	the	equation	is	hyperbolic,	it	can	be	solved	in	a	given	region	by	specifying	conditions	at	only	one	portion	of	the	boundary,	the	other	boundaries	remaining	open;	it	proves	to	be	an	initial-value	problem.	Many	of	the	partial	differential	equations	of	mathematical	physics	may	be
classified	with	reference	to	Eq.	(2-67),	albeit	expressed	in	terms	of	two	variables	only.	For	example,	the	most	popular	forms	may	be	expanded	in	Cartesian	coordinates	and	written	as	(2.69a)	(2.69b)	(2.69c)	In	applying	the	two-variable	canonical	form	of	Eq.	(2-67)	to	Eq.	(2-69),	one	may	use	x1	=	x	and	x2	=	y	or	else	x1	=	t	and	x	2	=	x	(when	both	spatial
and	temporal	variables	are	present),	while	ignoring	the	remaining	spatial	variables,	to	classify	the	corresponding	two-variable	problem.	In	general,	multidimensional	equations	written	in	two-	or	three-dimensional	space	exhibit	the	same	character	as	their	reduced	one-	or	two-dimensional	spatial	forms.	Some	equations	may	even	exhibit	a	mixed
character	that	depends	on	the	value	of	their	discriminant.	The	Euler–Tricomi	equation,	represents	a	linear	partial	differential	equation	with	a	variable	coefficient,	which	proves	to	be	elliptic	for	x	>	0,	parabolic	for	x	=	0,	and	hyperbolic	for	x	<	0.	Page	54From	a	physical	standpoint,	it	may	be	worth	mentioning	that	in	parabolic	and	elliptic	equations,
any	perturbation	of	the	initial	or	boundary-distributed	values	is	felt	at	once	everywhere	in	the	domain.	Conversely,	solutions	of	hyperbolic	equations	exhibit	a	wavelike	character.	Hyperbolic	equations	tend	to	be	the	most	challenging	to	solve	because	when	their	initial	values	are	disturbed,	the	disturbances	cannot	be	immediately	sensed	at	all	spatial
locations.	In	a	hyperbolic	problem,	the	disturbances	travel	at	a	finite	propagation	speed	along	the	so-called	characteristics	of	the	equation.	For	further	examples	and	discussion	of	these	partial-differential-equation	classifications,	see	Chap.	21	of	the	text	by	Kreyszig	(2011).	Most	importantly,	the	viscous-flow	equations,	(2-6),	(2-19),	and	(2-48),	display
a	mixture	of	elliptic,	parabolic,	and	hyperbolic	behavior	depending	on	whether	they	are	steady	or	unsteady,	viscous	or	inviscid,	and	compressible	or	incompressible.	While	parabolic	behavior	may	be	associated	with	time	dependence	and	strongly	directional	motions,	elliptic	and	hyperbolic	characters	prove	to	be	dependent	on	the	relative	dominance	of
viscous	diffusion	and	spatial	convection	terms.	For	example,	the	Navier–Stokes	equations,	which	are	parabolic	in	the	presence	of	viscosity	and	unsteadiness,	become	elliptic	under	steady	flow	conditions.	Conversely,	Euler’s	inviscid	equations,	which	prove	to	be	hyperbolic	for	unsteady	(compressible)	supersonic	conditions,	become	elliptic	for	steady
subsonic	conditions	(both	compressible	and	incompressible),	and	parabolic	for	unsteady	incompressible-flow	conditions.	As	for	the	energy	equation,	it	follows	the	Navier–Stokes	equation	in	its	display	of	a	parabolic	or	elliptic	character	depending	on	its	time	dependence.	Finally,	in	the	treatment	of	thin	shear	layers	and	boundary-layer	flows,	velocity
gradients	in	the	streamwise	direction	become	significantly	smaller	than	velocity	gradients	in	the	cross-streamwise	direction.	The	corresponding	equations	are	left	with	only	one	second-order	spatial	derivative	of	the	velocity	and	hence	become	parabolic	under	both	steady	and	unsteady	flow	conditions.	The	monograph	by	Kreiss	and	Lorenz	(1989)
develops	a	variety	of	mathematical	properties	and	theorems	for	the	Navier–Stokes	equations.	It	is	instructive	now	to	consider	the	special	case	of	diffusion.	2-8.1	Low-Speed	Diffusion:	The	Prandtl	Number	Consider	an	incompressible	Newtonian	fluid	at	low	speed	with	constant	ρ,	μ,	and	k.	Let	the	streamwise	changes	be	small,	that	is,	neglect	the
convective	derivatives	compared	to	local	changes.	Then,	the	momentum	and	energy	equations	reduce	to	(2-70)	(2-71)	We	recognize	Eq.	(2-71)	as	a	multidimensional	form	of	Fourier’s	heat-conduction	equation	(2-69b).	The	temperature	has	elliptic	boundary-value	behavior	in	space	(x,	y,	z)	and	parabolic	“marching”	behavior	in	time.	We	only	need	an
initial	condition	T	(x,	y,	z,	0)	to	get	started	and	can	“march”	forward	in	time	indefinitely	if	we	know	boundary	values	on	T	at	all	times.	The	behavior	of	Eq.	(2-70)	is	not	so	obvious.	But	we	can	eliminate	V	by	taking	the	divergence	of	the	entire	equation,	noting	that	∇	⋅	V	=	0	for	incompressible	motion.	The	result	is	(2-72)	which	is	elliptic	based	on	Eq.	(2-
69a).	Recalling	that	ω	=	∇	×	V	represents	the	fluid	vorticity,	the	pressure	can	be	entirely	eliminated	by	taking	the	curl	of	Eq.	(2-70);	one	gets	(2-73)	This	relation,	like	Eq.	(2-71),	is	also	a	heat-conduction	equation	in	the	vorticity,	with	diffusivity	coefficients	that	are	purely	fluid	properties:	(2-74)	Note	that	the	kinematic	viscosity	ν	and	thermal	diffusivity
α	have	no	mass	units.	The	units	of	both	coefficients	are	m2/s,	identical	to	the	mass	diffusivity	D	from	Eq.	(1-42).	As	we	saw	in	Chap.	1,	their	ratios	constitute	fundamental	dimensionless	fluid-property	groups	that	provide	a	measure	of	relative	rates	of	diffusion:	(2-75)	Page	55Note	that	Pr	=	Sc	Le.	Since	mass	diffusion	is	not	emphasized	here,	we	limit
our	attention	to	viscous	and	thermal	effects.	Table	2-1	catalogs	values	of	the	Prandtl	number	for	various	fluids	at	20°C.	It	is	clear	that	the	Prandtl	number	is	small	for	liquid	metals,	slightly	less	than	unity	for	gases,	somewhat	higher	than	unity	for	light	liquids,	and	very	large	for	oils	because	of	their	relatively	large	viscosities.	In	short,	there	are
significant	differences	among	fluids	in	their	abilities	to	spread	viscous	and	thermal	effects.	TABLE	2-1	Prandtl	number	of	various	fluids	at	20°C	Figure	2-5	shows	low-speed	viscous	flow	past	a	hot	wall	as	an	example.	The	sketches	illustrate	low	Reynolds	number	or	laminar-flow	effects.	High	Reynolds	number	or	turbulent	flows	agree	qualitatively	with
Fig.	2-5,	but	the	profile	differences	are	not	so	broadly	obvious.	FIGURE	2-5	Prandtl	number	effects	on	viscous	and	thermal	diffusion.	(Hot	wall	shown	for	convenience.)	A	quantitative	formula	for	the	relative	spreading	of	viscous	and	thermal	effects	may	be	deduced	from	the	two	diffusion	equations	(2-76)	(2-77)	This	may	be	accomplished	by	defining
new	spatial	variables:	for	the	heat-conduction	equation	and	for	the	vorticity	transport	equation.	The	transformed	equations	will	have	identical	unit	diffusion	constants	and	hence	spreading	rates.	For	a	given	unit	time,	the	thermal	spreading	distance	will	then	be	identical	to	the	viscous	spreading	length	:	(2-78)	Equation	(2-78)	proves	to	be	a	good
approximation	for	all	laminar	boundary-layer	flows,	even	at	high	speeds.	Page	56	2-9	DIMENSIONLESS	PARAMETERS	IN	VISCOUS	FLOW	Since	our	basic	equations	of	motion	are	challenging	to	say	the	least,	it	is	essential	to	recast	them	in	their	most	efficient	form,	thereby	increasing	the	usefulness,	portability,	and	parametric	independence	of
whatever	solutions	we	find.	This	is	accomplished	by	nondimensionalizing	the	governing	equations	and	their	boundary	conditions.	For	simplicity,	we	may	assume	constant	c	p	and	cυ,	approximately	true	for	all	gases,	and	neglect	the	second	coefficient	of	viscosity,	λ,	which	is	seldom	needed,	unless	compressibility	effects	are	significant.	Then,	our	four
variables,	p,	ρ,	V,	and	T,	will	depend	upon	space,	time,	and	eight	parameters	that	occur	in	the	basic	equations	and	boundary	conditions:	(2-79)	The	eight	parameters,	μ	through	ℑ,	are	assumed	to	be	known	from	data	or	thermodynamic	state	relations.	Note	that	ℑ	represents	the	coefficient	of	surface	tension	defined	in	Chap.	1.	Given	a	constant	g	=	−gk,
several	reference	properties	appropriate	to	the	flow	may	be	used,	specifically:	(2-80)	Steady	viscous	flows	have	no	characteristic	time	scale	of	their	own,	so	a	particle	residence	time	of	L/U	may	be	chosen	as	a	reference	time	scale.	In	seeking	more	generality,	however,	a	reference	time	scale	of	ω−1	may	be	associated	with	an	unsteady	flow	with	a
characteristic	frequency	ω.	The	corresponding	dimensionless	variables	may	be	denoted	by	an	asterisk	and	written	as	(2-81)	2-9.1	Nondimensionalizing	the	Basic	Equations	After	substituting	the	above	variables	into	our	basic	equations	(2-6),	(2-19),	and	(2-48),	we	may	collect	terms	and	divide	out	dimensional	constants	so	that	all	remaining	terms	are
made	dimensionless.	We	thus	arrive	at	our	nondimensional	equations	of	motion:	(2-82)	It	can	be	immediately	seen	that	the	Navier–Stokes	equation	contains	three	dimensionless	groupings:	(2-83)	The	Reynolds	number	is	the	most	important	dimensionless	group	in	fluid	mechanics.	Almost	all	viscous-flow	phenomena	depend	on	it.	The	Froude	number	is
important	only	if	there	is	a	free	surface	in	the	flow.	Moreover,	the	degree	of	unsteadiness	is	concisely	captured	by	the	dimensionless	frequency,	or	the	Strouhal	number,	St	=	ωL/U,	which	represents	the	ratio	of	unsteady	and	steady	inertial	forces.	Since	St	appears	as	the	coefficient	of	the	unsteady	terms	in	Eq.	(2-82),	all	time-dependent	terms	are
dropped	altogether	in	steady	or	quasi-steady	flows	where	the	Strouhal	number	is	negligible.	Conversely,	in	the	field	of	linear	acoustics,	all	terms	are	ignored	except	for	the	unsteady	inertial	and	pressure	gradient	terms	in	the	momentum	equation.	As	we	move	to	the	dimensionless	energy	equation,	we	recover	two	additional	parameters:	(2-84)	Page
57For	a	perfect	gas,	the	more	familiar	Mach	number,	Ma	=	U/a0,	can	replace	the	Eckert	number	through	the	transformation:	(2-85)	The	Prandtl	number	is	always	important	in	convective	heat-transfer	problems.	In	high-speed	flows,	Re,	Pr,	γ,	and	Ma	are	all	important	(Chap.	7),	but	at	low	speeds	(Ma	<	0.3),	the	Eckert/Mach	number	terms	are	often
negligible	and	the	energy	equation	reduces	to	which	is	the	non-dimensional	form	of	Eq.	(2.51).	The	product	RePr	in	the	conduction	term	is	called	the	Peclet	number,	Pe.	An	important	point,	sometimes	neglected	in	elementary	approaches,	is	that	the	variables	ρ,	μ,	and	k	must	be	specified	as	thermodynamic	functions	for	the	particular	fluid	studied:
Thus,	if	different	fluids	are	being	compared,	Re,	Pr,	and	Ec	might	not	be	sufficient	if	there	are	large	temperature	variations.	As	we	have	seen	in	Chap.	1,	gases	and	liquids	have	markedly	dissimilar	temperature-dependent	ρ,	μ,	and	k	to	the	extent	that	temperature	corrections	might	be	needed.	We	recall	that	when	a	set	of	parameters	is	known	to	affect
a	problem,	the	Buckingham	Pi	theorem	may	be	used	to	identify	the	corresponding	dimensionless	groupings,	as	summarized	in	App.	H1.	2-9.2	Momentum	with	Free	Convection	In	free	or	“natural”	convection,	there	is	no	freestream	U.	The	flow	is	driven	by	gravity	acting	on	slight	density	changes.	Pressure	is	nearly	constant,	and	the	density	can	be
modeled	as	with	the	coefficient	of	thermal	expansion,	(2-86)	The	parameter	U	is	replaced	by	the	velocity	grouping	μ/(	ρ0L).	The	reader	is	invited	(as	a	problem	exercise)	to	nondimensionalize	the	Navier–Stokes	equation	again	and	find	a	new	parameter	characteristic	of	free	convection:	(2-87)	As	we	shall	see	in	Sec.	4-13,	Gr	and	Pr	correlate	heat-
transfer	results	in	free	convection.	2-9.3	Nondimensionalizing	the	Boundary	Conditions	Just	analyzing	the	basic	equations	is	not	enough.	The	boundary	conditions	also	contain	important	dimensionless	parameters.	In	the	freestream,	where	V	=	U	and	T	=	T0,	the	conditions	simply	become	V*	=	1	and	T*	=	0.	Subsequently,	if	we	substitute	the	same
variables	from	Eqs.	(2-81)	into	the	boundary	conditions	of	Sec.	2-6	at	a	fixed	wall,	we	obtain	(2-88)	So	the	temperature	conditions	specify	either	a	unit	temperature	ratio	or	a	dimensionless	wall	heat	transfer	parameter	that	is	called	the	Nusselt	number,	Nu.	The	computed	results	at	the	wall	will	then	be	the	opposite:	either	a	Nusselt	number	or	a
(nonunit)	temperature	ratio.	If	there	is	slip	or	temperature	jump	at	the	wall,	Eqs.	(1-80)	and	(1-83)	become	(2-89)	Slip	conditions	introduce	the	Knudsen	number,	Kn	=	ℓ/	L,	and	the	specific-heat	ratio,	γ	=	cp/cυ.	Finally,	at	an	interface	where	surface	tension	is	important,	Eq.	(1-86)	for	interfacial	pressure	becomes	(2-90)	This	equation	introduces	two
additional	dimensionless	groups:	(2-91)	Page	58As	seen	earlier	in	Eq.	(2-83),	the	Froude	number	is	fundamental	to	all	free-surface	flows	and	can	never	be	neglected.	The	Weber	number	is	important	only	if	it	is	small,	of	Ο(10)	or	less,	which	is	usually	due	to	a	small	length	scale	L.	The	cavitation	number	is	appropriate	if	the	pressure	p0	is	interpreted	as
the	vapor	pressure	of	the	liquid,	pυ.	If	Ca	≪	1,	the	liquid	might	vaporize	(cavitate)	when	the	local	pressure	drops	below	pυ.	For	further	details,	see	the	text	by	Brennen	(1995).	To	summarize,	the	following	parameters	are	important	for	any	particular	flow:	1.	All	viscous	flows,	especially	those	with	surface	boundaries	(to	guide	the	motion):	Reynolds
number.	2.	Variable-temperature	problems:	Prandtl	and	Eckert	(or	Mach)	numbers.	3.	Flow	with	free	convection:	Grashof	and	Prandtl	numbers.	4.	Wall	heat	transfer:	temperature	ratio	or	Nusselt	number.	5.	Slip	flow:	Knudsen	number	and	specific-heat	ratio.	6.	Free-surface	conditions:	Froude	number	(always);	Weber	number	(sometimes),	and
cavitation	number	(sometimes).	It	is	interesting	to	note	that,	in	spite	of	our	care,	we	have	missed	two	parameters	which	become	important	at	higher	Reynolds	numbers,	where	the	flow	becomes	turbulent	(a	mean	flow	plus	a	superimposed	random	unsteadiness).	These	two	parameters,	which	occur	in	Chaps.	5–7,	are	the	degree	of	surface	roughness	(a
departure	from	geometric	similarity)	and	the	amount	of	turbulence	(percentage	of	random	fluctuation)	in	the	reference	velocity	U	(called	freestream	turbulence).	Reference	to	these	two	effects	was	made	in	the	discussion	of	the	drag	of	a	cylinder	in	Fig.	1-8.	To	the	novice,	these	parameters	express	unexpected	effects	—timely	reminders	that	fluid
mechanics	is	a	daunting	subject,	containing	many	hidden	surprises	to	confound	or	delight	the	would-be	analyst.	As	the	subject	of	fluid	dynamics	continues	to	evolve,	new	dimensionless	parameters	are	still	being	found,	thereby	adding	to	our	repertoire	of	scaling	tools.	In	the	interest	of	clarity,	an	extensive	list	of	dimensionless	parameters	is	provided	in
App.	H2.	For	example,	let	us	consider	y	p	to	be	the	penetration	depth	of	a	rotational	wave	in	a	right-cylindrical	porous	tube;	y	p	defines	the	fraction	of	the	radius	(measured	from	the	porous	wall)	where	rotationality	prevails.	Pursuant	to	an	asymptotic	study	of	the	penetration	depth	in	a	rocket	chamber,	which	can	be	modeled	as	a	porous	tube	with
uniformly	distributed	sidewall	injection,	a	similarity	parameter,	Mj,	coined	penetration	number,	was	first	reported	by	Majdalani	to	W.	K.	Van	Moorhem	in	1993:	where	Re	=	UL	/	ν	and	St	=	ωL/U	denote	the	wall	injection	(crossflow)	Reynolds	number	and	the	Strouhal	number	associated	with	the	dimensionless	oscillation	frequency	in	a	chamber	of
radius	L.	Majdalani’s	penetration	number	gauges	the	relative	importance	of	unsteady	inertial	and	viscous	forces	and	has	been	shown	to	control	the	thickness	of	the	oscillatory	Stokes	layer	over	a	porous	surface	with	hard	blowing	(Majdalani	and	Van	Moorhem	1995;	Majdalani	1999;	Majdalani	and	Roh	2000).	As	illustrated	in	Fig.	2-6,	by	fixing	Mj	at
0.1,	the	frequency	(or	Strouhal	number)	Page	59can	be	varied	from	one	end	of	the	spectrum	to	the	other	without	affecting	the	penetration	depth.	Such	a	parameter	does	not	appear	in	the	governing	equations	of	motion	and	is,	therefore,	difficult	to	guess	because	it	depends	on	a	nonlinear	combination	of	the	Reynolds	and	Strouhal	numbers.
Nonetheless,	its	usage	enables	us	to	collapse	large	families	of	curves	characterizing	the	depth	of	penetration,	and	taken	at	different	spatial	locations,	Re	and	St,	into	single	curves	taken	at	specific	axial	locations	within	a	porous	chamber	(see	Fig.	2-7).	FIGURE	2-6	Analytical	and	numerical	solutions	for	the	axial	wave	in	a	simulated	porous	tube	driven
by	sidewall	mass	injection	(Majdalani	1995;	Majdalani	and	Roh	2002).	Oscillations	are	shown	for	the	first	fundamental	mode	and	three	specific	values	of	the	Strouhal	(St)	and	Reynolds	numbers	(Re)	based	on	the	sidewall	injection	speed.	By	fixing	the	penetration	number	Mj,	the	depth	of	penetration	remains	constant	despite	the	increase	in	the
Strouhal	number.	FIGURE	2-7	Depth	of	penetration	of	the	oscillatory	rotational	velocity	in	a	porous	tube	driven	by	sidewall	mass	injection	(Majdalani	1995):	(a)	in	the	form	of	multiple	curves	computed	at	one	axial	station	and	different	Strouhal	and	kinetic	Reynolds	numbers,	St	and	Rek	=	ReSt;	(b)	in	the	form	of	curves	that	converge	into	single	lines	at
multiple	axial	stations	when	plotted	versus	Mj.	Note	that	the	entire	family	of	curves	in	(a)	collapses	into	a	single	curve	in	(b)	corresponding	to	x*/L0	=	0.5.	Another	important	parameter	that	arises	in	the	context	of	wall-bounded	cyclonic	motions	is	the	vortex	Reynolds	number,	namely,	Vortex	Reynolds	number:	where	R	and	L	represent	the	radius	and
length	of	the	cyclonic	chamber,	while	Re	=	UR	/	ν	and	σ	=	R2/Ai	refer	to	the	Reynolds	and	modified	swirl	number,	respectively.	This	parameter	combines	the	effects	of	the	Reynolds	number,	modified	swirl	number,	and	chamber	aspect	ratio,	thereby	taking	into	account	variations	in	the	finite	body	length	in	a	wall-bounded	cyclonic	chamber,	which	can
have	a	significant	bearing	on	the	corresponding	helical	structure	(Majdalani	2014).	Moreover,	the	vortex	Reynolds	number	is	shown	to	control	the	value	of	the	maximum	tangential	(swirl)	velocity	as	well	as	the	thickness	of	the	forced	vortex	core,	which	develops	around	the	axis	of	rotation	in	a	cyclonic	flow.	2-10	VORTICITY	CONSIDERATIONS	IN
INCOMPRESSIBLE	VISCOUS	FLOW	As	discussed	in	Chap.	1,	the	vorticity	vector	ω	=	curl	V	is	a	measure	of	rotational	effects,	being	equal	to	twice	the	local	angular	velocity	of	a	fluid	element.	While	vorticity	is	not	a	primary	variable	in	flow	analysis,	the	velocity	itself	being	far	more	useful	and	significant,	it	is	still	instructive	to	examine	the	impact	of
the	vorticity	vector	on	the	Navier–Stokes	equation.	To	keep	the	lesson	from	being	lost	in	a	maze	of	algebra,	we	assume	constant	ρ	and	μ,	so	that	Eq.	(2-30)	applies.	We	also	take	g	=	−	gk	to	the	extent	of	reducing	the	Navier–	Stokes	equation	into	(2-92)	As	per	App.	A,	vorticity	can	be	introduced	into	both	the	acceleration	and	the	viscous	terms	using	the
two	vector	identities,	(1-10)	(2-93)	Page	60Then	remembering	that	∇	z	≡	k	and	∇	(∇⋅	V)	=	0	when	ρ	is	constant,	Eq.	(2-92)	becomes	(2-94)	Equation	(2-94)	is	most	illuminating.	The	left-hand	side	is	the	sum	of	the	classic	Euler	terms	for	inviscid	flow.	The	right-hand	side	vanishes	if	the	vorticity	is	zero,	regardless	of	the	value	of	the	viscosity.	Thus,	if	ω	=
0	identically,	which	is	the	classic	assumption	of	irrotational	flow,	the	velocity	vector	must	by	definition	be	a	potential	function,	V	=	∇	ϕ,	where	ϕ	is	the	velocity	potential,	and	Eq.	(2-94)	becomes	the	celebrated	Bernoulli	equation	for	unsteady	incompressible	flow:	(2-95)	It	follows	that	Bernoulli’s	equation	is	valid	even	for	viscous	fluids	if	the	flow	is
irrotational.	Put	another	way,	Eq.	(2-94)	shows	that	every	potential-flow	solution	of	classical	hydrodynamics	is	in	fact	an	exact	solution	of	the	full	Navier–Stokes	equations.	The	difficulty	is,	of	course,	that	potential	flows	do	not	and	cannot	satisfy	the	no-slip	condition	at	a	solid	wall,	which	requires	both	the	normal	and	tangential	velocities	to	vanish.	This
is	because	the	assumption	of	irrotationality	eliminates	the	second-order	velocity	derivatives	from	Eq.	(292),	leaving	only	first-order	derivatives,	so	that	only	one	velocity	condition	can	be	satisfied	at	a	solid	wall.	In	potential	flow,	then,	we	require	only	the	normal	velocity	to	vanish	at	a	hard	wall	and	place	no	restrictions	on	the	tangential	velocity,	which
is	allowed	to	slip.	It	would	appear	at	this	point	that	potential	solutions	are	no	aid	in	viscous	analysis,	but	in	fact	at	high	Reynolds	numbers,	viscous	flow	past	a	solid	body	is	primarily	potential	flow	everywhere	except	close	to	the	body,	where	the	velocity	drops	off	sharply	through	a	thin	viscous	boundary	layer	to	satisfy	the	no-slip	condition.	In	many
cases,	the	boundary	layer	is	so	thin	that	it	does	not	really	disturb	the	outer	potential	flow,	which	can	be	determined	by	the	methods	of	classical	hydrodynamics	described,	for	example,	in	the	texts	by	Milne-Thomson	(1968)	or	Robertson	(1965).	This	was	the	case	in	Fig.	1-1a.	It	benefits	the	reader,	therefore,	to	master	potential-flow	analysis	as	a	natural
introduction	to	the	study	of	viscous	flow.	We	can	ascertain	when	irrotational	flow	occurs	by	deriving	an	expression	for	the	rate	of	change	of	vorticity.	One	form	is	obtained	by	taking	the	curl	of	Eq.	(2-94),	with	the	result	(2-96)	which	is	the	vorticity	transport	equation	for	an	incompressible	fluid	with	a	uniform	and	constant	viscosity.	By	dropping	the
second	term	involving	the	kinematic	viscosity,	one	recovers	the	famous	Helmholtz	equation	of	hydrodynamics.	The	first	term	on	the	right	arises	from	the	convective	derivative	and	is	called	the	vortex-stretching	term;	this	term	was	zero	in	the	special	case	of	Eq.	(2-77).	The	second	term	is	obviously	a	viscous-diffusion	term;	if	it	is	neglected	(for	an	ideal
fluid),	Eq.	(2-96)	leads	to	Helmholtz’	theorem	that	the	strength	of	a	vortex	remains	constant	and	also	to	Lagrange’s	theorem	that	ω	=	0	for	all	time	if	it	vanishes	everywhere	at	t	=	0.	Still	a	third	result	of	neglecting	the	viscous	term	is	Kelvin’s	theorem	that	the	circulation	about	any	closed	path	moving	with	the	fluid	is	a	constant.	All	three	theorems	are
valid	and	useful	in	the	inviscid	approximation,	but	all	three	fail	when	the	viscosity	is	finite	because	the	second	term	in	Eq.	(2-96)	is	constrained	by	the	no-slip	condition	not	to	vanish	near	solid	walls.	Thus,	in	all	viscous	flows,	vorticity	is	generally	present,	being	generated	by	relative	motion	near	solid	walls.	However,	vorticity	can	also	be	present	in
inviscid	flows.	If	the	Reynolds	number	is	large,	the	vorticity	is	swept	downstream	and	remains	close	to	the	wall.	A	boundary	layer	is	formed,	outside	of	which	the	vorticity	may	be	taken	as	zero.	If	the	flow	is	between	two	walls,	as	in	duct	flow,	the	two	boundary	layers	will	meet	and	fill	the	duct	with	vorticity,	as	in	Fig.	1-10,	so	that	the	potential-flow
model	is	rarely	applied	to	internal	duct	flow.	2-11	TWO-DIMENSIONAL	CONSIDERATIONS:	THE	STREAM	FUNCTION	In	Eq.	(2-9)	we	noted	that	the	stream	function	is	an	exact	solution	of	the	continuity	equation	when	only	two	independent	spatial	variables	appear	in	the	flow.	For	maximum	benefit,	let	us	examine	the	simple	case	of	constant	μ	and	ρ
and	two-dimensional	flow	in	the	xy	plane,	i.e.,	a	flow	with	only	the	two	velocity	components	u	(x,	y,	t)	and	υ	(x,	y,	t).	The	equations	of	motion	here	are	the	continuity	and	the	two	components	of	the	Navier–Stokes	equations:	(2-97)	(2-98)	(2-99)	Page	61These	are	to	be	solved	for	the	three	dependent	variables	u,	υ,	and	p.	Note	that	the	momentum
equation	has	been	uncoupled	from	the	energy	equation	by	the	assumption	of	constant	μ	and	ρ,	so	that	T	(x,	y,	t)	can	be	solved	later	from	Eq.	(2-50)	if	needed.	By	analogy	with	Eq.	(2-9),	Eq.	(2-97)	can	be	immediately	satisfied	by	a	stream	function	ψ	(x,	y,	t)	of	the	type	(2-100)	where	ψ	takes	on	the	meaning	of	volume	flow	rather	than	mass	flow,	since	the
density	does	not	appear	in	its	definition.	Meanwhile,	the	pressure	and	gravity	can	be	eliminated	from	Eqs.	(2-98)	and	(2-99)	by	cross-differentiation,	i.e.,	by	taking	the	curl	of	the	two-dimensional	vectorial	momentum	equation.	The	result	is	(2-101)	Since	V	=	V(x,	y,	t)	only,	the	vorticity	reduces	to	a	single	nonvanishing	component	ω	z.	At	the	same	time,
the	gradient	operator	becomes	independent	on	z.	By	comparison	with	the	more	general	vorticity	transport	relation,	Eq.	(2-96),	we	see	that	the	vortex-stretching	term	(ω	⋅	∇)V	vanishes	identically	because,	for	this	special	case	of	flow	in	the	xy	plane,	the	vorticity	vector	ω	is	perpendicular	to	the	gradient	of	V.	Combining	Eqs.	(2-100)	and	the	definition	of
ω	z,	we	have	the	intriguing	relation	(2-102)	so	that	Eq.	(2-101)	can	be	rewritten	as	a	fourth-order	partial	differential	equation	with	the	stream	function	as	the	only	variable:	(2-103)	At	this	stage,	the	boundary	conditions	can	be	expressed	in	terms	of	the	first	derivatives	of	ψ,	from	Eq.	(2-100).	For	example,	in	the	flow	of	a	uniform	stream	in	the	x
direction	past	a	solid	body,	the	auxiliary	conditions	can	be	written	as	(2-104)	This	stream-function	vorticity	approach	is	an	alternative	to	the	direct	or	“primitive”	variable	approach	of	solving	for	(u,	υ,	p)	in	Eqs.	(2-97)	to	(2-99).	Equations	(2-103)	and	(2-104)	are	convenient	for	numerical	analysis	as	exemplified	in	the	first	(hand-calculated)	CFD	solution
by	Thom	(1933).	2-11.1	Creeping	Flow:	Re	≪	1	If	the	viscosity	is	very	large,	the	Reynolds	number	UL/ν	is	very	small,	Re	≪	1,	and	the	righthand	side	of	Eq.	(2-103)	dominates.	We	are	left	with	a	linear	fourth-order	equation,	(2-105)	which	is	the	two-dimensional	biharmonic	equation	for	“creeping	flow.”	Many	solutions	are	known	from	elasticity	[
Timoshenko	and	Goodier	(1970)],	which	can	be	adapted	to	creeping	flow.	A	wide	variety	of	low	Reynolds	number	flows	are	treated	in	the	monographs	by	Langlois	(1964)	and	by	Happel	and	Brenner	(1983).	We	shall	briefly	treat	this	subject	in	Sec.	3-9.	2-11.2	High	Reynolds	Number,	Quasi-Viscous	Flow:	Re	≫	1	At	the	opposite	side	of	the	spectrum,	if
the	Reynolds	number	is	sufficiently	large,	the	right-	hand	side	of	Eq.	(2-103)	becomes	so	small	that	it	can	be	either	dropped	or	used	at	the	basis	of	a	matched-asymptotic	expansion.	In	such	series	expansions,	the	far	field	is	generally	represented	by	the	outer	inviscid	solution,	and	a	small	viscous	correction	is	added,	if	needed,	using	a	stretching
transformation	of	the	inner	region.	Moreover,	if	the	motion	is	steady	or	quasi	steady,	the	far	field	can	be	captured	by	solving	a	lower-order	equation,	namely,	(2-106)	Page	62Due	to	its	symmetry,	it	can	be	easily	shown	that	the	resulting	vorticity	transport	equation	is	fully	satisfied	by	any	rotational	flow	so	long	as	its	vorticity	can	be	expressed	as	ωz	=	f
(ψ	),	including	the	linear	relation	ωz	=	C	2	ψ.	The	latter	can	be	used	to	derive	several	interesting	solutions,	such	as	the	Taylor	profile	for	a	porous	channel	with	uniform	sidewall	injection	[e.g.,	Taylor	(1956),	Griffond	and	Casalis	(2000,	2001),	and	Féraille	and	Casalis	(2003)].	Many	such	profiles	are	termed	“quasi-viscous”	as	they	can	be	made	to	satisfy
the	no-slip	requirement	at	some	of	the	walls	despite	their	inviscid	character.	A	modest	collection	of	these	is	reviewed	by	Majdalani	and	Saad	(2012).	2-11.3	Axisymmetric	Flow:	The	Stokes	Operator	Besides	its	convenient	two-dimensional	planar	form,	the	vorticity	transport	equation	can	be	equally	simplified	for	axisymmetric	flows.	As	we	have	seen	in
Sec.	2.4-7,	the	radial	and	axial	velocities	can	be	related	to	the	incompressible	Stokes	stream	function	using	(2-107)	Since	the	motion	is	confined	to	the	rz	plane,	the	vorticity	reduces	to	a	single	component	in	the	θ	direction,	namely,	(2-108)	Instead	of	recovering	the	Laplacian	of	the	stream	function,	as	we	have	seen	in	Eq.	(2-102),	we	now	stumble	upon
the	Stokes	operator	D2,	which	is	a	minor	variant	of	the	Laplacian	in	cylindrical	coordinates.	Specifically,	we	get,	(2-109)	As	for	the	vorticity	transport	equation,	since	(ω	·	∇)	=	0	for	all	axisymmetric	flows	bearing	only	one	vorticity	component,	Eq.	(2-96)	can	be	rearranged	into	(2-110)	Note	that	the	Laplacian	and	Stokes	operators	only	differ	by	the	sign
of	the	curvature	term.	Nonetheless,	compared	to	Eq.	(2-101),	the	expression	we	obtain	is	less	compact,	especially	when	expanded.	In	this	vein,	the	axisymmetric	counterpart	of	Eq.	(2-103)	can	be	written	as	(2-111)	Although	the	resulting	right-hand	side	is	slightly	longer	than	the	biharmonic	creeping	flow	relation	for	Re	≪	1,	the	large	Reynolds	number
case	leads	to	an	appreciable	simplification.	Thus,	by	limiting	our	attention	to	a	steady	flow	with	Re	≫	1,	we	are	left	with	(2-112)	Here	too,	any	rotational	motion	with	ωθ	=	=	rf(ψ	)	can	be	shown	to	satisfy	the	vorticity	transport	equation	identically.	In	fact,	by	using	ωθ	=	C	2	r	ψ,	several	solutions	have	been	advanced	and	shown	to	remain	viable	for
Reynolds	numbers	as	low	as	200.	Two	simple	examples	that	will	be	later	discussed	correspond	to	the	Taylor-Culick	and	Vyas-Majdalani	profiles	for	which	C	=	π	and	2	π,	respectively	[Culick	(1966);	Vyas	and	Majdalani	(2006)].	These	have	been	used	extensively	as	bulk	flow	idealizations	in	both	cylindrically-shaped	rocket	motors	and	cyclonically-driven
rocket	engines.	As	for	the	case	of	a	swirling	rocket	motor,	it	is	considered	separately	in	Sec.	3-6.4,	namely,	in	the	treatment	of	rotating	porous	tubes.Page	63	2-12	NON-INERTIAL	COORDINATE	SYSTEMS	By	far	the	majority	of	flow	problems	are	treated	in	a	fixed,	or	inertial,	coordinate	system.	Cases	do	arise,	though,	such	as	the	flow	over	rotating
turbine	blades	or	the	geophysical	boundary	layer	on	a	rotating	earth,	where	we	may	wish	to	use	non-inertial	coordinates	that	move	with	the	accelerating	system.	Then	we	must	modify	Newton’s	law,	Eq.	(2-11),	which	is	valid	only	if	a	is	the	absolute	acceleration	of	the	particle	relative	to	inertial	coordinates.	Suppose	that	(X,	Y,	Z)	belong	to	an	inertial
frame	and	that	our	chosen	coordinates	(x,	y,	z)	are	translating	and	rotating	relative	to	that	frame.	Let	R	and	Ω	be	the	displacement	and	angular	velocity	vector	of	the	(x,	y,	z)	system	relative	to	(X,	Y,	Z).	Then,	by	straightforward	vector	calculus	[see	Eq.	(2-106)	in	Greenwood	(1987,	pp.	49–51.)],	we	can	relate	the	absolute	acceleration	a	of	a	particle	to
its	displacement	r	and	velocity	V	relative	to	the	moving	system:	(2-113)	Thus,	if	V	is	a	non-inertial	velocity	vector,	the	entire	formidable	right-hand	side	of	Eq.	(2113)	must	replace	the	derivative	DV/Dt	in	Eq.	(2-12)	or	(2-19).	However,	we	would	be	expected	to	know	the	functions	R(t)	and	Ω(t),	which	relate	the	two	systems,	so	that	in	a	sense	we	are
merely	adding	known	inhomogeneities	to	the	problem.	Geophysical	Flows:	The	Rossby	Number	A	classic	example	of	a	non-inertial	system	is	the	use	of	earth-fixed	coordinates	to	calculate	large-scale	(geophysical)	motions,	where	the	earth’s	rotation	cannot	be	neglected.	In	this	case,	the	first	three	terms	of	Eq.	(2-113)	can	be	neglected,	for	three
different	reasons:	(1)	the	first	term	is	the	earth’s	acceleration	relative	to	the	fixed	stars	and	is	surely	almost	zero;	(2)	the	second	term	vanishes	because	dΩ	/	dt	is	nearly	zero	for	the	earth;	and	(3)	the	third	term	is	nothing	more	than	the	earth’s	centripetal	acceleration,	which	essentially	accounts	for	the	variation	of	the	gravity	vector	g	with	latitude.
Thus,	for	geophysical	flows,	(2-114)	the	second	term	of	which	is	called	the	Coriolis	acceleration,	named	after	the	French	mathematician	G.	Coriolis,	who	was	the	first,	in	1835,	to	study	this	phenomenon.	If,	as	before,	we	use	U	and	L	to	nondimensionalize	this	expression,	we	obtain	(2-115)	where	Ro	=	U/(ΩL)	is	the	dimensionless	Rossby	number	(App.
H2).	It	follows	that	the	Coriolis	term	can	be	neglected	if	Ro	is	large,	which	will	be	true	if	the	motion	scale	L	is	small	compared	to	the	earth’s	radius.	We	shall	study	a	geophysical	viscous	flow	(Ekman	flow)	in	Chap.	3.	2-13	CONTROL-VOLUME	FORMULATIONS	The	expressions	that	we	have	seen	so	far	have	all	been	differential	relations:	fluid	flow	in
the	small,	so	to	speak.	We	also	need	to	use	integral	relations	to	calculate	the	gross	fluxes	of	mass,	momentum,	and	energy	passing	through	a	finite	region	of	the	flow.	This	is	the	so-called	integral,	control-volume	approach	now	widely	used	in	fluid	mechanics	[see	White	(2016),	Chap.	3].	We	limit	ourselves	here	to	a	fixed	control	volume;	the	text	by
Hansen	(1967)	treats	moving	and	deformable	control	volumes.	Let	the	closed	solid	curve	in	Fig.	2-4	represent	a	finite	region	(control	volume)	through	which	a	fluid	flow	passes.	At	any	instant	t,	the	region	is	filled	by	an	aggregate	of	fluid	particles	that	define	the	system,	i.e.,	a	quantity	of	known	identity.	Our	goal	here	is	to	calculate	the	rate	of	change
dB	/	dt	of	any	extensive	gross	property	B	(mass,	kinetic	energy,	enthalpy,	etc.)	of	the	system	that	depends	on	its	mass	at	that	instant	t.	We	do	so	by	considering	a	limiting	process:	At	time	t	+	Δt,	the	system	has	passed	on	slightly	to	the	right,	as	indicated	by	the	dotted	lines	in	Fig.	2-8	and	suggested	by	the	streamline	arrows.	Page	64	FIGURE	2-8
Sketch	of	a	control	volume.	The	slight	motion	outlines	three	regions,	I,	II,	and	III,	as	marked	on	the	figure.	The	limit	we	are	looking	for	is	(2-116)	As	shown	in	undergraduate	texts,	such	as	White	(2016),	Sec.	3.2,	the	region	II	terms	in	the	brackets	become	the	rate	of	change	of	B	within	the	control	volume.	The	region	III	term	is	the	outflow	of	B,	and	the
region	I	term	is	the	inflow	of	B	into	the	control	volume.	By	defining	the	area	vector	dA	=	n	dA	as	having	the	direction	of	the	outward	normal	unit	vector	to	the	control	surface	(see	Fig.	2-8),	we	can	account	for	outflow	and	inflow	with	a	single	relation	known	as	the	Reynolds	transport	theorem,	specifically	(2-117)	where	β	=	dB	/	dm	represents	the	mass-
independent	intensive	property	associated	with	the	quantity	B	that	happens	to	be	enclosed	within	the	control	volume.	Accordingly,	the	time	rate	of	change	of	an	extensive	property	associated	with	a	fixed	system	crossing	a	control	volume	must	equal	the	rate	of	accumulation	of	that	property	within	the	control	volume	plus	the	net	flux	of	that	property
out	of	the	control	surface.	In	what	follows,	we	apply	this	formulation	to	three	extensive	properties,	namely,	the	mass,	momentum,	and	energy.	2-13.1	Conservation	of	Mass	The	relevant	property	is	the	mass	B	=	m	for	which	β	=	dm/dm	=	1.	Equation	(2-117)	becomes	(2-118)	This	relation	is	true	for	any	fixed	control	volume	and	will	be	very	useful	in
boundary-layer	theory,	Chap.	4.	As	an	exercise,	one	can	show,	using	Gauss’	theorem,	that	Eq.	(2-118)	is	identical	to	the	differential	continuity	equation	given	by	Eq.	(2-6).	2-13.2	Conservation	of	Linear	Momentum	The	intensive	property	corresponding	to	the	linear	momentum	B	=	mV	is	the	velocity	itself,	β	=	d(mV)/dm	=	V.	Equation	(2-117)	becomes
equal	to	the	total	force	ΣF	acting	on	the	system	passing	through	the	control	volume:	(2-119)	It	must	be	emphasized	that	this	relation	holds	only	for	an	inertial	control	volume	and	that	the	force	ΣF	incorporates	both	surface	forces	acting	on	the	control	volume	and	body	forces	acting	from	a	distance	on	the	mass	within.	Equation	(2-119)	was	first	applied
to	viscous	boundary	layers	by	Kármán	(1921).Page	65	2-13.3	Conservation	of	Energy	When	the	extensive	property	is	taken	to	be	the	total,	mass-dependent	energy	B	=	E,	the	corresponding	intensive	quantity	becomes	the	specific	energy	β	=	et	=	dE/dm.	Recalling	the	first	law	of	thermodynamics	dE	=	dQ	+	dW,	Eq.	(2-117)	becomes	(2-120)	where	The
work	term	dW	includes	work	on	the	boundaries	of	normal	and	shear	stresses	plus	any	shaft	work	added	to	the	system:	(2-121)	Equation	(2-120)	may	be	applied	to	boundary	layers	to	determine	the	heat	transfer.	2-13.4	The	Steady-Flow	Energy	Equation	An	important	special	case	of	Eq.	(2-120)	occurs	in	steady	flow	when	the	control	volume	consists	of
fixed	solid	walls	plus	a	simple	one-dimensional	inlet	and	outlet,	as	shown	in	Fig.	2-9.	The	work	of	boundary	forces	is	zero	at	the	fixed	walls	because	of	the	no-slip	condition.	Further,	if	the	inlet	and	outlet	flows	are	approximately	uniform	and	parallel,	we	may	reasonably	neglect	viscous	normal	stresses	locally,	so	that	the	only	important	boundary	work	is
due	to	pressure	forces	at	the	inlet	and	outlet.	The	term	d/dt	vanishes	for	steady	flow,	and	Eq.	(2-120)	reduces	to	FIGURE	2-9	Sketch	for	the	one-dimensional	steady-flow	energy	equation.	(2-122)	But	the	only	contributions	to	V	⋅	dA	are	−	V1	A1	and	+	V2A2	at	the	inlet	and	outlet,	respectively.	Thus,	we	can	carry	out	the	integration	to	yield	two	terms	(2-
123)	where	the	subscript	s	denotes	shaft	work.	For	steady	flow,	equals	the	mass	flow	rate	dm/dt	through	the	control	volume.	Also,	the	quantity	p/ρ	+	e	is	the	fluid	enthalpy	h.	We	may	now	divide	through	by	dm/dt	to	achieve	the	familiar	form	(2-124)	which	we	recognize	as	the	so-called	steady-flow	energy	equation,	stating	that	the	change	in	total
enthalpy	equals	the	sum	of	the	heat	and	shaft-work	addition	per	unit	mass.	The	formula	does	not	hold	in	boundary-layer	theory	unless	we	are	careful	to	define	our	control	volume	to	match	Fig.	2-9	conditions.	SUMMARY	The	role	of	this	chapter	is	to	derive	and	discuss	the	basic	equations	of	viscous	fluid	flow:	conservations	of	mass,	momentum,	and
energy	plus	the	auxiliary	state	relations.	The	various	boundary	conditions	and	coordinate	systems	are	discussed,	and	dimensionless	parameters	are	derived	and	related	to	particular	classes	of	flow.	Stream-function	and	vorticity	approaches	are	discussed,	and	the	basic	relations	are	also	derived	in	integral	form	for	finite	control	volumes.	It	is	the
purpose	of	the	remainder	of	this	text	to	tackle	these	equations	as	best	as	we	can	for	particular	classes	of	viscous	flow.Page	66	PROBLEMS	2-1.	By	consideration	of	the	cylindrical	elemental	control	volume	shown	in	Fig.	P2-1,	use	the	conservation	of	mass	to	derive	the	continuity	equation	in	cylindrical	coordinates	[App.	G,	Eq.	(G-3)].	Figure	P2.1	2-2.
Simplify	the	equation	of	continuity	in	cylindrical	coordinates	(r,	θ,	z)	to	the	case	of	steady	compressible	flow	in	polar	coordinates	∂/∂	z	=	0	and	derive	a	stream	function	for	this	case.	2-3.	Simplify	the	equation	of	continuity	in	cylindrical	coordinates	to	the	case	of	steady	compressible	flow	in	axisymmetric	coordinates	∂/∂	θ	=	0	and	derive	a	stream
function	for	this	case.	2-4.	For	steady	incompressible	flow	with	negligible	viscosity,	show	that	the	Navier–	Stokes	relation	[Eq.	(2-30)]	reduces	to	the	condition	that	along	a	streamline	of	the	flow,	where	h	denotes	the	height	of	the	fluid	particle	above	a	horizontal	datum.	This	is	the	weaker	form	of	the	so-called	Bernoulli’s	relation.	2-5.	Show	that	for
incompressible	steady	flow	with	negligible	viscosity	and	thermal	conductivity,	the	energy	Eq.	(2-40)	reduces	to	the	condition	that	along	a	streamline	of	the	flow.	This	is	the	stronger	form	of	Bernoulli’s	relation.	2-6.	Consider	the	proposed	incompressible	axisymmetric	flow	field	υz	=	C(R2	−	r2)	in	the	region	0	≤	z	≤	L,	0	≤	r	≤	R,	where	C	is	a	constant.
(a)	Determine	if	this	is	an	exact	solution	of	the	Navier–Stokes	equation.	(b)	What	might	it	represent?	(c)	If	an	axisymmetric	stream	function	ψ	(r,	z)	=	0	exists	for	this	flow,	find	its	form.	2-7.	Investigate	the	two-dimensional	stream	function	ψ	=	Cxy,	with	C	a	constant,	to	determine	whether	it	can	represent	(a)	a	realistic	incompressible	frictionless	flow
and	(b)	a	realistic	incompressible	viscous	flow.	Sketch	some	streamlines	of	the	flow.	2-8.	Investigate	a	proposed	plane	stream	function	for	isothermal	incompressible	flow	where	C	is	a	constant.	Determine	whether	this	flow	is	an	exact	solution	for	constant	μ	and,	if	so,	find	the	pressure	distribution	p(x,	y)	and	plot	a	few	representative	streamlines.
Consider	the	incompressible	plane	unsteady	flow	by	Lamb-Oseen	(1932):	2-9.	where	C	and	ν	are	constants,	and	gravity	is	neglected.	Is	this	an	exact	solution	of	the	continuity	and	Navier–Stokes	equations?	If	so,	plot	some	velocity	profiles	for	representative	times.	Is	there	any	vorticity	in	the	flow?	If	so,	plot	some	vorticity	profiles.	2-10.	Using	the
expression	for	dissipation	Φ	from	Eq.	(2-46),	prove	the	inequalities	about	μ	and	λ	given	by	Eq.	(2-47).	2-11.	The	differential	equation	for	irrotational	plane	compressible	gas	flow	[Shapiro	(1954),	Chap.	9]	is	where	ϕ	is	the	velocity	potential	and	a	the	(variable)	speed	of	sound	in	the	gas.	In	the	spirit	of	Sec.	2-9.1,	nondimensionalize	this	equation	and
define	any	parameters	which	appear.	2-12.	.	In	flow	at	moderate	to	high	Reynolds	numbers,	pressure	changes	scale	with	as	in	Eq.	(2-83).	In	very	viscous	(low	Reynolds	number)	flow,	pressure	scales	μU0/L.	Make	this	change	in	Eqs.	(2-83)	and	repeat	the	nondimensionalization	of	the	Navier–	Stokes	equation.	Define	any	parameters	which	arise	and
show	what	happens	if	the	Reynolds	number	is	very	small.	2-13.	The	equations	of	motion	for	free	convection	near	a	hot	vertical	plate	for	incompressible	flow	with	constant	properties	are	Page	67	Introduce	the	dimensionless	variables	where	L	is	the	length	of	the	plate.	Use	these	variables	to	nondimensionalize	the	free	convection	equations	and	define
any	parameters	that	arise.	2-14.	For	laminar	flow	in	the	entrance	to	a	pipe,	as	shown	in	Fig.	P2-14,	the	entrance	flow	is	uniform,	Using	the	integral	relations	of	Sec.	2-13,	show	that	the	viscous	drag	exerted	on	the	pipe	walls	between	0	and	x	is	given	by	Figure	P2.14	2-15.	To	illustrate	“boundary-layer”	behavior,	i.e.,	the	effect	of	the	no-slip	condition	for
large	Reynolds	numbers,	Prandtl	in	a	1932	lecture	proposed	the	following	model	(linear)	differential	equation:	where	ε	mimics	the	effects	of	small	fluid	viscosity.	The	boundary	conditions	are	(1)	u(0)	=	2,	and	(2)	u	remains	bounded	as	y	becomes	large.	Solve	this	equation	for	these	conditions	and	plot	the	profile	u(y)	in	the	range	0	<	y	<	2	for	ε	=	0,
0.01,	and	0.1.	Comment	on	the	results.	Is	the	plot	for	ε	=	0	the	same	as	that	obtained	by	setting	ε	=	0	in	the	original	differential	equation	and	then	solving?	Consider	the	plane,	incompressible,	Cartesian	stream	function	in	the	region	0	≤	y	≤	2-16.	∞:	where	(a,	b,	c)	are	positive	constants.	(a)	Determine	if	this	is	an	exact	solution	to	the	continuity	and
Navier–Stokes	equations	if	gravity	and	the	pressure	gradient	are	neglected.	(b)	What	are	the	dimensions	of	(a,	b,	c)?	(c)	If	y	=	0	represents	a	wall,	does	the	no-slip	condition	hold	there?	(d)	Is	there	any	vorticity	in	the	flow	field?	If	so,	what	is	its	form?	2-17.	Use	Eq.	(2-86)	for	density	in	the	gravity	term	of	the	Navier–Stokes	equation	(229b),	let	ρ	≈	ρ0	in
the	acceleration	term,	and	let	μ	=	constant.	For	free	convection,	with	U	replaced	by	μ	/	(	ρ0	L),	nondimensionalize	the	Navier–Stokes	equations	and	show	that	the	Grashof	number	appears.	2-18.	Flow	through	a	well-designed	contraction	or	nozzle	is	nearly	frictionless,	as	shown,	for	example,	in	White	(2016),	Sec.	6-12.	Suppose	that	water	at	20°C	flows
through	a	horizontal	nozzle	at	a	weight	flow	of	50	N/s.	If	entrance	and	exit	diameters	are	8	cm	and	3	cm,	respectively,	and	the	exit	pressure	is	1	atm,	estimate	the	entrance	pressure	from	Bernoulli’s	equation.	2-19.	Show,	using	Gauss’	theorem	[Kreyszig	(2011),	Sec.	9.8]	that	the	control-volume	mass	relation,	Eq.	(2-118),	leads	directly	to	the	partial
differential	equation	of	continuity,	Eq.	(2-6).	2-20.	In	discussing	incompressible	flow	with	constant	μ,	Eq.	(2-30),	we	cavalierly	said,	“many	terms	vanish”	from	Eq.	(2-29a).	Be	less	cavalier	and	show	that	the	many	viscous	terms	in	Eqs.	(2-29a)	do	indeed	reduce	to	the	single	vector	term	μ∇2V	in	three	dimensions.	2-21.	In	deriving	the	basic	equations	of
motion	in	this	chapter,	we	skipped	over	the	partial	differential	equation	of	angular	momentum.	Did	we	forget?	Do	some	reading,	perhaps	in	Lai	et	al.	(1995)	or	Malvern	(1997),	and	explain	the	significance	of	the	angular	momentum	equation.	Normalize	the	Navier–Stokes	equation	with	constant	properties,	specifically,	2-22.	(a)	(b)	by	setting:	Define	the
dimensionless	parameters	that	appear	in	the	following	nondimensional	form:	Page	68	2-23.	In	order	to	better	analyze	the	boundary-layer	structure	over	a	flat	plate	with	a	characteristic	length	L,	the	traditional	variables	are	rescaled	using	where	ε	≈	δ	/	L	≪	1	and	δ	denotes	the	boundary	layer	thickness.	Show	that	∂2u/∂	x2	≪	∂2u/∂	y2	in	the	axial
momentum	equation	written	for	the	boundary-layer	region.	For	steady-state	motion	with	constant	fluid	properties,	you	may	start	with	the	axial	momentum	equation	given	by:	Given	the	dimensionally	scaled	expressions	of	the	basic	fluid	dynamical	forces:	2-24.	where	the	velocity	gradient	is	approximated	using	dV/dy	≈	U/L,	verify	the	following
characteristic	ratios:	2-25.	In	1851,	Stokes	introduced	an	expression	for	the	drag	force,	FD	=	3πμVD,	in	the	context	of	laminar	flow	over	a	smooth	sphere	of	diameter	D.	Express	the	drag	coefficient	as	a	function	of	the	Reynolds	number.	Recall	that	A	should	be	the	projected	area	of	the	sphere.	Answer:	Page	69	2-26.	In	normalizing	the	basic	equations
of	motion	in	Sec.	2-9.1,	we	have	assumed	a	characteristic	time	constant	that	scales	with	the	unsteady	period,	i.e.,	the	reciprocal	of	the	frequency,	τ	=	1/ω,	when	we	set	t	*	=	ωt.	Show	that	by	taking	a	different	t*	=	tU/L,	for	which	τ	=	L/U	represents	the	time	for	a	fluid	particle	to	travel	a	distance	L	at	the	characteristic	mean-flow	velocity,	(a)	the
continuity	and	momentum	equations	reduce	to	(b)	2-27.	the	energy	equation	reduces	to	Renormalize	the	basic	equations	of	motion	in	Sec.	2-9.1	assuming	an	incompressible	fluid	with	negligible	dissipation	function	Φ	as	well	as	constant	viscosity	and	thermal	conductivity,	μ	=	μ0	and	k	=	k0.	The	normalization	will	correspond	to	(a)	(b)	Show	that	the
continuity	and	momentum	equations	can	be	simplified	into	Show	that	the	energy	equation	reduces	to	(c)	Under	what	circumstances	does	the	Euler	number	become	important?	(d)	What	happens	to	this	set	of	equations	if	the	density	ρ	=	ρ0	is	assumed	to	be	constant?	2-28.	In	deep	water,	the	average	speed	V	of	a	free-surface	wave	can	be	expressed	as	a
function	of	the	density,	ρ,	gravity,	g,	depth,	D,	and	spatial	wavelength,	λ.	Obtain	a	dimensionless	representation	of	the	free-surface	wave	speed	as	a	function	of	these	controlling	parameters.	2-29.	A	model	sphere	of	diameter	D	is	to	be	immersed	in	a	water	tunnel	running	at	a	speed	of	V	in	order	to	obtain	data	that	can	be	used	to	predict	the	drag	force
on	a	weather	balloon	that	is	traveling	in	air	at	1.5	m/s.	For	a	model	diameter	of	50	mm,	the	measurement	of	the	drag	force	on	the	small	sphere	yields	3.78	N.	Assuming	similarity	conditions	have	been	established	between	the	spherical	lab-scale	model	and	the	air	balloon,	what	should	be	the	water	tunnel	speed	if	the	diameter	of	the	balloon	is	3	m?
Estimate	the	drag	force	on	the	full-scale	balloon.	2-30.	Surface	tension	is	responsible	for	causing	capillary	waves	to	develop	on	a	liquidfree	surface	with	an	average	speed,	V,	that	is	dependent	on	the	fluid	density,	ρ,	surface	tension,	ℑ,	and	spatial	wavelength,	λ.	Obtain	the	nondimensional	relations	linking	the	speed	of	the	capillary	waves	to	these	three
independent	quantities.	2-31.	The	lifting	force	F	on	an	air-launched	rocket	depends	on	its	length	L,	velocity	V,	diameter	D,	angle	of	attack	α,	density	ρ,	dynamic	viscosity	μ,	and	speed	of	sound	c.	Using	the	Buckingham	Pi	theorem,	determine	the	dimensionless	groups	or	Pi	parameters	needed	to	characterize	the	functional	relation	between	the	lifting
force	and	the	quantities	that	affect	it.	2-32.	A	solid	propellant	rocket	chamber	is	often	modeled	as	a	porous	tube	with	sidewall	injection	(Majdalani	1999).	The	oscillatory	Stokes	boundary	layer	that	develops	inside	a	porous	tube	with	sidewall	injection	(due	to	pressure	oscillations)	is	affected	by	variations	in	several	parameters.	These	include	the
injection	velocity	U,	the	frequency	of	oscillations	ω,	the	kinematic	viscosity	ν,	the	hydraulic	radius	of	the	chamber	R,	the	chamber	length	L,	and	the	axial	location	within	the	chamber	X.	The	dependence	of	the	Stokes	boundary-layer	thickness	Δ	on	these	parameters	may	be	expressed	as	Δ	=	f	(U,	ω,	ν,	R,	L,	X).	Using	scaling	principles,	show	that	the
penetration	depth	of	the	unsteady	rotational	wave,	yp	=	Δ/R,	may	be	related	to	the	following	dimensionless	parameters	Note	that	the	square,	square-root,	or	reciprocal	of	a	dimensionless	parameter	as	well	as	the	product	of	two	dimensionless	parameters,	such	as	X	/	R	and	R/L,	can	also	produce	a	nondimensional	group.	2-33.	The	fluid	hammer	or
hydraulic	shock	can	occur	when	a	valve	is	closed	rapidly	in	a	fluid	supply	line.	Given	a	circular	tube,	the	pressure	impulse	Δp	=	p1	−	p2,	also	known	as	the	strength	of	the	fluid	hammer,	depends	on	the	fluid	density,	ρ,	the	speed	of	sound	in	the	fluid,	c,	the	diameter	of	the	tube,	D,	the	dynamic	viscosity,	μ,	and	the	mean-flow	velocity,	V.	Using	the
Buckingham	Pi	Theorem,	identify	the	dimensionless	groups	that	will	minimize	the	number	of	test	cases	needed	to	fully	characterize	the	pressure	impulse	sensitivity	to	these	five	independent	parameters.	Note	that	the	dimensionless	pressure	impulse	is	traditionally	referenced	to	the	speed	of	sound	and	that	the	Reynolds	number	based	on	the	speed	of
sound	is	known	as	the	acoustic	Reynolds	number.	2-34.	The	drag	force	acting	on	a	submarine	can	be	taken	to	be	a	function	of	the	water	density,	ρ,	speed,	V,	viscosity,	μ,	and	displaced	volume,	ϑ.	Using	a	1:50	scaled-down	model	of	the	submarine	in	a	laboratory-size	water	tunnel,	start	by	specifying	the	dimensionless	parameters	needed	to	guide	your
drag	force	measurements.	Assuming	a	leveling	of	the	drag	force	Page	70coefficient	at	increasing	speeds,	provide	a	best	guess	of	the	drag	force	on	a	full-scale	prototype	traveling	at	27	knots	if	a	value	of	13	N	is	obtained	in	a	water	tunnel	running	at	10	knots.	2-35.	Experimental	measurements	of	the	pressure	drop	across	a	sudden	contraction	in	a
circular	tube	suggest	that	Δp	=	p1	−	p2	can	be	a	function	of	the	density,	ρ,	dynamic	viscosity,	μ,	mean-flow	velocity,	V,	and	both	large	and	small	diameters,	D1	and	D2.	Identify	the	dimensionless	groups	that	will	minimize	the	number	of	test	cases	needed	to	fully	characterize	the	pressure	dependence	on	these	five	independent	parameters.	Figure	P2.35
2-36.	Water	at	15°C	flows	through	a	0.1	m	internal	diameter	galvanized	iron	pipe	(ε	=	0.00015	m)	at	a	mass	flow	rate,	of	15	kg/s.	We	are	told	that:	The	total	pipe	length,	which	is	L	=	150	m,	runs	in	a	horizontal	plane.	The	pipe	contains	one	check	valve	(Le/D	=	55),	and	four	90°	elbows	(Le/D	=	30	each).	The	properties	of	water	are:	(a)	(b)	(c)	Find	the
Reynolds	number.	Is	the	flow	turbulent?	Find	the	Darcy	friction	factor	f.	Find	the	major	head	loss,	hM.	(d)	Find	the	minor	head	loss,	hm.	(e)	What	percentage	of	the	total	head	loss	is	due	to	minor	losses?	(f)	Find	the	pressure	drop	across	this	pipe.	2-37.	Consider	a	water	pipe	of	length	100	m,	diameter	of	0.1541	m	(6	inches),	roughness	of	4.6	×	10−5	m
(DN	150	Schedule	40	Steel),	viscosity	of	1.08	×	10−5	m2/s,	specific	weight	of	8630	N/m3,	and	an	inlet	pressure	of	120	kPa	at	Point	1.	In	the	presence	of	minor	losses,	determine:	(a)	The	maximum	permissible	volumetric	flow	rate	(in	m3/s)	and	average	velocity	at	Point	2	that	will	ensure	that	the	pressure	drop	in	the	pipe	does	not	exceed	60	kPa.	(b)
The	total	head	loss	in	meters.	(c)	The	percentage	of	the	total	head	loss	that	corresponds	to	minor	losses.	We	are	told	that	the	pipe	runs	in	a	horizontal	plane	and	that	it	contains	an	open	butterfly	valve	(Le/D	=	45),	and	two	standard	90°	elbows	(Le/D	=	30	each).	2-38.	A	200	m	long	cast	iron	pipe	has	a	roughness	of	ε	=	0.00025	m	and	a	diameter	of	0.05
m.	It	carries	water	with	a	density	of	1000	kg/m3	and	a	kinematic	viscosity	of	10−6	m2/s.	The	gage	pressure	in	the	water	main	is	1500	kPa.	The	supply	line	will	require	the	installation	of	eight	elbows	(L	e/D	=	30	each),	two	standard	tees	(Le/D	=	60	each),	and	one	square-edged	entrance	(K	=	0.5),	in	the	total	length	of	200	m.	The	gage	pressure
required	at	the	discharge	point	is	500	kPa.	Find	the	discharge	flow	rate	Q.	2-39.	Water	at	15°C	flows	through	a	galvanized	iron	pipe	with	a	roughness	of	ε	=	0.00015	m,	at	a	mass	flow	rate,	of	20	kg/s.	We	are	told	that:	The	total	pipe	length,	which	is	L	=	200	m,	runs	in	a	horizontal	plane.	The	pipe	contains	one	check	valve	(Le/D	=	55),	and	four	90°
elbows	(Le/D	=	30	each).	The	properties	of	water	are:	ρ	=	1000	kg/m3,	μ	=	0.00114	N	⋅	s/m2,	and	g	=	9.81	m/s2.	The	total	pressure	drop	across	the	pipe	is	169	kPa.	What	is	the	diameter	of	the	pipe?	2-40.	Water	with	a	density	of	ρ	=	1000	kg/m3	negotiates	a	180°	turn	through	an	elbow	as	shown	below.	As	the	water	enters	the	elbow,	its	gage	pressure
is	200	kPa.	The	pressure	at	the	outlet	section	is	atmospheric.	Assuming	uniform	properties	everywhere,	we	have	A1	=	0.002	m2,	A2	=	0.0006	m2,	and	U1	=	2	m/s.	Determine	the	horizontal	force	that	is	needed	to	prevent	the	elbow	from	separating.	Are	the	bolts	in	tension	or	compression?Page	71	Figure	P2.40	2-41.	Consider	a	two-dimensional	planar
channel	with	one	inlet	and	two	outlets	that	include	a	reducing	bend.	The	velocity	distribution	at	the	inlet	varies	linearly	from	zero	to	U1.	The	velocity	at	the	two	outlets	is	uniform	and	the	motion	may	be	taken	to	be	incompressible	and	steady.	Determine	(a)	the	maximum	velocity	at	Section	1	using	the	integral,	control-volume	approach	and	(b)	the



reaction	forces	needed	to	support	the	channel.	Figure	P2.41	2-42.	Consider	the	steady	incompressible	motion	of	a	fluid	across	an	axisymmetric	tube	of	length	L	and	radius	R	=	3	cm.	(a)	Determine	the	uniform	velocity	at	the	inlet,	U,	if	the	velocity	profile	at	the	outlet	can	be	approximated	using	(b)	Evaluate	your	result	for	Umax	=	10	m/s	and	water
with	a	density	of	ρ	=	1000	kgm3.	(c)	Determine	the	difference	in	the	fluid	momentum	flux	between	the	inlet	and	outlet	sections	of	the	tube.	2-43.	Consider	a	contraction	between	two	pipes	in	a	hydraulic	system,	which	is	known	as	a	reducer.	With	the	pressure	and	velocity	measurements	available	across	the	reducer,	and	given	the	empty	volume	and
mass	of	the	reducer	(ϑr,	mr),	determine	the	reaction	forces	that	must	be	supplied	by	the	surrounding	system	to	hold	the	reducer.	You	may	assume	that	gravity	is	downward.	Figure	P2.43	Page	72	2-44.	A	two-dimensional	velocity	field	is	given	by	where	A	is	a	constant.	Does	the	field	satisfy	continuity?	2-45.	For	a	certain	incompressible,	three-
dimensional	flow	field,	the	velocity	components	in	the	x	and	y	directions	are	given	by	(a)	Determine	the	simplest	velocity	component	w	in	the	z	direction	so	that	the	volume	dilatation	rate	is	zero.	(b)	Determine	the	components	of	the	vorticity	vector.	Is	this	an	irrotational	flow	field?	2-46.	For	a	two-dimensional	flow	field,	the	velocity	is	defined	by
Determine	whether	this	motion	is	compressible	or	not.	2-47.	For	an	incompressible,	two-dimensional	flow	field,	the	velocity	component	in	the	y	direction	is	given	by	Determine	the	velocity	component	u	in	the	x	direction	so	that	the	volume	dilatation	rate	is	zero.	2-48.	The	three	components	of	the	velocity	in	a	flow	field	are	given	by	Determine	the
divergence	(volumetric	dilatation	rate)	and	interpret	the	results.	Determine	an	expression	for	the	vorticity	vector.	Is	this	an	irrotational	flow	field?	2-49.	The	velocity	vector	in	a	certain	flow	field	is	prescribed	by	where	(x,	y)	have	units	of	feet	and	t	has	units	of	seconds.	Determine	expressions	for	the	local	(unsteady)	and	convective	(spatial)	acceleration
terms.	Evaluate	the	magnitude	and	direction	of	the	velocity	and	acceleration	at	the	point	x	=	y	=	2	ft	at	time	t	=	0	s.	2-50.	For	steady	flow,	show	that	the	curl	of	the	inviscid	momentum	equation	reduces	to	∇	×	(V	×	ω)	=	0,	where	ω	=	∇	×	V.	Start	with	the	steady	expression	of	Euler’s	equation,	namely,	2-51.	For	planar	flow	in	the	xy	plane,	show	that
the	vorticity	has	only	one	nonvanishing	component	in	the	z	direction,	specifically,	ω	=	ωz	k.	Show	that	the	vorticity,	when	written	in	terms	of	the	incompressible	stream	function,	becomes	2-52.	For	steady,	inviscid,	planar	flow	in	the	xy	plane,	(a)	show	that	∇	×	(V	×	ω)	=	0	reduces	to	(b)	2-53.	Show	that	any	solution	of	the	form	ωz	=	f	(ψ)	will	satisfy
this	condition,	including	the	linear	relation	ωz	=	C2ψ,	where	C	is	a	constant.	For	planar	flow	in	the	xy	plane,	any	solution	of	the	form	ωz	=	C2ψ	can	be	shown	to	satisfy	the	steady,	inviscid	vorticity	transport	equation.	When	this	relation	is	inserted	into	the	vorticity	expression,	one	gets	(a)	Apply	the	classification	test	given	by	Eq.	(2-68)	to	determine	the
character	of	the	equation.	(b)	How	many	boundary	conditions	will	be	needed	in	order	to	solve	this	equation?	2-54.	The	Taylor	profile,	which	has	been	used	to	describe	the	bulk	gaseous	motion	in	two-dimensional	rocket	chambers,	corresponds	to	a	planar	profile	in	porous	channels	that	bears	symmetry	with	respect	to	the	chamber’s	midsection	plane	at
y	=	0.	Page	73Assuming	unit	wall	injection	and	unit	chamber	half	height,	the	domain	may	be	defined	over	0	≤	x	≤	l	and	0	≤	y	≤	1,	as	shown	in	Fig.	P2-54.	Using	the	streamfunction	vorticity	approach,	one	may	take	ωz	=	C2ψ	to	secure	the	vorticity	transport	equation	and	then	eliminate	Page	74the	velocities	in	favor	of	the	stream	function	everywhere.
The	resulting	vorticity	equation	in	terms	of	the	stream	function	becomes	Using	the	method	of	separation	of	variables	with	ψ(x,	y)	=	X(x)	Y(y),	find	the	general	form	of	the	solution.	(b)	Express	the	problem’s	four	fundamental	boundary	conditions	in	terms	of	the	stream	function	knowing	that:	(a)	(c)	Find	the	solution	that	satisfies	these	boundary
conditions.	(d	)	Determine	the	velocities	associated	with	this	solution	and	verify	that	they	satisfy	the	four	boundary	conditions	stated	in	Part	(b).	Figure	P2.54	2-55.	For	axisymmetric	flow	in	the	rz	plane,	show	that	the	vorticity	has	only	one	nonvanishing	component	in	the	θ	direction,	specifically,	ω	=	ωθ	eθ.	Show	that	the	vorticity,	when	written	in
terms	of	the	incompressible	stream	function,	becomes	2-56.	For	steady,	inviscid,	axisymmetric	flow	in	the	rz	plane,	(a)	show	that	the	vorticity	transport	equation	∇	×	(	V	×	ω)	=	0	reduces	to	(b)	2-57.	Show	that	any	solution	of	the	form	ωθ	=	rg(ψ)	satisfies	this	condition,	including	the	linear	relation	ωθ	=	C	2rψ,	where	C	is	a	constant.	For	axisymmetric
flow	in	the	rz	plane,	any	solution	of	the	form	ωθ	=	C2rψ	can	be	shown	to	satisfy	the	steady,	inviscid	vorticity	transport	equation.	When	this	relation	is	inserted	into	the	vorticity	expression,	one	gets	(a)	Apply	the	classification	test	given	by	Eq.	(2-68)	to	determine	the	character	of	the	equation.	(b)	How	many	boundary	conditions	will	be	needed	to	solve
this	equation?	(c)	How	should	you	define	B(ψ)	and	H(ψ)	in	the	Bragg–Hawthorne	Eq.	(2-30e)	to	reproduce	the	same	partial	differential	equation	considered	here?	2-58.	The	Taylor–Culick	profile,	which	has	been	extensively	used	to	describe	the	bulk	gaseous	motion	in	axisymmetric	rocket	chambers	(Culick	1966),	corresponds	to	a	self-similar
axisymmetric	profile	in	porous	tubes.	Assuming	a	unit	wall	injection	and	a	unit	chamber	radius,	the	domain	may	be	defined	over	0	≤	r	≤	1	and	0	≤	z	≤	l,	as	shown	in	Fig.	P2-58.	Using	the	stream-function	vorticity	approach,	one	may	take	ωθ	=	r	C2ψ	to	secure	the	vorticity	transport	equation	and	then	eliminate	the	velocities	in	favor	of	the	Stokes
stream	function	everywhere.	The	resulting	vorticity	equation	in	terms	of	the	Stokes	stream	function	becomes	Using	the	method	of	separation	of	variables	with	ψ	(r,	z)	=	R(r)Z	(z),	find	the	general	form	of	the	solution.	(b)	Express	the	problem’s	four	fundamental	boundary	conditions	in	terms	of	the	stream	function	knowing	that:	(a)	(c)	(d)	Find	the
solution	that	satisfies	these	boundary	conditions.	Determine	the	velocities	associated	with	this	solution	and	verify	that	they	satisfy	the	four	boundary	conditions	stated	in	Part	(b).	Figure	P2.58	2-59.	In	order	to	derive	an	exact	solution	for	the	velocity	field	in	a	wall-bounded	cyclonic	flow	evolving	in	a	cylindrical	chamber	(Fig.	P2-59),	Vyas	and	Majdalani
(2006)	assumed	that	the	flow	is	steady,	incompressible,	inviscid,	and	axisymmetric	with	respect	to	the	centerline.	Because	of	the	presence	of	swirl,	a	three-component	velocity	profile	is	used,	namely,	In	this	problem,	a	and	denote	the	outer	and	outlet	radii	of	the	cyclonic	chamber,	U	stands	for	the	circumferential	tangential	velocity	at	r	=	a,	Ai	=	Qi/U
denotes	the	injection	area	for	a	volume	flow	rate	of	Qi,	and	κ	=	Ai/(2πaL)	represents	a	dimensionless	offset	swirl	parameter	that	gauges	the	relative	importance	of	the	axial-to-tangential	speed	ratio.	The	boundary	conditions	for	this	problem	can	be	chosen	to	be	(a)	Guided	by	experimental	data	and	numerical	simulations,	we	may	assume	υθ	=	υθ	(r)	to
be	an	axially	invariant	function.	Under	this	assumption,	the	azimuthal	momentum	equation	in	cylindrical	coordinates,	namely,	decouples	from	its	axial	and	radial	counterparts.	Recalling	that	the	motion	is	axisymmetric	(i.e.,	there	are	no	variations	in	θ),	show	that	the	solution	to	the	azimuthal	momentum	equation	given	above	reduces	to	(b)	Realizing
that	the	solution	to	Part	(a)	constitutes	a	statement	of	conservation	of	angular	momentum,	rυθ	=	B	=	const,	solve	for	B	and	υθ	(r)	using	the	first	boundary	condition,	υθ	(a)	=	U.	(c)	Express	the	remaining	four	boundary	conditions	as	functions	of	the	Stokes	stream	function	using	Page	75	(d	)	Because	the	vorticity	transport	equation	∇	×	(	V	×	ω)	=	0
reduces	to	use	partial	differentiation	to	prove	that	any	solution	of	the	form	ωθ	=	rg(ψ)	satisfies	this	condition,	including	the	linear	relation	ωθ	=	C2rψ,	where	C	is	a	constant.	(e)	Substitute	the	Stokes	stream	function	into	the	tangential	vorticity	to	show	that	(	f	)	Substitute	ωθ	=	C2rψ,	which	satisfies	the	vorticity	transport	equation,	into	the	vorticity
equation	to	obtain	(g)	Using	the	method	of	separation	of	variables	with	ψ(r,	z)	=	R(r)	Z(z),	find	the	general	form	of	the	solution	to	the	resulting	partial	differential	equation.	(h)	Find	the	particular	solution	that	satisfies	the	four	boundary	conditions	formulated	in	Part	(c).	(i)	Show	that	the	velocities	associated	with	this	profile	are:	(	j)	Verify	that	the
velocities	satisfy	the	problem’s	boundary	conditions.	(k)	Show	that	the	same	governing	equation	may	be	restored	from	the	Bragg–Hawthorne	Eq.	(2-30e),	where	B	=	const	and	may	be	readily	substituted.	The	form	of	the	latter	may	be	easily	deduced	from	a	pressure	analysis	along	a	streamline.	Figure	P2.59	†Note,	however,	that	air	flowing	at	very	high
temperatures	will	undergo	spontaneous	diffusion	and	chemical	reactions,	as	will	many	other	mixtures.	Even	single-component	fluids,	such	as	oxygen,	will	dissociate	into	atomic	oxygen	at	high	temperatures.	‡But	not	necessarily	a	constant	shape,	i.e.,	the	element	may	undergo	normal	strains	of	opposite	sign	plus	shear	strains	of	any	sign.	§Here,	we
assume	the	absence	of	concentrated	coupled	stresses.	**Realizing	that	∇j	(δij	p)	=	∇i	p	=	∂	p/	∂	xi,	an	equivalent	indicial	form	of	Eq.	(2-19)	is	Page	76	CHAPTER	3	SOLUTIONS	OF	THE	NEWTONIAN	VISCOUSFLOW	EQUATIONS	Science	simply	means	the	aggregate	of	all	of	the	recipes	that	are	always	successful.	All	the	rest	is	literature.	Paul	Valéry
(1898–1956)	3-1	INTRODUCTION	AND	CLASSIFICATION	OF	SOLUTIONS	EQUATIONS	of	continuity,	momentum,	and	energy,	derived	in	Chap.	2,	form	a	THE	formidable	system	of	nonlinear	partial	differential	equations.	No	general	analytical	method	exists,	and	no	general	existence	or	uniqueness	theorems	exist.	For	example,	no	exact	solution	is
known	for	the	thin	airfoil	problem	of	Fig.	1-1a,	and	certainly	not	for	the	stalled	airfoil	of	Fig.	1-1b.	However,	the	boundary-layer	techniques	of	Chaps.	4	and	6	will	provide	simple	approximate	tools	for	many	problems.	Meanwhile,	for	laminar	flows,	where	no	finescale	turbulent	fluctuations	occur,	computational	fluid	dynamics	(CFD)	simulations	are
fairly	accurate,	if	rather	specific,	for	a	variety	of	flows	and	geometries.	See,	for	example,	Orszag	et	al.	(1991),	Chung	(2002),	Lomax	et	al.	(2001),	or	Tannehill	et	al.	(1997).	For	turbulent	flow	(Chap.	6),	except	for	direct	numerical	simulation	(DNS)	at	low	Reynolds	numbers,	we	must	either	resort	to	empirical	correlations	or	use	approximate	CFD
models	that	are	reliable	only	for	a	limited	subset	of	flow	patterns.	In	our	efforts	to	uncover	exact	solutions,	then,	we	are	poor	but	not	destitute.	Over	the	past	170	years,	a	considerable	number	†	of	exact	solutions	have	been	found,	which	satisfy	the	complete	equations	for	some	specialized	geometries.	This	chapter	will	outline	some	of	these	particular
solutions,	many	of	which	are	very	illuminating	about	viscous-flow	phenomena.	As	we	might	expect,	most	of	the	known	particular	solutions	are	for	incompressible	Newtonian	flow	with	constant	transport	properties,	for	which	the	basic	equations	[(2-6),	(219),	and	(2-48)]	reduce	to	(3-1)	(3-2)	(3-3)	where	Φ	denotes	the	mechanical	dissipation	function
from	Eq.	(2-46)	and	pˆ	is	the	total	hydrostatic	pressure,	which	includes	the	gravity	term	according	to	(3.2a)	where	z	is	the	vertical	coordinate.	The	three	unknowns	in	Eqs.	(3-1)	to	(3-2)	are	V,	pˆ,	and	T.	Note	an	important	fact,	mentioned	earlier:	Since	we	assume	that	μ	is	constant,	Eqs.	(3-1)	and	(3-2)	are	uncoupled	from	the	temperature	and	thus	can
be	solved	for	V	and	pˆ	independently	of	T,	after	which	T	can	be	deduced	from	Eq.	(3-3).	Note	also	that	T	itself	is	dependent	on	pˆ	and	V,	since	the	velocity,	which	may	be	pressure	dependent,	enters	Eq.	(3-3)	through	the	Page	77terms	Φ	and	DT/Dt	=	∂	T/∂	t	+	V	⋅	∇T.	Because	of	this	uncoupling	of	temperature	in	incompressible	flows,	many	texts	simply
ignore	the	energy	equation,	albeit	very	important,	both	practically	and	pedagogically.	Basically,	there	are	two	types	of	exact	solutions	of	Eq.	(3-2):	1.	Linear	solutions,	where	the	convective	acceleration	term	V	⋅	∇	vanishes.	2.	Nonlinear	solutions,	where	V	⋅	∇	does	not	vanish.	It	is	also	possible	to	classify	solutions	by	the	type	or	flow	configuration
geometry	in	question:	1.	2.	3.	4.	5.	6.	7.	Couette	(wall-driven)	steady	flows.	Poiseuille	(pressure-driven)	steady	(internal)	duct	flows.	Unsteady	duct	flows.	Unsteady	flows	with	moving	boundaries.	Duct	flows	with	suction	and	injection.	Wind-driven	(Ekman)	flows.	Similarity	solutions	(rotating	disk,	stagnation	flows,	etc.).	These	are	the	topics	of	the	next
several	sections	of	this	chapter.	Although	a	general	solution	is	unattainable,	particular	exact	solutions	of	the	Navier–	Stokes	equations	are	still	being	found.	Here	are	some	recent	examples:	a	porous	channel	with	moving	walls,	Dauenhauer	and	Majdalani	(2003);	oscillating	flow	in	a	rectangular	duct,	Tsangaris	and	Vlachakis	(2003);	pulsatory	flow	in	a
channel	with	an	arbitrary	pressure	gradient,	Majdalani	(2008);	chaotic	flow	in	cylindrical	tubes,	Blyth	et	al.	(2003);	generalized	Beltrami	flows,	Wang	(1990);	an	unsteady	stretching	surface,	Smith	(1994);	free	shear	layers,	Varley	and	Seymour	(1994);	and	two	interacting	vortices,	Agullo	and	Verga	(1997).	For	further	study	of	laminar	viscous	flows,	see
the	monographs	by	Constantinescu	(1995),	Ockendon	and	Ockendon	(1995),	and	Papanastasiou	et	al.	(1999).	3-2	COUETTE	FLOWS	DUE	TO	MOVING	SURFACES	These	flows	are	named	in	honor	of	M.	Couette	(1890),	who	performed	experiments	on	the	flow	between	a	fixed	and	moving	concentric	cylinder.	We	consider	several	examples.	3-2.1	Steady
Flow	Between	a	Fixed	and	a	Moving	Plate	In	Fig.	3-1,	two	infinite	plates	are	2h	apart,	and	the	upper	plate	moves	at	speed	U	relative	to	the	lower.	The	pressure	pˆ	is	assumed	constant.	The	upper	plate	is	held	at	temperature	T1	and	the	lower	plate	at	T0.	These	boundary	conditions	are	independent	of	x	or	z	(“infinite	plates”);	hence,	it	follows	that	u	=
u(	y)	and	T	=	T	(	y).	Equations	(3-1)	to	(3-3)	reduce	to	FIGURE	3-1	Couette	flow	between	parallel	plates.	(3-4)	(3-5)	where	continuity	merely	verifies	our	assumption	that	u	=	u(	y)	only.	Equation	(3-4)	can	be	integrated	twice	to	obtain	Page	78The	boundary	conditions	are	no	slip,	u(−h)	=	0	and	u(+h)	=	U,	whence	C1	=	U/(2h)	and	C2	=	U/2.	Then	the
velocity	distribution	is	(3-6)	This	expression	is	plotted	in	Fig.	3-2a,	where	it	appears	as	a	straight	line	connecting	the	noslip	condition	at	each	plate.	We	term	this	plot	a	velocity	profile	and	commonly	sketch	in	line	segments	with	arrows,	as	shown,	to	indicate	motion.	Since	μ	=	const	and	we	have	neglected	buoyancy,	this	profile	is	independent	of	the
temperature	distribution.	FIGURE	3-2	Couette	flow	between	a	fixed	and	a	moving	plate:	(a)	the	velocity	profile;	(b)	temperature	profiles	for	various	Brinkman	numbers,	where	Br	=	μU2/[k(T1	−	T0)].	The	shear	stress	at	any	point	in	the	flow	follows	from	Newton’s	law	for	viscosity:	(3-7)	Thus,	for	this	simple	flow,	the	shear	stress	is	constant	throughout
the	fluid,	as	is	the	strain	rate—even	a	non-Newtonian	fluid	would	maintain	a	linear	velocity	profile.	The	dimensionless	shear	stress	is	usually	defined	in	engineering	flows	as	the	friction	coefficient,	(3-8)	Thus,	the	Reynolds	number	Reh	=	ρUh/μ	arises	naturally	when	the	shear	stress	is	nondimensionalized.	Or	perhaps	unnaturally	is	more	appropriate:
Churchill	(1988)	points	out	that	the	Reynolds	number	is	unsuitable	for	this	nonaccelerating	flow,	since	density	does	not	play	a	part.	He	suggests	that	one	should	instead	use	the	Poiseuille	number,	which	happens	to	be	a	unit	value	for	this	problem:	(3-9)	Clearly,	a	unit	Poiseuille	number	is	more	convenient	than	a	varying	friction	coefficient.	With	du/dy
=	U/(2h)	known	from	Eq.	(3-6),	we	may	substitute	into	Eq.	(3-5)	and	integrate	twice	to	obtain	the	temperature	distribution:	(3-10)	The	no-temperature-jump	conditions	require	T(−h)	=	T0	and	T(+h)	=	T1,	whence	C3	and	C4	can	be	evaluated.	The	final	solution	is	(3-11)	The	first	term	in	parentheses	represents	the	straight-line	distribution	that	would
arise	due	to	pure	conduction	in	the	fluid.	The	second	(parabolic)	term	is	the	temperature	rise	due	to	viscous	dissipation	in	the	fluid.	The	temperatures	Page	79T(y)	from	Eq.	(3-11)	are	plotted	in	Fig.	3-2b.	If	T	is	nondimensionalized	by	(T1	−	T0),	a	dimensionless	dissipation	parameter	emerges,	namely,	the	Brinkman	number:	(3-12)	From	Fig.	3-2b,	a
Brinkman	number	of	order	unity	or	greater	means	that	the	temperature	rise	due	to	dissipation	is	significant.	Qualitatively,	it	represents	the	ratio	of	dissipation	effects	to	fluid	conduction	effects.	For	low-speed	flows,	only	the	most	viscous	fluids	(oils)	have	significant	Brinkman	numbers.	For	example,	take	U	=	10	ms,	(	T1	−	T0)	=	10°C	and	compare	the
following	numerical	values	for	four	fluids:	Thus,	except	for	heavy	oils,	we	commonly	neglect	dissipation	effects	in	low-speed	flow	temperature	analyses.	To	complete	this	lengthy	initial-case	discussion,	we	compute	the	rate	of	heat	transfer	at	the	walls:	(3-13)	where	the	(±)	refers	to	the	lower	and	upper	surfaces,	respectively.	The	first	term	on	the	right
represents	pure	conduction	through	the	fluid.	Since	many	convection	analyses	result	in	qw	being	proportional	to	ΔT,	it	is	customary	to	refer	to	their	ratio	as	the	heat-transfer	coefficient:	(3-14)	One	then	nondimensionalizes	ζ	either	as	the	Stanton	or	the	Nusselt	number:	(3-15)	where	L	is	the	characteristic	length	of	the	flow	geometry.	Here	we	select	L
as	the	plate	separation	distance	(2h)	and	compute,	from	Eq.	(3-13),	(3-16)	where	again	the	(+)	means	the	lower	surface.	If	Br	>	2,	both	the	upper	and	lower	surfaces	must	be	cooled	to	maintain	their	temperatures.	Note	that,	since	Nu	≈	1	for	pure	conduction,	the	numerical	value	of	Nu	represents	the	ratio	of	convective	and	conductive	heat	transfer	for
the	same	value	of	ΔT.	3-2.2	Axially	Moving	Concentric	Cylinders	Let	us	now	consider	two	long	concentric	cylinders	with	a	viscous	fluid	filling	the	annular	gap	between	them,	as	in	Fig.	3-3.	Let	either	the	inner	(r	=	r0)	cylinder	move	axially	at	u	=	U0	or	the	outer	(r	=	r1)	cylinder	move	at	u	=	U1,	as	shown.	Let	the	pressure	and	temperature	be	constant
for	this	example.	The	no-slip	condition	will	set	the	fluid	into	steady	motion	u(r),	and	both	uθ	and	ur	will	be	zero.	The	equations	of	motion	in	cylindrical	coordinates	are	given	in	App.	G.	Continuity	is	satisfied	identically	if	u	=	u(r),	and	the	axial	momentum	equation	reduces	to	FIGURE	3-3	Axial	annular	Couette	flow	between	concentric	moving	cylinders.
The	velocity	distributions	are	plotted	from	Eqs.	(3-18)	and	(3-19).	(3-17)	Integrating	twice	and	rearranging,	we	get	Page	80If	the	inner	cylinder	moves,	the	no-slip	conditions	become	u(r0)	=	U0	and	u(r1)	=	0,	whence	C1	=	U0/ln	(r0/r1)	and	C2	=	−	C1ln(r1).	We	deduce	(3-18)	If,	instead,	the	outer	cylinder	moves,	the	boundary	conditions	switch	to	u(r0)
=	0	and	u(r1)	=	U1,	which	then	lead	to	(3-19)	These	two	velocity	distributions	are	sketched	in	Fig.	3-3,	where	they	are	seen	to	mirror	the	temperature	distribution	T(r)	for	pure	conduction	through	a	fluid.	Note	the	difference	in	curvature	for	the	two	cases:	If	the	inner	cylinder	moves,	u(r)	is	concave,	whereas	it	is	convex	if	the	outer	cylinder	moves.	The
temperature	distribution	is	given	as	a	problem	exercise,	as	is	the	question	of	what	happens	if	both	cylinders	move	simultaneously.	3-2.3	Flow	Between	Rotating	Concentric	Cylinders	Let	us	now	consider	the	steady	flow	maintained	between	two	concentric	cylinders	by	steady	angular	velocity	of	one	or	both	cylinders.	In	this	configuration,	the	inner
cylinder	has	radius	r0,	angular	velocity	ω0,	and	temperature	T0,	and	the	outer	cylinder	has	r1,	ω1,	and	T1,	respectively.	The	geometry	is	such	that	the	only	nonzero	velocity	component	is	uθ	and	the	variables	uθ,	T,	and	p	are	sole	functions	of	the	radius	r.	The	equations	of	motion	in	polar	coordinates	[Eq.	(2-64)]	reduce	to	(3-20)	with	boundary
conditions	at	each	cylindrical	surface	that	are	given	by	(3-21)	Forthwith,	the	solution	to	the	θ-momentum	equation	takes	the	form	Page	81This	two-term	expression	represents	the	superposition	of	a	“forced”	vortex	undergoing	solid-body	rotation	and	an	irrotational	“potential”	vortex.	We	may	find	C1	and	C2	from	the	boundary	conditions	in	Eq.	(3-21)
and	write	the	solution	as	the	sum	of	inner	and	outer	driven	motions:	(3-22)	If	this	velocity	distribution	is	substituted	into	the	energy	equation	in	Eq.	(3-20),	the	temperature	distribution	may	be	deduced	as	follows:	(3-23)	where	is	the	Brinkman	number	expressing	the	temperature	rise	due	to	dissipation.	If	PrEc	=	0,	T	reduces	to	the	simple	heat-
conduction	solution.	The	evaluation	of	the	pressure	p(r)	follows	straightforwardly	and	is	left	as	an	exercise.	Some	special	cases	are	of	interest	here.	On	the	one	hand,	in	the	limit	as	the	inner	cylinder	vanishes	(r0	=	ω0	=	0),	we	obtain	from	Eq.	(3-22):	(3-24)	This	implies	that	the	steady	outer	rotation	of	a	tube	filled	with	fluid	leads	to	a	case	of	solidbody
rotation.	On	the	other	hand,	in	the	limit	as	the	stationary	outer	cylinder	becomes	very	large	(r1	→	∞,	ω1	=	0),	we	obtain	(3-25)	This	expression	represents	a	potential	vortex,	driven	by	the	rotating	cylinder	by	virtue	of	the	no-slip	condition.	As	anyone	who	paddles	a	canoe	knows,	a	vortex,	if	not	maintained	by	a	driving	moment,	will	decay.	Two	examples
of	decaying	vortex	distributions	are	given	as	endof-chapter	Probs.	3-14	and	3-22.	At	this	point,	Fig.	3-4a	is	used	to	illustrate	the	velocity	distributions	for	various	relative	ratios	(r1/r0),	when	only	the	inner	cylinder	is	rotating.	Figure	3-4b	displays	the	temperature	distributions	for	the	r1/r0	=	5	configuration	in	Fig.	3-4a.	FIGURE	3-4	Velocity	and
temperature	distributions	between	a	stationary	outer	and	a	rotating	inner	cylinder,	Eqs.	(3-22)	and	(3-23):	(a)	velocity	distribution;	(b)	temperature	distribution	for	r1/r0	=	5.	Another	interesting	special	case	is	that	of	very	small	clearance	between	the	cylinders,	r1	−	r0	≪	r0.	Again,	by	keeping	the	outer	cylinder	stationary,	Eq.	(3-22)	becomes,	in	the
limit,	(3-26)	which	is	a	linear	Couette	flow	between	essentially	parallel	plates,	as	in	Fig.	3-1.	Note	that,	in	Fig.	3-4a,	the	approach	to	linearity	is	already	being	hinted	at	for	r1/r0	=	2.	With	the	velocity	gradient	being	high,	a	wide	variety	of	shear	stresses	can	be	generated	in	a	small-clearance	apparatus.	Of	interest	in	viscometry	is	the	moment	or	torque
exerted	by	the	cylinders	upon	each	other.	This	moment	is	independent	of	r	and	has	the	value	(per	unit	depth	of	cylinder)	of	(3-27)	Page	82By	knowing	the	geometry	and	measuring	M	at	either	cylinder,	one	can	calculate	the	viscosity	of	the	fluid,	as	first	suggested	by	Couette	(1890).	This	is	still	a	popular	method	in	viscometry.	3-2.4	Stability	of	Couette
Flows	All	solutions	in	this	section	are	exact	steady-flow	solutions	of	the	Navier–Stokes	equations.	They	are	called	laminar	flows	and	have	a	smooth-streamline	character.	It	is	known	that	all	laminar	flows	become	unstable	at	a	finite	value	of	some	critical	parameter,	usually	the	Reynolds	number.	A	different	type	of	flow	then	ensues,	sometimes	still
laminar	or,	more	often,	an	entirely	new	fluctuating	flow	regime	called	turbulent.	In	this	context,	the	laminar	straight-line	profile	of	flow	between	plates,	Fig.	3-2a,	turns	out	to	be	valid	only	up	to	Reh	=	Uh/ν	≈	1500.	Above	this	value,	the	pattern	changes	into	a	randomly	fluctuating	field	whose	time-mean	S-shaped	profile	is	shown	in	Fig.	3-5.	This
shape,	sketched	from	data	given	by	Reichardt	(1956),	varies	slightly	with	the	Reynolds	number	and	increases	the	wall	shear	(and	heat-transfer	rate)	by	two	orders	of	magnitude.	We	will	discuss	these	effects	in	detail	in	Chaps.	5	and	6.	FIGURE	3-5	Instability	of	Couette	flow	between	parallel	plates:	The	straight-line	laminar	profile	of	Eq.	(3-6)	is	valid
only	up	to	Reh	=	Uh/ν	≈	1500.	[Reichardt	(1956).]	The	axial	annular	flows	of	Fig.	3-3	are	also	unstable.	Experiments	by	Polderman	et	al.	(1986),	with	the	inner	cylinder	moving,	predict	fully	turbulent	flow	at	a	clearance	Reynolds	number	The	probable	point	of	“transition”	from	laminar	to	turbulent	flow,	not	reported,	is	around	Rec	≈	2000.	Although
early	work	[Rayleigh	(1916)]	suggests	that	the	rotating	inner	cylinder	motions	in	Fig.	3-4a	are	unstable	for	all	rotation	rates,	a	classic	paper	by	Taylor	(1923)	shows	that	the	laminar	profiles	remain	valid	until	a	critical	rotation	rate.	For	small	clearance,	(r1	−	r0)	≪	r0,	the	critical	value	for	instability	is	given	by	the	Taylor	number:	Above	this	value,	the
pattern	changes	into	strikingly	different	three-dimensional	laminar	flows	consisting	of	counterrotating	pairs	of	toroidal	vortices—see	Fig.	5-22a.	We	close	this	section	by	reminding	the	reader	that	since	all	laminar	flows	are	subject	to	instability,	all	exact	solutions	described	in	this	chapter	are,	in	principle,	valid	only	over	a	finite	range	of	their
governing	parameters,	such	as	the	Reynolds	or	Taylor	numbers.	3-3	POISEUILLE	FLOW	THROUGH	DUCTS	Whereas	Couette	flows	are	driven	by	moving	walls,	Poiseuille	flows	are	generated	by	pressure	gradients,	with	application	primarily	to	ducts.	They	are	named	after	Jean	Léonard	Marie	Poiseuille	(1840),	a	French	physicist	who	experimented
with	low-speed	flow	in	tubes.	The	Poiseuille	motion	arises	in	the	context	of	a	straight	duct	of	arbitrary	but	constant	shape,	as	illustrated	in	Fig.	3-6.	There	will	be	an	entrance	effect,	i.e.,	a	thin	initial	shear	layer	and	core	acceleration	as	depicted	in	Fig.	1-10.	The	shear	layers	grow	and	meet,	and	the	core	disappears	within	a	fairly	short	entrance	length
Le.	Page	83Shah	and	London	(1978)	show	that,	regardless	of	duct	shape,	the	entrance	length	can	be	correlated	for	laminar	motions	according	to	FIGURE	3-6	Fully	developed	duct	flow.	(3-28)	where	C1	≈	0.5,	C2	≈	0.05,	and	Dh	is	a	suitable	“diameter”	scale	for	the	duct.	Since	transition	to	turbulence	occurs	at	about	Re	≈	2000,	Le	is	thus	limited	to,	at
most,	100	diameters.	For	x	>	Le,	the	velocity	becomes	purely	axial	and	no	longer	varies	with	the	streamwise	coordinate	x.	In	this	case,	υ	=	w	=	0	and	u	=	u(	y,	z).	The	flow	is	then	called	fully	developed,	as	depicted	in	Fig.	3-6.	For	fully	developed	flow,	the	continuity	and	momentum	equations	for	incompressible	fluids,	Eqs.	(3-1)	and	(3-2),	reduce	to	(3-
29)	These	relations	indicate	that	the	total	pressure	pˆ	can	only	be	a	function	of	x	for	this	fully	developed	flow.	Further,	since	u	does	not	vary	with	x,	it	follows	from	the	x-momentum	equation	that	the	gradient	Then	the	basic	equation	of	fully	developed	duct	flow	becomes	(3-30)	which	is	subject	to	the	no-slip	condition	uw	=	0	everywhere	along	the	duct
surface.	This	is	the	classic	Poisson	equation	and	is	equivalent	to	the	torsional	stress	problem	in	elasticity	[Timoshenko	and	Goodier	(1970)]	for	a	simply	connected	cross	section.‡	Thus,	there	are	many	known	solutions	for	different	duct	shapes,	especially	well	summarized	by	Berker	(1963).	Shah	and	London	(1978)	tabulate	and	chart	both	the	laminar
friction	and	heat-transfer	characteristics	of	many	different	shapes.	If	new	shapes	arise,	Eq.	(3-30)	can	be	solved	using	complex-variable	or	numerical	techniques.	Note	that,	as	in	the	Couette	flow	problems,	the	acceleration	terms	vanish	here,	taking	the	density	with	them.	These	motions	are	of	the	creeping	flow	type	in	the	sense	that	they	remain
density	independent,	even	though	the	Reynolds	number	need	not	be	small,	as	required	in	Sec.	2-11.1.	There	is	no	characteristic	velocity	U	and	no	axial	length	scale	L	either,	since	we	are	supposedly	far	from	the	entrance	or	exit.	The	proper	scaling	of	Eq.	(3-30)	involves	and	some	characteristic	duct	width	h,	as	suggested	in	Fig.	3-6.	The	corresponding
dimensionless	variables	may	be	written	as	(3-31)	where	the	negative	pressure	gradient	is	needed	to	make	u*	a	positive	quantity.	In	terms	of	these	variables,	Eq.	(3-30)	becomes	(3-32)	which	is	subject	to	u*	=	0	at	all	points	on	the	boundary	of	the	duct	cross	section.	Page	84	3-3.1	The	Circular	Pipe:	Hagen–Poiseuille	Flow	The	circular	pipe	problem
leads	to	our	most	celebrated	viscous-flow	profile,	first	studied	by	Hagen	(1839)	and	Poiseuille	(1840).	Because	the	flow	is	fully	developed,	the	single	spatial	variable	we	have	is	r*	=	r/r0,	where	r0	denotes	the	pipe	radius.	The	Laplacian	operator	reduces	to	and	the	solution	of	Eq.	(3-32)	is	simply	(3-33)	Since	the	velocity	must	remain	finite	(i.e.,
physically	bounded)	at	the	centerline,	we	reject	the	logarithmic	term	and	set	C1	=	0.	Moreover,	the	no-slip	condition	will	be	satisfied	by	setting	The	pipe-flow	solution	turns	into	(3-34)	Thus,	the	velocity	distribution	in	fully	developed	laminar	pipe	flow	is	a	paraboloid	of	revolution	about	the	centerline	(i.e.,	the	Poiseuille	paraboloid).	With	the	velocity
profile	in	hand,	it	is	helpful	to	evaluate	the	total	volume	flow	rate	Q,	which	is	defined	as	where	the	circular	element	of	area	dA	=	2πrdr	is	suitable	for	this	cross	section	because	along	any	such	circular	strip	the	integrand	remains	constant.	For	this	reason,	straightforward	integration	of	Poiseuille’s	paraboloid	yields	(3-35)	The	average	speed	or	mean-
flow	velocity	may	be	immediately	deduced	using	u‾	=	Q/A	or	(3-36)	The	maximum	centerline	speed	is,	therefore,	twice	the	average	speed.	Finally,	the	constant	wall	shear	stress	may	be	determined	to	be	(3-37)	Even	though	τw	is	proportional	to	the	mean-flow	velocity	(laminar	flow),	it	is	customary,	anticipating	turbulent	flow,	to	nondimensionalize	wall
shear	with	the	pipe	dynamic	pressure,	1	_	2	ρu‾2	by	analogy	with	the	skin-friction	coefficient	in	Eq.	(3-8).	In	fact,	two	different	friction	factor	definitions	are	commonly	used	in	the	literature:	(3-38)	By	substituting	Eq.	(3-37)	into	Eqs.	(3-38),	we	recover	the	classic	relations	(3-39)	As	with	Couette	flow’s	Eq.	(3-9),	the	Poiseuille	number	turns	into	a	pure
constant	in	laminar	tube	flow,	namely,	This	classic	laminar-flow	solution	proves	to	be	in	good	agreement	with	experimental	measurements,	as	shown	in	Fig.	3-7.	The	flow	undergoes	transition	to	turbulence	at	approximately	ReD	≈	2000,	a	value	that	can	be	raised	Page	85somewhat	by	reducing	flow	disturbances.	Above	ReD	≈	3000,	the	flow	becomes
fully	turbulent.	The	curve	labeled	“Blasius”	is	a	curve	fit	to	turbulent-flow	data,	by	Prandtl’s	celebrated	student	Heinrich	Blasius	(1913)—one	of	the	first	demonstrations	of	the	power	of	dimensional	analysis.	FIGURE	3-7	Comparison	of	theory	and	experiment	for	the	friction	factor	of	air	flowing	in	small-bore	tubes.	[After	Senecal	and	Rothfus	(1953).]	3-
3.1.1	MICROFLOWS:	TUBE	FLOW	OF	GASES	WITH	SLIP.	The	classical	Poiseuille	flow,	Eq.	(3-34),	assumes	no-slip	conditions	at	the	walls.	If	the	Knudsen	number,	Kn	=	ℓ/D,	is	sufficiently	large,	due	to	either	large	ℓ	or	small	D,	slip	can	occur	at	the	walls,	and	the	flow	rate	and	velocity	will	increase	for	a	given	pressure	gradient.	In	Eq.	(3-33),	C1	will	still
be	zero,	but	C2	will	have	to	satisfy	the	slip	condition	of	Eq.	(1-80):	uw	=	ℓ(∂	u/∂	r)	at	r	=	r0.	When	the	new	value	of	C2	is	found,	the	velocity	and	flow	rate	become	(3-40)	The	flow	rate	is	thus	increased	over	the	no-slip	case	by	the	fraction	8ℓ/D	=	8Kn.	If	we	require,	for	example,	that	the	slip	flow-rate	effect	be	less	than	2	percent,	then	Kn	must	be	less
than	0.0025.	This	is	why	we	stated	in	Sec.	1-4.2	that	if	Kn	=	Ο(0.1)	is	not	small	enough,	slip	can	occur.	The	complete	derivation	of	Eqs.	(3-40)	is	given	as	an	end-of-chapter	problem.	Equations	(3-40)	are	applicable	to	gases.	For	liquid	slip	flows,	one	can,	as	a	first	approximation,	replace	the	mean	free	path	ℓ	by	the	slip	length	Lslip	=	uw/(∂	u/∂	n)w.	For
further	reading	on	microchannel	flows,	see	the	monograph	by	Karniadakis	and	Bestok	(2001).	3-3.2	Combined	Couette–Poiseuille	Flow	Between	Plates	Let	us	now	return	to	our	first	Couette	flow	example,	illustrated	in	Fig.	3-1,	and	impose	a	constant	pressure	gradient	on	the	flow	in	addition	to	the	moving	upper	wall.	The	differential	equation	to	be
solved	becomes	(3-41)	subject	to	the	no-slip	condition	u(−h)	=	0.	The	solution	is	(3-42)	The	outcome	may	be	seen	to	be	a	linear	superposition,	made	possible	by	the	absence	of	the	nonlinear	convective	acceleration,	of	Couette	wall-driven	motion	(first	term)	and	Poiseuille	pressure-driven	motion	(second	term).	The	joint	expression	is	plotted	in	Fig.	3-8
for	various	values	of	the	dimensionless	pressure	gradient	P.	Of	particular	interest	is	the	dashed	line	at	for	which	the	shear	stress	μ(∂	u/∂	y)	at	the	lower	wall	vanishes.	For	there	is	backflow	or	reverse	flow	at	the	lower	wall,	which	is	an	indication	of	“flow	separation”	in	unbounded	shear	layers	Page	86(Chap.	4).	In	terms	of	the	“thickness”	(2h)	of	the
shear	layer,	we	may	write	the	separation	criterion	in	the	form	FIGURE	3-8	Combined	Couette–Poiseuille	flow	between	parallel	plates,	from	Eq.	(3-42).	Backflow	or	“flow	separation”	occurs	if	P	<	1/4.	(3-43)	This	is	identical	in	form	to	the	laminar-boundary-layer	separation	estimates	to	be	discussed	in	Chap.	4,	except	that	the	constant	“2”	is	too	small.	If
U	=	0	(fixed	walls),	Eq.	(3-42)	reduces	to	pure	Poiseuille	flow	between	parallel	plates:	(3-44)	This	expression	is	reminiscent	of	the	laminar	pipe	flow	Eq.	(3-34).	As	usual,	the	flow	rate	per	unit	depth	can	be	readily	determined	to	be	(3-45)	The	average	speed,	therefore,	increases	to	two-thirds	of	the	maximum	centerline	speed	relative	to	the	pipe	flow
result	in	Eq.	(3-36).	The	wall	shear	stress	is	or,	in	dimensionless	form,	(3-46)	It	can	hence	be	seen	that	the	characteristics	of	Poiseuille	flow	between	plates	are	analogous	to	their	laminar	pipe-flow	counterparts.	3-3.3	Noncircular	Ducts	Since	Eq.	(3-32)	for	fully	developed	duct	flow	is	equivalent	to	a	classic	Dirichlet	problem,	it	is	not	surprising	that	an
enormous	number	of	exact	solutions	are	known	for	noncircular	shapes,	as	reviewed	by	Berker	(1963).	Some	of	these	shapes	are	shown	in	Fig.	3-9.	Each	solution	is	fascinating,	but	our	mathematical	ardor	should	be	dampened	somewhat	by	the	practical	fact	that	limac,on-shaped	ducts,	for	example,	are	not	commercially	available	at	present.
Nevertheless,	we	list	a	few	of	these	solutions	because	they	lead	to	a	valuable	approximate	principle,	namely,	the	hydraulic	radius.	FIGURE	3-9	Some	cross	sections	for	which	fully	developed	flow	solutions	are	known;	for	additional	configurations,	consult	Berker	(1963)	or	Shah	and	London	(1978).	Elliptical	section:	y2/a2	+	z2/b2	≤	1:	(3-47)	Page
87Rectangular	section:	−	a	≤	y	≤	a,	−	b	≤	z	≤	b:	(3-48)	Equilateral	triangle	of	side	a:	coordinates	in	Fig.	3-9:	(3-49)	Circular	sector:	(3-50)	Concentric	circular	annulus:	b	≤	r	≤	a:	(3-51)	This	assortment	is	but	a	sample	of	the	wealth	of	solutions	available.	The	formula	for	a	concentric	annulus	is	important	in	viscometry,	with	a	measured	Q	being	used	to
calculate	μ.	To	increase	the	pressure	drop,	the	clearance	(a	−	b)	is	held	small,	in	which	case	Eq.	(3-51)	for	Q	becomes	the	difference	between	two	nearly	equal	numbers.	However,	if	we	expand	the	bracketed	term	in	a	series,	the	result	is	so	that	Q	for	small	clearances	is	seen	to	be	cubic	in	(a	−	b),	namely,	The	eccentric	annulus	in	Fig.	3-9	has	practical
applications,	for	example,	when	a	needle	valve	becomes	misaligned.	The	solution	was	given	by	Piercy	et	al.	(1933),	using	an	elegant	complex-variable	method	which	transformed	the	geometry	to	a	concentric	annulus,	for	which	the	solution	was	already	given	by	Eq.	(3-51).	We	reproduce	here	only	their	expression	for	the	volume	rate	of	flow:	(3-52)	Page
88	where	Flow	rates	computed	from	this	formula	are	compared	in	Fig.	3-10	to	the	concentric	result	Qc=0	from	Eq.	(3-51).	It	is	seen	that	eccentricity	substantially	increases	the	flow	rate,	the	maximum	ratio	of	Q/Qc=0	being	2.5	for	a	narrow	annulus	of	maximum	eccentricity.	The	curve	for	b/a	=	1	can	be	derived	from	lubrication	theory:	FIGURE	3-10
Volume	flow	through	an	eccentric	annulus	as	a	function	of	eccentricity,	Eq.	(352).	(3-53)	The	reason	for	the	increase	in	Q	is	that	the	fluid	tends	to	bulge	through	the	wider	side.	This	is	illustrated	for	one	case	in	Fig.	3-11,	where	the	wide	side	develops	a	set	of	closed	highvelocity	streamlines.	This	effect	is	well	known	to	piping	engineers,	who	have	long
noted	the	drastic	leakage	that	occurs	when	a	nearly	closed	valve	binds	to	one	side.	FIGURE	3-11	Constant-velocity	lines	for	an	eccentric	annulus,	Piercy	et	al.	(1933).]	[After	3-3.4	The	Hydraulic	Diameter	Concept	The	definition	of	Λ	proposed	in	Eq.	(3-39)	fails	for	a	noncircular	duct	since	τw	varies	around	the	perimeter.	For	example,	in	the	equilateral-
triangle	duct,	Eq.	(3-49),	τw	vanishes	in	the	corners	and	peaks	at	the	midpoints	of	the	sides.	The	remedy,	at	least	partially,	is	to	define	a	mean	wall	shear	stress	where	ds	=	element	of	arc	length	P	=	section	perimeter	Page	89If	we	isolate	a	slug	of	fluid	passing	through	the	duct	as	in	Fig.	3-12	and	note	that	there	is	no	net	momentum	flux	due	to	the
fully	developed	flow,	we	can	equate	the	net	pressure	and	wall	shear	force	on	the	fluid	as	follows:	FIGURE	3-12	Force	equilibrium	in	fully	developed	arbitrary	duct	flow.	or,	from	the	definition	of	mean	shear,	we	have	(3-54)	which	is	identical	to	Eq.	(3-37)	for	a	circular	duct.	The	quantity	A/P	is	a	length	that	equals	if	the	duct	is	circular.	For	a	noncircular
duct,	then,	we	set	where	Dh	denotes	the	hydraulic	diameter	of	the	cross	section:	(3-55)	For	a	cross	section	with	multiple	surfaces,	P	must	include	all	wetted	walls.	For	example,	for	the	concentric	annulus	in	Fig.	3-9,	we	have	(3-56)	or	twice	the	clearance.	By	dimensional	reasoning	for	laminar	fully	developed	flow,	we	are	guaranteed	that	the	friction
factor	of	a	noncircular	duct	will	vary	inversely	with	a	Reynolds	number	based	on	a	hydraulic	diameter:	(3-57)	In	other	words,	the	Poiseuille	number	remains	constant	for	a	noncircular	duct.	However—and	this	is	the	critical	flaw—the	constant	usually	does	not	equal	16	as	it	did	for	a	circular	pipe.	Using	our	many	exact	solutions	from	Eqs.	(3-47)	to	(3-
51),	we	may	compute	the	value	of	and	plot	them	versus	the	section	slenderness	ratio	b/a	in	Fig.	3-13.	We	see	that	some	are	higher,	and	some	are	lower	than	the	nominal	circle	value	of	16,	and	that	the	error	can	be	as	high	as	50	percent.	For	laminar	flow,	then,	one	should	use	the	exact	values	of	Po	from	Fig.	3-13	or	the	exact	formulas	given	here	or	by
Shah	and	London	(1978).	FIGURE	3-13	Comparison	of	Poiseuille	numbers	for	various	duct	cross	sections	when	the	Reynolds	number	is	scaled	by	the	hydraulic	diameter.	[Numerical	data	taken	from	Shah	and	London	(1978).]	We	note	for	completeness	that	the	equilateral	triangle	associated	with	Eq.	(3-49)	has	a	hydraulic	diameter	of	which	is	17
percent	lower	than	16.	Especially	vexing	is	the	fact	that	the	hydraulic	diameter	concept	is	insensitive	to	core	eccentricity.	The	eccentric	annulus	in	Fig.	3-10	has	the	same	value	Dh	=	2(a	−	b)	regardless	of	the	value	of	c,	yet	its	flow	rate	may	vary	by	over	100	percent	depending	upon	c.	Analytical	solutions	are	definitely	needed.	In	fact,	Fig.	3-13	has	a
surprising—and	very	relevant—use	in	determining	the	friction	factor	for	turbulent	flow	in	noncircular	ducts	for	which	the	laminar	solution	is	known	(Chap.	6).	3-3.5	Temperature	Distribution	in	Fully	Developed	Duct	Flow	The	assumption	of	constant	viscosity	uncouples	the	energy	and	momentum	equations	if	natural	convection	is	neglected,	and	this
enables	us	to	solve	for	the	velocity	distribution	in	several	ducts.	With	u(y,	z)	known,	Eq.	(3-3)	can	be	solved	for	T,	which	may	be	a	function	of	(x,	y,	z)	if	the	boundary	conditions	change	with	x.	Equation	(3-3)	is	linear	in	T,	Page	90making	it	possible	to	examine	some	separate	effects	and	add	them	together	later,	if	desired.	To	start,	we	look	at	the	effect
of	viscous	dissipation,	assuming	constant	Tw.	For	the	pipe	case,	T	=	T(r)	only,	and	Eq.	(3-3)	becomes	(3-58)	where	we	have	introduced	u(r)	from	Eq.	(3-34).	Double	integration	leads	to	a	logarithmic	term	which	we	discard	to	avoid	a	singularity	at	r	=	0.	Finally,	imposing	T	=	Tw	at	r	=	r0	leads	to	(3-59)	which	is	similar	to	Eq.	(3-11)	for	flow	between
parallel	plates.	In	practice,	however,	the	maximum	temperature	rise	amounts	to	about	1°F	for	air	and	3°F	for	water,	assuming	u‾	=	100	fts.	This	modest	increase	justifies	ignoring	dissipation	except	for	oils,	where	the	viscosity	is	large,	or	in	gas	dynamics,	where	velocities	are	high	(Chap.	7).	Note	that	the	wall	heat	flux,	which	is	qw	=	k	dT/dr	at	r	=	r0,
gives	qw	=	4k	(Tw	−	T0)/r0,	showing	that	the	wall	must	be	cooled	in	the	process	of	maintaining	constant	Tw.	The	Nusselt	number	at	the	wall	can	also	be	determined	using	Eq.	(3-15),	with	L	taken	as	the	pipe	diameter:	(3-60)	Despite	this	relatively	large	Nu,	the	heat	flux	remains	small	because	of	the	negligible	temperature	difference	Tw	−	T0.	3-3.6
Asymptotic	Uniform	Heat-Flux	Approximation	Before	examining	the	thermal-entrance	problem	of	a	sudden	change	in	wall	temperature,	let	us	consider	the	conditions	far	downstream	of	such	an	entrance.	Although	the	temperature	varies	with	x,	the	deviation	Tw	−	T	remains	nearly	independent	of	x,	with	a	nearly	constant	qw.	Here	we	have	(3-61)	Page
91Taken	together,	these	conditions	require	that	the	axial	gradient	be	independent	of	r:	(3-62)	When	we	neglect	(or	separate	out)	dissipation,	Eq.	(3-3)	becomes	(3-63)	which	can	be	integrated	twice;	again,	we	discard	the	logarithmic	term	that	becomes	unbounded	at	r	=	0.	With	T	=	Tw	at	r	=	r0,	we	obtain	(3-64)	from	which	we	can	calculate	the
Nusselt	number.	However,	from	a	practical	standpoint,	Nu	should	not	be	based	upon	Tw	−	T0	but	upon	a	mean	difference	Tw	−	Tm,	where	Tm	is	the	cupmixing	temperature	of	the	fluid,	computed	by	averaging	T	over	the	mass	distribution	of	fluid	in	the	pipe.	This	parameter	is	defined	as	(3-65)	where	dA	=	2πrdr	for	this	geometry.	For	incompressible
flow,	the	density	cancels	out,	and	using	u	from	Eq.	(3-34)	for	Poiseuille	flow	and	T	from	Eq.	(3-64),	we	obtain	(3-66)	It	is	this	temperature	difference	upon	which	engineers	base	the	dimensionless	wall	heattransfer,	or	Nusselt,	number,	(3-67)	A	similar	but	algebraically	more	complicated	solution	for	the	asymptotic	constant	wall	temperature	yields	(3-
68)	as	will	be	shown	in	the	next	section.	These	asymptotic	values	are	more	sensitive	to	duct	cross	section	than	to	wall	conditions.	Calculations	for	other	duct	shapes	(rectangular,	triangular,	etc.)	are	given	by	Shah	and	London	(1978).	3-3.7	Thermal	Entrance:	The	Graetz	Problem	Let	us	move	to	the	problem	of	developing	temperature	profiles	T(x,	r)	in
a	pipe,	due	to	a	sudden	change	in	wall	temperature	(Fig.	3-14).	By	neglecting	dissipation	and	axial	heat	conduction,	Eq.	(3-3)	reduces	to	FIGURE	3-14	A	thermal-entrance	problem.	(3-69)	Page	92where	α	=	k/(ρcp)	is	the	thermal	diffusivity	of	the	fluid.	The	velocity	distribution	u(x,	r)	is	assumed	known	in	this	expression	and	may	be	one	of	three	types:
or	slug	flow:	appropriate	for	low	Prandtl	number	fluids	(such	as	liquid	metals),	where	T	develops	much	faster	than	u.	2.	or	Poiseuille	flow:	appropriate	for	high	Prandtl	number	fluids	(oils),	or	when	the	thermal	entrance	is	far	downstream	of	the	duct	entrance.	3.	Developing	u	profiles	(Sec.	4-9):	suitable	for	any	Prandtl	number	when	the	velocity	and
temperature	entrance	values	are	taken	at	the	same	position.	1.	The	thermal-entrance	problem	with	a	sudden	change	in	wall	temperature	is	illustrated	in	Fig.	3-14.	The	solution	was	given	as	an	infinite	series	by	Graetz	(1883)	for	slug	flow	and	another	series	in	1885	for	Poiseuille	flow.	Further	details	and	other	geometries	are	given	in	the	texts	by	Shah
and	London	(1978)	or	by	Kays	and	Crawford	(1993).	With	reference	to	Fig.	3-14,	the	proper	boundary	conditions	on	T(x,	r)	for	Eq.	(3-69)	are	(3-70)	Let	us	now	outline	Graetz’	solution	for	the	Poiseuille	motion.	A	suitable	assortment	of	dimensionless	variables	includes	(3-71)	where	stands	for	the	diameter	Reynolds	number,	Pr	denotes	the	Prandtl
number,	and	so	represents	the	Peclet	number,	named	after	the	French	physicist	Jean	Claude	Eugène	Péclet.	The	variables	in	Eq.	(3-71)transform	Eqs.	(3-69)	and	(3-70)	into	(3-72)	Note	that	Eqs.	(3-72)	are	parameter	free	because	of	our	judicious	choice	of	variables	(T	*,	r*,	x*).	It	is	clear	that	the	variables	are	separable,	so	that	a	product	solution	is
viable.	Using	(3-73)	we	may	substitute	into	Eq.	(3-72)	and	retrieve	(3-74)	Although	the	equation	for	f	(r*)	is	somewhat	less	familiar.	To	make	the	product	solution	T	=	f	(r*)	g(x*)	satisfy	the	condition	T	*	(r*,	0)	=	1	for	all	r*,	we	take	advantage	of	linearity	and	superimpose	all	possible	solutions,	so	that	the	proper	formulation	is,	finally,	(3-75)	where	the
functions	fn	are	characteristics	of	Eq.	(3-74),	namely,	(3-76)	To	make	further	headway,	we	take	fn(0)	=	1	for	simplicity	and	force	fn(1)	=	0	to	satisfy	the	wall-temperature	condition	T	*(1,	x*)	=	0	in	Eq.	(3-72).	Then	the	solution	is	complete	if	the	other	(initial)	condition	from	Eq.	(3-72)	is	satisfied:	(3-77)	Graetz	proves	that	the	eigenfunctions	fn	are
orthogonal	over	the	interval	0	to	1	with	respect	to	the	weighting	function	.	Thus,	if	one	multiplies	Eq.	(3-77)	by	and	integrates	from	0	to	1,	the	constants	may	be	found	as	follows:	(3-78)	We	remark	that	Eq.	(3-76),	with	its	two	conditions	fn	(0)	=	1	and	fn	(1)	=	0,	constitute	an	eigenvalue	problem	that	can	be	satisfied	only	for	certain	discrete	values	of	λn,
namely,	the	eigenvalues	of	the	Graetz	function	fn.	Table	3-1	gives	Page	93the	first	10	eigenvalues	and	their	associated	constants.	These	are	sufficient	to	calculate	Nusselt	numbers	for	almost	any	given	wall	condition,	even	an	arbitrary	distribution	of	Tw*.	TABLE	3-1	Important	constants	in	the	Graetz	problem	For	large	n,	Sellars	et	al.	(1956)	provide
the	following	approximations:	(3-79)	These	formulas	have	been	used	to	compute	the	last	five	rows	of	Table	3-1	with	an	error	of	less	than	0.15	percent.	To	calculate	the	Nusselt	number	at	the	wall,	the	cup-mixing	temperature	is	needed,	which	can	be	obtained	by	combining	Eqs.	(3-65)	and	(3-77):	(3-80)	By	inserting	T*	from	Eq.	(3-75),	we	arrive	at	(3-81)
which	converges	well	except	at	very	small	x	*.	For	large	x*(>	0.05),	the	first	term	of	the	series	is	dominant,	giving	the	asymptotic	result	(3-82)	which	is	the	thermally	fully	developed	result	already	mentioned	in	Eq.	(3-68).	For	small	x	*,	the	results	fit	the	approximation	(3-83)	which	carries	a	smaller	than	1	percent	error	for	x*	<	0.0004.	3-3.8	Mean
Nusselt	Number	The	total	heat	transferred	to	(or	from)	the	wall	is	a	useful	quantity,	since	it	equals	the	heat	lost	(or	gained)	by	the	fluid	over	the	total	length	L	of	the	tube.	In	this	vein,	we	define	a	mean	wall	heat	flux	per	unit	area	(3-84)	This	mean	heat	flux	must	exactly	balance	the	enthalpy	change	of	the	fluid	between	x	=	0	and	x	=	L:	(3-85)	so	that
Tm(L)	at	the	exit	can	be	calculated	from	the	mass	flow	rate	in	the	tube.	The	dimensionless	form	is	called	the	mean	Nusselt	number	and	is	given	by	(3-86)	Page	94If	Tw	varies,	the	choice	of	a	suitable	temperature	difference	ΔT	becomes	somewhat	arbitrary.	The	reader	may	verify	as	an	exercise	that	if	one	chooses	the	logarithmic	meantemperature
difference,	(3-87)	then	Num	is	simply	the	average	value	of	Nux	in	the	tube	between	0	and	L:	(3-88)	For	the	present	Graetz	problem	(with	a	large	Prandtl	number),	we	can	evaluate	Num	by	using	the	differential	form	of	Eq.	(3-85),	namely,	(3-89)	We	can	integrate	this	from	with	a	starkly	simple	result:	(3-90)	This	is	a	general	result	for	constant	wall
temperature.	By	carrying	out	the	integration	of	Eq.	(3-80),	we	find	(3-91)	Figure	3-15	shows	the	computations	of	Goldberg	(1958)	for	a	mean	Nusselt	number	with	velocity	and	temperature	effects	which	are	assumed	to	start	at	the	same	point,	x	=	0.	The	upper	curve	corresponds	to	slug	flow	(type	1),	valid	for	Pr	≪	1	(liquid	metals).	The	lowest	curve	is
for	Poiseuille	flow	(type	2)	for	Pr	≫	1	(oils)	and	is	computed	from	Eqs.	(3-90)	and	(3-91).	The	intermediate	curves	are	for	type	3,	where	velocity	and	temperature	develop	simultaneously.	Note	that	the	abscissa	is	the	Graetz	number,	L*	=	x*	(L),	which	is	based	on	the	diameter	2r0.	The	slug-flow	curve	(Pr	=	0)	is	unique	in	that	the	parabolic	velocity
never	develops	and	the	limiting	value	of	Num	is	5.78	at	large	L*	[Graetz	(1883)].	FIGURE	3-15	Finite-difference	calculations	for	the	log-mean	Nusselt	number	in	laminar	pipe	flow	with	developing	velocity	profiles.	[After	Goldberg	(1958).]	All	of	the	curves	for	finite	Pr	in	Fig.	3-15	approach	Num	=	3.66	at	large	L*.	We	are	reasonably	close	to	this	limit
when	L*	≈	0.05.	Thus,	we	may	define	the	thermal-entrance	length	in	pipe	flow	as	(3-92)	Page	95The	resulting	expression	resembles	the	velocity–entrance–length	correlation	of	Eq.	(3-28)	with	the	addition	of	the	Prandtl	number	multiplier.	The	Graetz	problem,	especially	for	oils	(Pr	≫	1),	has	many	practical	applications.	For	computation,	one	may
reproduce	the	lower	curve	in	Fig.	3-15	using	a	formula	proposed	by	Hausen	(1943),	(3-93)	where	L*	=	(L/d0)/(Red	Pr).	The	error	of	this	approximation	is	±	5	percent.	Finally,	we	remark	that	the	present	analysis	assumes	constant	fluid	transport	properties,	whereas	both	liquids	and	gases	have	significant	variations	in	μ	and	k	with	temperature.	A	first-
order	correction	for	this	effect	would	be	to	evaluate	fluid	properties	at	the	“film”	temperature	(Tw	+	Tm)/2.	If	the	wall	and	fluid	temperatures	differ	by	more	than	20°C,	one	should	further	correct	the	previous	formulas	for	variable	properties.	Chapter	15	of	the	text	by	Kays	and	Crawford	(1993)	offers	a	detailed	discussion	of	these	correction	factors.	3-
4	UNSTEADY	DUCT	FLOWS	Some	interesting	problems	of	unsteady	duct	flow	can	be	solved	by	retaining	the	fully	developed	flow	assumption,	and	we	give	two	examples	here	for	circular	pipe	flow,	with	the	same	principle	being	applicable	to	other	shapes.	If	we	assume	that	the	pipe	axial	velocity	u	=	u(r,	t)	only,	with	υ	=	w	=	0,	then	the	continuity
equation	becomes	identically	satisfied	and	the	momentum	equation	reduces	to	(3-94)	which	is	analogous	to	the	linear	heat-conduction	equation	with	a	source	term.	The	pressure	gradient	can	vary	only	with	time	and	hence	represents	a	uniformly	distributed	heat	source.	In	what	follows,	let	us	consider	two	cases.	3-4.1	Starting	Flow	in	a	Circular	Pipe
Let	us	suddenly	apply	a	constant	pressure	gradient	to	a	fluid	occupying	a	long	circular	pipe,	which	is	otherwise	at	rest	at	t	=	0.	An	axial	motion	is	induced,	which	gradually	approaches	the	steady	Poiseuille	profile	where	r*	=	rr0.	This	important	problem	was	solved	by	Szymanski	(1932).	Two	boundary	conditions	may	be	applied	here:	(3-95)	Taking
advantage	of	linearity,	the	variables	in	Eq.	(3-94)	can	be	separated	by	subtracting	the	steady	Poiseuille	flow	and	working	with	the	deviation	of	u	from	the	Poiseuille	paraboloid.	This	removes	the	inhomogeneity	and	converts	the	solution	of	Eq.	(3-94)	to	the	form	where	J0	denotes	the	Bessel	function	of	the	first	kind.	The	no-slip	condition	requires	J0(λn)
to	vanish	for	each	value	of	the	separation	constant,	thus	making	λn	the	zeroes	of	the	Bessel	function,	which	are	tabulated	in	Table	3-2.	Since	J0	is	not	a	paraboloid,	we	must	sum	over	the	functions	Page	96J0(λnr*)	to	obtain	a	negative	paraboloid	and	thus	satisfy	the	initial	condition	of	the	fluid	at	rest.	The	coefficients	can	be	readily	determined	using
orthogonality,	and	the	final	solution	for	this	pipe	starting-flow	problem	reduces	to	TABLE	3-2	First	ten	roots	of	the	Bessel	function	J0†	†	For	(3-96)	where	from	Eq.	(3-36).	Numerical	results	are	plotted	in	Fig.	3-16	for	various	values	of	the	dimensionless	time	Two	points	are	of	particular	interest:	(1)	initially	a	boundary-layer	effect	occurs	near	the	wall,
where	the	fluid’s	central	core	accelerates	uniformly	(potential	flow)	while	the	wall	region	is	slowed	down	by	friction;	and	(2)	the	flow	approaches	the	Poiseuille	paraboloid	very	closely	even	at	t*	≈	0.75,	thus	providing	an	estimate	of	how	rapidly	laminar	tube	flow	responds	to	sudden	changes.	In	fact,	based	on	t*,	flows	with	small	diameters	and	large
viscosities	develop	very	rapidly.	For	example,	in	a	1	cm	diameter	tube,	the	value	t*	=	0.75	for	air	translates	into	t	=	1.25	s.	For	SAE	30	oil	under	the	same	conditions,	Poiseuille	flow	develops	in	0.06	s.	Thus,	in	laminar	small-bore	pipe	flows	under	varying	pressure	gradients,	it	is	common	to	use	a	quasi-steady	Poiseuille	flow	approximation.	FIGURE	3-
16	Instantaneous	velocity	profiles	for	starting	flow	in	a	pipe,	Eq.	(3.96).	[After	Szymanski	(1932).]	3-4.2	Pipe	Flow	Due	to	an	Oscillatory	Pressure	Gradient	As	a	second	example,	let	us	reconsider	the	solution	of	Eq.	(3-94)	when	the	pressure	gradient	varies	sinusoidally	with	time,	specifically	(3-97)	We	may	then	apply	the	no-slip	condition	and	look	for	a
long-term	steady	oscillation,	neglecting	the	transient,	or	start-up,	of	the	flow.	This	is	a	classic	problem	in	mathematical	physics	that	leads	to	a	Bessel	function	with	imaginary	arguments:	(3-98)	where	the	identity	J0(iz)	=	I0(z)	has	been	used.	Equation	(3-98)	was	first	discovered	by	Sexl	(1930),	and	further	numerical	calculations	were	given	by	Uchida
(1956).	Without	delving	into	exact	calculations,	we	can	explore	the	general	behavior	of	this	solution	using	two	overlapping	series	approximations	(3-99)	A	closer	look	at	Eq.	(3-98)	shows	that	the	proper	dimensionless	variables	are	(3-100)	where	is	the	centerline	velocity	for	steady	Poiseuille	flow	with	a	pressure	gradient	−	ρK.	The	quantity	ω*	(or	Rek)
represents	the	kinetic	Reynolds	number,	which	is	a	measure	of	viscous	effects	in	oscillating	flow.	It	is	Page	97also	related	to	the	Stokes	number,	and	the	Womersley	number,	.	Similar	to	the	static	Reynolds	number,	oscillating	flows	may	become	turbulent	when	ω*	exceeds	approximately	2000.	By	combining	Eqs.	(3-98)	and	(3-99),	two	asymptotic
approximations	can	be	obtained	for	the	velocity,	which	is	the	real	part	of	the	solution:	Small	ω*	≪	1:	(3-101)	Large	ω*	≫	1	(and	r	*	≈	1):	(3-102)	Remembering	that	is	proportional	to	cos	ωt,	we	see	that	for	very	small	ω*,	the	velocity	is	nearly	a	quasi-static	Poiseuille	flow	in	phase	with	the	slowly	varying	pressure	gradient;	the	second	term	in	Eq.	(3-101)
adds	a	lagging	component	that	reduces	the	velocity	at	the	centerline.	At	large	ω*,	from	Eq.	(3-102),	the	flow	approximately	lags	the	pressure	gradient	by	90°,	and	again	the	centerline	velocity	is	less	than	u	max.	However,	near	the	wall,	there	is	a	region	of	high	axial	velocity,	as	can	be	seen	by	averaging	Eq.	(3-102)	over	one	cycle	to	obtain	the	mean
square	velocity	We	obtain	(3-103)	This	relation	is	plotted	in	Fig.	3-17	for	two	values	of	ω*.	There	is	an	overshoot	in	mean	velocity	near	the	wall,	which	occurs	when	cosB	+	sin	B	≈	e−B,	or	B	≈	2.2841	and	The	corresponding	speed	overshoot	ratio	may	be	deduced	from	Eq.	(3103)	to	be	FIGURE	3-17	The	near-wall	velocity	overshoot	(Richardson’s
annular	effect)	due	to	an	oscillatory	pressure	gradient.	(3-104)	The	weak	dependence	on	ω	*	explains	why	the	overshoot	in	Fig.	3-17	diminishes	slightly	when	the	kinetic	Reynolds	number	is	increased	from	100	to	2000.	This	effect	is	characteristic	of	oscillating	duct	flows	and	was	first	noted	by	Richardson	and	Tyler	(1929)	in	a	tube-flow	experiment.
The	overshoot,	now	called	Richardson’s	annular	effect,	was	then	verified	theoretically	through	Eq.	(3-102)	by	Sexl	(1930).	For	a	further	discussion	of	these	problems,	the	reader	is	referred	to	Uchida	(1956)	and	the	general	review	article	by	Rott	(1964).	A	solution	for	oscillating	flow	in	a	rectangular	duct	is	given	by	Tsangaris	and	Vlachakis	(2003).	The
solutions	for	a	pulsatory	motion	in	tubes	and	channels	with	a	nonzero	mean	pressure	gradient	are	provided	by	Uchida	(1956)	and	Majdalani	(2012).	They	are	briefly	outlined	in	the	next	section.	3-4.3	Duct	Flow	Due	to	a	Pulsatory	Pressure	Gradient	A	generalization	of	Sexl’s	model	can	be	achieved	by	allowing	the	pressure	gradient	to	contain	a	steady
part,	which	promotes	unidirectional	axial	motion,	plus	an	oscillatory	part,	which	enables	us	to	capture	the	effects	of	an	arbitrary	Page	98periodic	motion.	Such	an	extension	can	be	useful	in	modeling	arterial	flows	and	other	biological	motions.	To	account	for	this	pulsatory	gradient,	Eq.	(3-97)	can	be	modified	using	a	Fourier	series	representation	of	the
form	(3-105)	where	both	the	pressure	gradient	and	corresponding	velocity	profile,	with	yet	to	be	determined	coefficients,	are	defined.	To	make	further	headway	in	specifying	our	geometric	configuration,	we	consider	the	incompressible	periodic	flow	in	a	channel	of	height	2h	and	width	b	≫	h.	We	assume	that	the	channel	is	sufficiently	long	and	wide	to
justify	the	use	of	a	two-dimensional	planar	model,	as	depicted	in	Fig.	3-1.	With	x	denoting	the	axial	direction,	we	take,	as	usual,	the	y	coordinate	to	be	measured	from	the	midsection	plane	up,	thus	setting	the	top	and	bottom	channel	walls	at	y	=	±	h.	Further	substitution	of	the	expanded	series	of	u(y,	t)	into	the	Cartesian	analog	of	Eq.	(3-94)	yields	two
sets	of	equations,	namely,	(3-106)	The	solution	to	this	set	is	straightforward,	as	detailed	by	Majdalani	(2012).	One	obtains	(3-107)	Unsurprisingly,	the	motion	consists	of	a	linear	superposition	of	the	steady	Poiseuille	and	the	oscillatory	channel	flow	solutions.	Note	that	for	K0	=	0,	n	=	1,	and	K1	=	K,	we	reclaim	the	oscillatory	channel	flow	expression,
(3-108)	Here	again,	two	overlapping	approximations	may	be	explored	depending	on	the	asymptotic	behavior	of	the	cosine	hyperbolic	function	(3-109)	These	may	be	substituted	into	Eq.	(3-108)	to	obtain	Small	ω*	≪	1	(3-110)	Large	ω*	≫	1	and	1	−	y*	≪	1:	(3-111)	where	Equations	(3-110)	and	(3111)	mirror	their	axisymmetric	counterparts	given	by	Eqs.
(3-101)	and	(3-102).	For	example,	we	can	readily	see	that	Eq.	(3-110)	reproduces	the	two-dimensional	Poiseuille	profile	under	quasi-steady	conditions	as	ω*	→	0.	Moreover,	for	the	case	of	ω*	≫	1	and	1	−	y*	≪	1,	one	can	retrieve	the	complex	amplitude	by	noting	that	(3-112)	As	before,	the	amplitude	reaches	its	maximum	at	B	≈	2.2841,	which	enables
us	to	calculate	the	location	of	the	maximum	velocity	overshoot	at	The	corresponding	speed	overshoot	can	be	determined	to	be	(3-113)	For	a	pipe	of	radius	r0,	the	same	procedure	can	be	repeated	to	extract,	(3-114)	Page	99Here	too,	if	the	mean	pressure	gradient	vanishes,	and	the	oscillations	are	driven	at	a	single	frequency,	one	can	set	K0	=	0,	n	=	1,
and	K1	=	K	to	recover	Eq.	(3-98)	identically.	3-4.4	Porous	Duct	Flow	with	an	Oscillatory	Pressure	Gradient	Let	us	now	consider	the	oscillatory	motion	in	a	porous	tube	with	uniform	wall	injection.	This	problem	has	been	studied	extensively	by	Majdalani	(1995)	in	both	planar	and	axisymmetric	settings.	In	the	interest	of	brevity,	we	shall	focus	on	the
axisymmetric	formulation.	As	shown	in	Fig.	3-18,	a	fluid	may	be	injected	radially	inwardly	at	a	constant	speed	of	υw	into	a	tube	of	length	L0	and	radius	r0.	The	tube	is	closed	at	the	fore	end	and	either	choked	or	unchoked	at	the	aft	end.	From	the	perspective	of	an	oscillatory	pressure	wave,	we	refer	to	these	conditions	as	either	closed–closed	or	closed–
open.	We	further	permit	pressure	oscillations	of	the	type,	namely,	of	a	small	amplitude	A0	relative	to	the	mean	pressure,	to	occur	at	a	frequency	ω,	where	for	the	closed–closed	or	closed–	open	tubes,	respectively.	Here	as	represents	the	speed	of	sound	at	a	reference	pressure	ps,	and	l	denotes	the	longitudinal	oscillatory	mode	number.	To	simplify	the
asymptotic	analysis,	it	is	customary	to	define	Maw	=	υw/as	as	a	wall	injection	Mach	number.	FIGURE	3-18	Porous	tube	with	uniform	wall	injection	depicting	the	dimensional	coordinate	system	used	along	with	both	mean-flow	streamlines	and	a	superimposed	axial	pressure	oscillation.	In	view	of	this	assortment	of	parameters,	the	axial	and	radial
coordinates	x	*	and	r*	can	be	made	dimensionless	using	where	L	=	L0/r0	denotes	the	tube’s	aspect	ratio.	The	dimensionless	velocity,	pressure,	density,	and	time	follow	suit	using	and	where	γ	stands	for	the	ratio	of	specific	heats.	In	this	section,	asterisks	are	used	to	label	dimensional	rather	than	dimensionless	variables,	and	the	wall	injection
(crossflow)	Reynolds	number,	Re	=	υw	r0/ν,	is	taken	to	be	positive	for	injection.	The	mean	flow	can	be	described	by	a	stream	function	that	takes	the	form	of	ψ	=	x	f	(r),	where	f	(r)	depends	on	the	configuration	at	hand.	For	the	porous	tube,	several	researchers	such	as	Berman	(1953),	Yuan	and	Finkelstein	(1956),	Taylor	(1956),	and	Culick	(1966)	have
provided	useful	approximations	that	become	exact	in	the	limit	of	large	or	small	injection	Reynolds	numbers.	Some	of	these	will	be	revisited	in	more	depth	in	Sec.	3-6.	To	make	further	headway,	we	consider	only	two	possible	mean-flow	profiles	(3-115)	where,	we	reiterate,	Re	=	υw	r0/ν	>	0	for	injection.	The	corresponding	axial	and	radial	velocities	as
well	as	the	vorticity	can	be	obtained	by	simple	differentiation	(3-116)	Hence,	(3-117)	The	corresponding	pressure	is	found	to	be	(3-118)	Page	100Assuming	small	amplitude	oscillations,	the	instantaneous	variables	may	be	decomposed	into	mean	and	oscillatory	components	(3-119)	where	is	the	pressure	wave	parameter.	The	small	pressure	amplitude
enables	us	to	linearize	the	Navier–Stokes	equations,	thus	leading	to	the	so-called	interaction	equations	that	prescribe	the	behavior	of	the	oscillatory	motion.	These	are	(3-120)	(3-121)	Using	Helmholtz–Hodge	decomposition,	the	oscillatory	components	can	be	further	decomposed	into	irrotational	compressible	and	divergence-free	vortical	fluctuations.
This	can	be	accomplished	by	splitting	each	oscillatory	component	into	(3-122)	where	the	circumflex	and	tildes	denote	irrotational	“compressible”	and	divergence-free	“vortical”	oscillations	that	are	characterized	by	and	respectively.	The	substitution	of	the	decomposed	variables	into	the	interaction	equations	leads	to	the	individual	relations	for	the
irrotational	and	vortical	oscillations.	First,	for	the	irrotational	pressure	oscillation,	we	obtain,	(3-123)	With	a	closer	look,	we	may	recognize	the	wave	equation	on	the	left-hand	side,	which	enables	us	to	recover	the	longitudinal	pressure	oscillation	and	its	companion	velocity	at	(3-124)	where	the	dimensionless	frequency	depends	on	whether	the	aft	end
of	the	tube	is	“acoustically”	closed	or	open,	i.e.,	Second,	for	the	oscillatory	vortical	response	at	we	collect	(3-125)	By	further	expressing	we	can	recognize	that	and	(3-126)	where	the	separated	function	Rn(r)	must	be	determined	from	(3-127)	Here	St	=	ωas/υw	stands	for	the	Strouhal	number	and	ε	=	1/Re	provides	a	small	perturbation	parameter.	Once
Rn(r)	is	determined,	the	oscillatory	component	of	the	velocity	can	be	reconstructed	from	Eq.	(3-122)	using	(3-128)	Being	associated	with	a	decaying	oscillatory	wave,	several	perturbation	methods	have	been	advanced	to	solve	Eq.	(3-127).	These	include	multiple-scales,	matched-asymptotic	expansions,	and	the	Wentzel–Kramers–Brillouin	(WKB)	method.
A	WKB	expansion	of	Rn	(r)	may	be	obtained	using	where	δ	is	a	small	parameter	and	the	functions	Sj	(r)	must	be	determined	sequentially	for	j	≤	0.	Depending	on	the	relative	sizes	of	ε	and	δ,	namely,	δ	=	ε,	ε1/2,	ε1/3,	etc.,	two	fundamental	distinguished	limits	can	be	identified.	These	are	presented	in	the	order	in	which	they	are	found	historically.Page
101	Type	I:	For	δ	=	ε1/2	and	we	have,	following	Majdalani	(1995)	and	his	sequels,	(3-129)	(3-130)	Type	II:	For	δ	=	ε	and	St	=	Ο	(Re),	we	get,	as	shown	by	Jankowski	and	Majdalani	(2001),	(3-131)	The	latter	provides	an	alternative	solution	to	the	problem,	albeit	slightly	more	difficult	to	produce	in	closed	form.	For	the	injection	case,	both	types	can	be
used	to	provide	excellent	approximations.	However,	for	the	wall-suction	case	in	porous	channels	and	tubes,	only	the	type	II	solution	is	applicable,	as	shown	by	Jankowski	and	Majdalani	(2002,	2005,	2006,	2010).	For	the	large	Taylor–Culick	injection	case	associated	with	a	very	accurate	solution	can	be	obtained	by	substituting	Eq.	(3-130)	(with	n	=	0	in
Φ1)	into	Eq.	(3-128)	and	simplifying.	A	closed-form	solution	for	the	oscillatory	axial	velocity	is	precipitated,	namely,	(3-132)	By	keeping	the	real	part,	we	have	(3-133)	And	so,	using	continuity,	the	oscillatory	radial	velocity	can	be	extracted	and	expressed	as	(3-134)	which	confirms	the	small	size	of	the	radial	oscillation.	At	this	point,	the	vorticity	may	be
evaluated	and	collapsed	into	(3-135)	(3-136)	with	and	two	special	functions:	(3-137)	(3-138)	Here,	the	sequence	refers	to	the	Bernoulli	numbers.	Note	that	the	exponential	decay	of	the	rotational	velocity	wave	strongly	depends	on	Majdalani’s	penetration	number,	which	controls	the	depth	of	penetration	of	the	unsteady	rotational	motion,	as	illustrated
previously	in	Figs.	2-6	and	2-7.	The	depth	of	penetration,	which	arises	in	the	context	of	oscillatory	flow	(Schlichting	1979),	is	comparable	in	meaning	to	the	boundary-layer	thickness.	In	fact,	Majdalani	(1995,	1999)	shows	that	maintaining	a	constant	penetration	number	results	in	a	constant	penetration	depth	at	a	given	location	in	the	tube,	irrespective
of	the	operating	parameters,	r0,	ω,	ν,	and	υw.	This	can	be	clearly	seen	in	Fig.	2-6,	where	the	oscillatory	axial	velocity	given	by	Eq.	(3-133)	is	compared	to	the	numerical	solution	of	the	problem	for	the	first	longitudinal	oscillation	mode	and	midway	along	the	porous	tube.	Interestingly,	by	holding	Mj	=	0.1,	the	Strouhal	number	St	may	be	varied	over	a
wide	range	of	frequencies	without	affecting	the	depth	of	the	rotational	region.	Moreover,	the	agreement	between	numerics	and	asymptotics	continues	to	improve	with	successive	increases	in	the	Strouhal	number	despite	the	highly	oscillatory	Page	102nature	of	the	solution	and	the	marked	reduction	in	spatial	wavelength	as	St	is	increased.	We	can
also	confirm	from	Fig.	2-6	that	the	no-slip	condition	is	observed	at	the	wall	(	y	=	1	−	r	=	0),	where	the	irrotational	and	rotational	components	of	the	oscillatory	motion	counterbalance.	Conversely,	these	oscillatory	contributions	become	additive	when	exhibiting	favorable	phase	angles,	thus	augmenting	each	other’s	amplitudes	near	the	injecting
surface,	i.e.,	in	what	we	have	defined	in	the	previous	section	as	Richardson’s	annular	effect.	In	the	presence	of	wall	injection,	this	effect	becomes	much	more	appreciable,	leading	to	a	near	doubling	of	the	amplitude	in	the	vicinity	of	the	porous	wall.	In	fact,	the	same	similarity	parameter	has	been	shown	to	control	the	penetration	depth	of	the	Stokes
layer	in	porous	channels	and	tubes	[Majdalani	and	Van	Moorhem	(1995);	Majdalani	(1999);	Majdalani	and	Roh	(2000)].	Moreover,	Mj	remains	dominant	even	when	the	problem	is	turned	around	ninety	degrees	by	imposing	injection	axially	(rather	than	radially)	at	the	headwall	in	the	presence	of	radial	and	tangential,	i.e.,	transverse	oscillations
(Haddad	and	Majdalani	2013).	To	better	understand	the	spatial	evolution	of	the	oscillatory	velocity	over	the	length	of	the	tube,	the	modulus	of	u1	is	evaluated	and	displayed	in	Fig.	3-19	at	several	discrete	locations	and	Strouhal	numbers.	The	modulus	is	derived	from	the	Pythagorean	sum	of	the	real	and	imaginary	parts	using	where,	based	on	Eq.	(3-
132),	we	have	FIGURE	3-19	Modulus	of	the	unsteady	longitudinal	wave	at	several	axial	locations	and	for	the	first	three	oscillation	modes	(a)–(c).	Results	are	shown	for	St	=	50l	and	Mj	=	16/l2,	where	l	is	the	longitudinal	pressure	oscillation	mode	number.	A	pattern	correlation	with	classic	acoustic	mode	shapes	is	apparent.	Maximum	rotational
amplitudes	occur	near	oscillatory	pressure	nodes	and	diminish	in	the	direction	of	velocity	nodes.	The	presence	of	premature	zero	rotational	amplitudes	for	l	=	2,	3	in	(b)	and	(c)	is	due	to	streaks	of	zero	(unsteady)	vorticity	(chained	lines)	emanating	from	the	jth	internal	velocity	nodes	located	at	x/L	=	j/l,	j	<	l.	Here	y	=	1	−	r	represents	the	normalized
distance	above	the	porous	wall.	(3-139)	To	further	explore	the	behavior	of	the	solution	for	the	first	three	oscillation	modes,	it	may	be	seen	that	the	spatial	patterns	of	||u1||	in	Fig.	3-19	are	clearly	influenced	by	the	classic,	organ-pipe	mode	shapes.	Rotational	amplitudes	are	largest	above	the	wall	at	oscillatory	pressure	nodes	(or	zeroes),	where	the
corresponding	velocity	oscillation	is	most	intense.	Pressure	nodes	may	be	identified	at	x/L	=	(2j	−	1)/(2l	),	1	≤	j	≤	l,	for	the	jth	internal	pressure	node.	The	additional	downstream	intensification	of	rotational	amplitudes	is	caused	by	the	axial	convection	of	unsteady	vorticity	with	the	Taylor–Culick	mean	flow.	Conversely,	a	weakening	in	vortical	strength
is	noted	during	the	inward	wave	propagation	away	from	the	injecting	wall.	The	vortical	attenuation	in	the	radial	direction	can	be	attributed	to	the	compounding	effects	of	viscous	diffusion	and	the	speed	reduction	in	the	convective	motion.	Irrespective	of	the	oscillation	mode,	one	observes,	near	the	wall,	the	Richardson	annular	effect,	which	is
characteristic	of	oscillatory	duct	flow.	At	higher	oscillation	modes	(l	>	1),	the	presence	of	premature	nodes	of	zero	rotational	amplitude	is	noted	j	times	downstream	of	the	jth	internal	velocity	node.	These	irrotational	points	are	caused	by	the	lines	of	zero	unsteady	vorticity	that	originate	at	the	oscillatory	velocity	nodes	(x/L	=	j/l),	and	stretch	across	the
solution	domain	(broken	lines	in	Fig.	3-19).	Since	the	mean	flow	is	solely	induced	by	the	influx	at	the	walls,	suppressing	injection	drastically	alters	our	model.	As	we	approach	the	limiting	process	of	zero	injection,	walls	become	impermeable	and	pressure	loses	its	mean	component.	The	question	that	could	be	raised	is:	where	should	we	stop?	We	find
that,	if	υw	in	the	present	model	is	made	comparable	to	the	Stokes	diffusion	speed,	our	results	will	mimic	Eq.	(3-98),	i.e.,	Sexl’s	exact	solution	for	an	oscillatory	flow	bounded	by	rigid	walls.	In	this	situation,	dynamic	similarity	parameters	can	Page	103be	chosen	such	that	Mj	=	1/λS,	where	is	the	Stokes	number.	Accordingly,	we	get	The	wall	injection
velocity	will	thus	be	slightly	smaller	than	the	molecular	diffusion	speed,	which	is	very	small.	One	may	interpret	this	condition	to	be	reflective	of	virtually	insignificant	injection.	The	resulting	field	can	be	compared	to	Eq.	(3-98),	the	exact	solution	given	by	Sexl	(1930)	for	an	oscillating	fluid	inside	an	impermeable	tube.	The	latter	is	derived	for	an
infinitely	long	tube	and	exhibits	first	mode	oscillations	that	are	independent	of	x.	Due	to	our	tube’s	finite	length,	we	compare	u1	in	Fig.	3-20	to	the	exact	solution	at	and	l	=	1.	Graphically,	the	comparison	seems	to	indicate	a	favorable	agreement	between	asymptotic	and	exact	predictions.	In	particular,	when	injection	is	virtually	absent,	a	reversal	can
be	noted	in	the	role	played	by	viscosity.	This	behavior	is	consistent	with	Prandtl’s	classic	theory	foreseeing	a	deeper	vortical	presence	with	increased	viscosity.	FIGURE	3-20	Velocity	profiles	of	u1	shown	at	eight	successive	time	intervals.	Results	are	obtained	from	asymptotic	predictions	(broken	lines)	and	the	exact	formula	by	Sexl	(full	lines).
Parameters	correspond	to	for	which	convective	and	diffusive	speeds	are	of	the	same	order.	We	use	(a)	and	(b).	Overall,	this	approximate	model	seems	to	embrace	Sexl’s	solution	when	injection	is	reduced	to	the	diffusion	speed.	Since	one	may	set	the	lower	limit	on	the	wall	injection	Reynolds	number	to	be	so	that	ε	≤	0.1.	This	lower	limit	is	prescribed,
in	part,	by	the	desired	precision	in	the	ensuing	perturbation	analysis.	At	the	lower	end	of	the	spectrum,	properties	must	satisfy	and	The	corresponding	model	remains	applicable	as	long	as	and	These	inequalities	set	the	lower	bounds	for	an	open-ended	range	of	physical	parameters	encompassing	many	realistic	flows.	For	10	<	Re	<	100,	one	may
substitute	Berman’s	polynomial	profile,	f	=	r2	(2	−	r2),	into	Eq.	(3-130),	and	retrieve	a	suitable	approximation	via	(3-140)	Finally,	for	the	porous	channel	with	an	oscillatory	pressure	motion,	similar	twodimensional	approximations	can	be	found,	as	detailed	by	Majdalani	and	Roh	(2000)	and	Majdalani	(2009).	As	such,	we	hope	that	the	procedure
provided	here	can	be	used	in	the	treatment	of	other	phenomenological	problems	where	the	mean	flow	is	augmented	by	weak	pressure	oscillations.	3-5	UNSTEADY	FLOWS	WITH	MOVING	BOUNDARIES	A	variety	of	solutions	are	known	for	laminar	flow	with	moving	boundaries,	some	of	which	illustrate	boundary-layer	behavior.	Again	we	make	the
parallel-flow	assumption	of	u	=	u(	y,	t),	υ	=	0,	w	=	0,	so	that	the	momentum	equation	(3-2)	becomes	(3-141)	Page	104The	pressure	gradient	can	only	be	a	function	of	time	for	this	flow	and	hence	can	be	absorbed	into	the	velocity	by	a	change	of	variables.	In	most	external	flow	problems,	however,	the	pressure	gradient	can	be	dropped,	thus	leaving	us
with	(3-142)	Equation	(3-142)	is	identical	to	the	homogeneous	heat-conduction	equation,	for	which	a	wealth	of	unsteady	solutions	are	known	[see,	e.g.,	Carslaw	and	Jaeger	(1959)].	One	of	these	corresponds	to	the	motion	of	a	fluid	above	an	infinite	plate	which	is	moved	arbitrarily.	Let	the	plate	be	located	at	y	=	0,	so	u	=	u(	y,	t).	The	boundary
conditions	consist	of	no	slip	along	the	plate	and	no	initial	fluid	motion:	(3-143)	No	matter	how	complex	U(t)	is,	the	solution	can	be	obtained	from	superposition	of	the	indicial,	or	step-function,	solution,	as	shown	by	Watson	(1958).	We	confine	ourselves	to	two	cases:	1.	Sudden	acceleration	of	the	plate	to	constant	U.	2.	Steady	oscillation	of	the	plate	at
U0cosωt.	Case	1	is	analogous	to	a	conducting	solid	with	a	bottom	plane	that	is	suddenly	reset	to	a	different	temperature.	The	solution	is	well	known	to	be	the	complementary	error	function	or	probability	integral	(3-144)	This	example	is	referred	to	as	Stokes’	first	problem.	In	the	above,	the	independent	variables	y	and	t	have	been	combined	into	a
single	dimensionless	shape	preserving	or	similarity	variable,	Equation	(3-142)	can	then	be	transformed	into	an	ordinary	differential	equation	for	u/U	=	f	(η).	To	justify	the	use	of	this	similarity	variable,	we	first	note	that	the	problem	lacks	a	physical	length	scale	because	the	plate	is	infinitely	long,	and	the	fluid	is	boundless.	A	rudimentary	use	of
dimensional	analysis	starts	by	relating	our	principal	parameters,	u/U	=	F(	y,	ν,	t),	and	identifying	the	presence	of	two	primary	dimensions,	[L]	and	[t].	This	enables	us	to	reduce	the	number	of	functional	dependencies	by	two	parameters,	namely,	u/U	=	F(Π),	where	Then	using	the	Buckingham	Pi	theorem,	we	deduce	that	and	so	or,	with	no	loss	of
generality,	u/U	=	f	(η).	Since	u	≠	u(x),	one	may	confirm	that	the	continuity	equation	reduces	to	∂υ/∂y	=	0,	implying	that	υ,	which	can	only	be	a	pure	constant,	must	vanish	because	υ	=	0	at	y	=	0.	Moreover,	the	y-momentum	equation,	which	collapses	into	∂	p/∂	y	=	0,	reminds	us	that	p	≠	p(	y).	In	the	absence	of	an	axial	pressure	gradient,	our	Navier–
Stokes	equations	simplify	into	Eq.	(3-142).	The	latter	may	be	further	converted	using	u	=	Uf	to	recover	Then	using	the	Stokes	similarity	variable,	derivatives	to	extract	we	can	readily	chain-rule	the	These	transform	our	one-dimensional	diffusion	equation	and	its	two	boundary	conditions	into	The	ensuing	second-order	linear	ODE	can	be	integrated



twice	to	get	Further	application	of	the	boundary	conditions	enables	us	to	retrieve	which	is	identical	to	Eq.	(3-144).	Values	of	the	complementary	error	function	are	provided	in	Table	3-3.	The	solution	can	be	reversed	so	that	the	fluid	is	the	one	moving	at	uniform	speed	U0	and	the	plate	is	suddenly	decelerated	to	zero	velocity.	In	this	case,	TABLE	3-3
Numerical	values	of	the	complementary	error	function	(3-145)	Page	105These	two	complementary	solutions	are	illustrated	in	Fig.	3-21.	While	the	suddenly	started	plate	from	Eq.	(3-144)	is	shown	in	Fig.	3-21a,	the	suddenly	stopped	plate	from	Eq.	(3145)	is	depicted	in	Fig.	3-21b.	The	units	of	y	are	arbitrary,	and	the	curves	(a)	and	(b)	are	mirror	images.
In	either	part	(a)	or	(b)	in	Fig.	3-21,	the	plate’s	effect	diffuses	into	the	fluid	at	a	rate	proportional	to	the	square	root	of	the	kinematic	viscosity.	It	is	customary	to	define	the	shear	layer	thickness	as	the	point	where	the	wall	effect	on	the	fluid	has	dropped	to	1	percent:	in	(a),	where	u/U	=	0.01	and	in	(b),	where	u/U	=	0.99.	Both	conditions	lead	to	erfc(	β	)
=	0.01	or	β	≈	1.82.	The	corresponding	shear	layer	thickness	grows	with	FIGURE	3-21	Stokes’	first	problem:	(a)	flow	above	a	suddenly	started	plate;	(b)	streaming	flow	above	a	suddenly	stopped	plate.	(3-146)	If	we	consider	air	at	20°C	with	ν	=	1.5	×	10−5	m2s,	the	shear	thickness	reaches	δ	=	11	cm	after	1	min.	3-5.1	Fluid	Oscillation	Above	an	Infinite
Plate	Case	2,	with	an	oscillating	wall	(or	stream),	is	often	called	Stokes’	second	problem,	after	a	celebrated	paper	by	Stokes	(1851).	Here	the	wall	is	allowed	to	oscillate	according	to	u(0,	t	>	0)	=	U0	cosωt,	while	the	fluid	in	the	far	field	remains	at	rest:	u(∞,	t)	=	0.	The	steadily	oscillating	solution	to	Eq.	(3-142)	must	be	of	the	form	u(	y,	t)	=	f	(	y)	eiωt,
where	Substitution	into	Eq.	(3-142)	leads	to	the	ordinary	differential	equation	(3-147)	Page	106We	may	further	separate	u(	y,	t)	into	real	and	imaginary	parts.	If	the	wall	is	oscillating,	the	boundary	conditions	dictate	that	(3-148)	If,	instead,	the	fluid	is	oscillating	according	to	u(∞,	0)	=	U0	cos	ωt	in	the	presence	of	a	stationary	wall	with	u(0,	t)	=	0,	the
solution	becomes	(3-149)	The	instantaneous	velocity	profiles	for	the	oscillating	wall	or	fluid	are	illustrated	in	Fig.	3-22a	and	b,	respectively.	The	curves	differ	in	time	by	π/6	during	the	half-cycle	of	sweep,	from	left	to	right,	of	the	driving	oscillation.	In	Fig.	3-22a,	the	waves	created	in	the	fluid	by	the	moving	wall	lag	behind	in	phase	and	decay	as	the
distance	from	the	wall	is	increased.	The	thickness	δ	of	the	oscillating	layer	can	again	be	defined	where	u/U0	=	0.01,	that	is,	where	In	his	original	paper,	Stokes	actually	introduces	a	simple	length	scale,	for	which	the	amplitude	of	the	disturbance	decays	to	13.53%	of	the	driving	amplitude.	Since	that	time,	a	boundary	layer	associated	with	an	oscillating
flow	is	often	referred	to	as	a	Stokes	layer.	In	his	textbook,	Page	107however,	Schlichting	(1979)	coins	it	depth	of	penetration	and	defines	it	as	namely,	as	a	wavelength	separating	two	points	that	will	oscillate	in	phase.	In	adherence	with	the	standard	99%	disturbance	decay	definition,	we	will	continue	to	use	the	modern	expression,	FIGURE	3-22
Stokes’	second	problem:	(a)	flow	above	an	oscillating	plate	[Eq.	(3-148)];	(b)	an	oscillating	fluid	above	a	fixed	plate	[Eq.	(3-149)].	Velocity	profiles	are	shown	at	different	times	that	are	separated	by	30°	increments	over	a	half	period.	(3-150)	Again	we	have	the	characteristic	laminar-flow	dependence	upon	For	air	at	20°C	with	a	plate	frequency	of	1	Hz
(ω	=	2π	rad/s),	we	get	δ	≈	1	cm.	The	wall	shear	stress	at	the	oscillating	plate	is	given	by	(3-151)	and,	thus,	the	maximum	shear	lags	the	maximum	velocity	by	135°.	The	case	of	the	fixed	wall,	Fig.	3-22b,	is	rather	different.	The	low-momentum	fluid	near	the	wall	actually	leads	in	phase,	and	we	see	the	“Richardson”	type	of	velocity	overshoot	(Fig.	3-17)
at	both	ends	of	the	cycle.	This	overshoot	occurs	near	the	wall	when	the	contributions	of	the	irrotational	component	U0	cosωt	(caused	by	the	far-field	reciprocating	motion)	and	the	boundary	generated	rotational	wave,	u1,	add	up.	This	overshoot	decays	quickly	away	from	the	wall	along	with	the	rotational	component,	u1,	in	order	to	restore	the
undisturbed	far-field	solution,	U0	cosωt.	Interestingly,	the	overshoot	becomes	more	appreciable,	approaching	2U0,	in	the	presence	of	wall	injection	or	blowing	[e.g.,	Majdalani	and	Roh	(2000)].	3-5.2	Unsteady	Flow	Between	Two	Infinite	Plates	Let	us	revisit	the	linear	Couette	flow	between	a	fixed	and	a	moving	plate	from	Eq.	(3-6)	and	Fig.	3-2a.	More
specifically,	let	us	model	the	start-up	of	this	flow	from	rest.	Since	the	coordinate	system	of	Fig.	3-2a	is	somewhat	awkward,	we	will	switch	to	the	setting	for	Fig.	323:	At	time	t	=	0,	the	upper	plate	remains	fixed	at	y	=	h	but	the	lower	plate	at	y	=	0	begins	to	translate	at	a	uniform	velocity	U0.	In	this	setup,	the	final	steady	flow	is	u	=	U0(1	−	y/h).	It	is	
convenient	to	work	with	the	difference	between	u	and	its	final	steady-flow	value,	FIGURE	3-23	The	development	of	plane	Couette	flow	due	to	a	suddenly	accelerated	lower	wall	[Eq.	(3-155)].	(3-152)	By	adopting	the	dimensionless	variables	equation	(3-142)	becomes	our	diffusion	(3-153)	Equation	(3-153)	yields	to	a	product	solution,	which	leads	to	(3-
154)	where	(A,	B,	C)	are	constants.	To	satisfy	we	must	have	B	=	0.	To	satisfy	u1*	we	must	choose	λ	=	nπ,	where	n	is	an	integer.	Since	no	single	sine	wave	will	satisfy	the	initial	condition,	we	form	a	Fourier	series	to	require	that	The	standard	Fourier	orthogonality	condition	[Kreyszig	(1999)]	returns	(3-155)	We	thus	arrive	at	the	final	solution	for
Couette	flow	start-up:	(3-156)	Velocity	profiles	plotted	from	this	expression	are	shown	in	Fig.	3-23.	The	linear	asymptote	is	approached	at	t*	≈	0.3;	for	air	at	20°C,	this	corresponds	to	t	=	2s	if	h	=	1	cm.	Before	leaving	these	sections	on	steady	and	unsteady	Couette	and	Poiseuille	flows,	we	should	note	that	other	relatively	straightforward	one-coordinate
solutions	exist	for	the	Navier–Stokes	equations.	An	excellent	summary	is	given	in	the	review	article	by	Berker	(1963).	Some	of	these	solutions	will	be	given	as	problem	assignments:	1.	2.	3.	4.	5.	6.	Steady	Couette	flow	where	the	moving	wall	suddenly	stops.	Unsteady	Couette	flow	between	a	fixed	and	an	oscillating	plate.Page	108	Radial	outflow	from	a
porous	cylinder,	Prob.	3-24.	Radial	outflow	between	two	circular	plates,	Probs.	3-23	and	3-36.	Combined	Poiseuille	and	Couette	flow	in	a	tube	or	annulus,	Prob.	3-11.	Gravity-driven	thin	fluid	films,	Probs.	3-15	to	3-18.	7.	Decay	of	a	line	Oseen–Lamb	vortex,	Prob.	3-14.	8.	The	Taylor	vortex	profile,	Prob.	3-22.	In	the	next	three	sections,	we	will	outline
some	more	complex	solutions,	usually	involving	two-	or	three-dimensional	flows.	3-6	ASYMPTOTIC	SUCTION	FLOWS	All	solutions	discussed	in	this	chapter	have	had	a	vanishing	convective	acceleration,	i.e.,	no	nonlinear	terms	in	the	momentum	equation.	We	now	consider	the	case	of	simple	but	nonvanishing	convection,	i.e.,	flows	with	uniform	wall
suction	or	injection.	3-6.1	Uniform	Suction	on	a	Plane	Consider	steady	flow	at	velocity	U	(as	y	→	∞)	past	an	infinite	plate	(at	y	=	0).	Let	the	plate	be	porous,	allowing	a	normal,	crossflow	velocity	through	it,	so	that	u	=	0	but	υ	=	υw	≠	0.	The	continuity	equation	for	two-dimensional	incompressible	fluids	is	satisfied	if	u	=	u(y)	and	υ	=	υw	=	const.	The
momentum	equation	then	becomes	(3-157)	which	is	subject	to	u	=	0	at	y	=	0.	For	a	constant	υw,	the	convective	acceleration	becomes	linear,	and	the	solution	may	be	readily	retrieved,	(3-158)	Physically,	υw	must	be	negative	(wall	suction),	otherwise	u	can	become	unbounded	at	large	y.	As	usual,	the	boundary-layer	thickness	can	be	prescribed	by	the
point	where	u	=	0.99U.	This	implies	(3-159)	This	thickness	is	constant,	being	independent	of	y	or	U,	because	the	convection	toward	the	wall	(suction	or	aspiration)	offsets	the	tendency	of	the	shear	layer	to	grow	due	to	viscous	diffusion.	For	air	at	20°C,	if	υw	=	−	1	cms,	we	get	δ	≈	7	mm.	For	a	plate	with	a	leading	edge	(x	=	0),	a	laminar	shear	layer	will
develop	and	approach	this	constant	Page	109value	at	a	distance	estimated	by	Iglisch	(1944)	to	be	(see	Sec.	4.4).	For	air	at	20°C	with	U	=	10	ms	and	υw	=	−	1	cms,	this	axial	distance	corresponds	to	a	length	of	x	≈	6	m.	3-6.2	Flow	Between	Plates	with	Bottom	Injection	and	Top	Suction	Let	us	now	consider	the	flow	between	two	porous	plates	located	at
y	=	+	h	and	y	=	−	h,	respectively,	as	in	Fig.	3-24.	Let	the	main	flow	be	generated	by	a	constant	pressure	gradient	Let	the	porous	walls	be	such	that	a	uniform	vertical	crossflow	is	generated:	FIGURE	3-24	Velocity	profiles	for	flow	between	parallel	plates	with	equal	and	opposite	porous	walls,	Eq.	(3-163).	(3-160)	Then	the	equation	of	continuity	with	w
=	0	requires,	as	before,	that	u	=	u(	y)	only.	The	momentum	Eq.	(3-2)	reduces	to	(3-161)	Since	υw	is	constant,	this	equation	is	linear.	We	retain	the	no-slip	condition	for	the	main	flow	by	insisting	on	(3-162)	Positive	υw	corresponds	to	injection	at	the	bottom	plate	and	suction	at	the	top	plate	(Fig.	324).	The	solution,	which	can	be	written	in	dimensionless
form,	contains	the	so-called	crossflow	or	wall	Reynolds	number	Re	=	υw	h	/	ν	as	a	parameter.	We	get	(3-163)	where	is	the	centerline	velocity	for	nonporous	or	Poiseuille	flow	[Eq.	(3-44)].	For	small	crossflow	Re,	the	last	term	in	parentheses	can	be	expanded	in	a	power	series,	and	the	Poiseuille	solution	1	−	y2/h2	is	reclaimed.	For	large	Re,	the	same
last	term	in	parentheses	yields	approximately	2.0	(except	in	the	vicinity	of	y	=	+	h).	The	resulting	model,	exhibits	a	straight-line	variation	that	suddenly	drops	off	to	zero	at	the	upper	wall,	where	u	=	0.	Some	velocity	profiles	based	on	Eq.	(3-163),	which	illustrate	this	behavior,	are	shown	in	Fig.	3-24.	Note	that	the	average	velocity	decreases	with
successive	increases	in	Re,	i.e.,	the	friction	factor	increases	as	we	apply	more	crossflow	through	the	walls.	Similar	analyses	can	be	made	with	other	geometries	by	imposing	a	known	crossflow	field,	e.g.,	between	rotating	porous	cylinders.	The	flow	outside	a	single	rotating	cylinder	with	wall	suction	is	given	as	a	problem	assignment;	the	character	of
this	flow	changes	when	the	suction	velocity	υw	exceeds	2ν/r0,	with	r0	denoting	the	radius	of	the	cylinder.Page	110	3-6.3	Nonlinear	Effects:	Flow	in	Porous	Ducts	The	previous	examples	were	linear	because	of	the	assumption	of	constant	crossflow	velocity.	If	we	impose	more	realistic	boundary	conditions,	e.g.,	suction	or	injection	at	both	walls,	then	the
net	mass	flow	will	change	with	x,	and	at	the	very	least	we	must	have	u	=	u(x,	y)	and	υ	=	υ(	y)	to	satisfy	the	continuity	relation.	This	means	that	both	of	the	axial	convective	acceleration	terms	u	∂	u/∂x	and	υ	>∂u/∂	y	will	be	products	of	dependent	variables	and	hence	nonlinear.	The	solutions	may	be	vexed	with	both	existence	and	non-uniqueness
problems,	and	it	is	instructive	to	consider	an	example.	For	a	uniformly	porous	duct	with	a	constant	wall	velocity	υw,	the	average	velocity	u‾	in	the	duct	will	vary	linearly	with	x	because	of	the	mass	flow	through	the	walls.	The	two	most	studied	geometries	correspond	to	the	axisymmetric	circular	tube	and	the	planar	channel	flow	(between	parallel
plates).	In	practice,	there	must	be	an	entrance	region	and,	since	the	mean	velocity	continually	varies,	the	question	of	whether	a	“fully	developed”	condition	can	be	achieved	becomes	controversial.	For	the	present	setup,	let	us	consider	incompressible	channel	flow	between	uniformly	porous	parallel	plates,	with	the	geometry	of	Fig.	3-1.	We	assume,
without	proof,	that	we	are	far	downstream	and	that	the	boundary	conditions	are	(3-164)	Accordingly,	the	walls	will	have	either	equal	suction	(υw	>	0)	or	equal	injection	(υw	<	0).	Let	u‾(0)	denote	the	average	axial	velocity	at	entry,	where	x	=	0.	Assuming	unit	width,	it	is	clear	from	a	gross	mass	balance	that	u‾(x)	will	differ	from	u‾	(0)	by	the	amount	of
mass	(−2υw	x)	injected	(or	removed)	over	a	distance	x,	divided	by	the	cross-sectional	area	(2h),	namely,	−	υw	x/h	>	0,	for	injection.	This	observation	led	Berman	(1953)	to	formulate	the	following	relation	for	the	stream	function	in	a	porous	channel:	(3-165)	where	y*	≡	y/h	and	f	represents	a	dimensionless	function	that	is	yet	to	be	determined.	The
velocity	components	follow	immediately	from	the	definition	of	ψ,	(3-166)	Clearly,	the	function	f	and	its	derivative	f′	reproduce	the	shape	of	the	velocity	profiles	independently	of	the	axial	position.	The	flow	is	hence	termed	self-similar	(for	more	examples,	see	Secs.	3-8	and	4-3).	The	stream	function	must	now	be	made	to	satisfy	the	momentum	Eq.	(3-2),
for	steady	flow:	(3-167)	If	we	substitute	u	and	υ	from	(3-166)	into	(3-167),	we	find	by	cross-differentiation	that	(3-168)	This	reminds	us	that,	unlike	the	case	for	nonporous	duct	flow,	the	pressure	gradient	is	not	constant.	When	(3-167)	and	(3-168)	are	combined,	the	result	is	a	single	fourth-order	ordinary	nonlinear	differential	equation	for	f	(	y*),	(3-169)
where	(for	suction)	alludes	to	the	wall	or	crossflow	Reynolds	number	and	primes	denote	differentiation	with	respect	to	y	*.	Our	four	boundary	conditions	may	be	directly	converted	from	(3-164)	into	(3-170)	These	show	that	f	(	y*)	is	antisymmetric	about	y	*	=	0,	so	that	at	the	centerline,	υ	=	0	and	Equation	(3-169)	has	no	known	analytic	closed-form
solution,	but	it	can	be	integrated	once	to	obtain	(3-171)	Page	111Further	progress	requires	some	other	technique	such	as	1.	Asymptotic	solutions:	Berman	(1953),	Sellars	(1955),	Yuan	(1956),	Terrill	(1964,	1965),	Lu	et	al.	(1992),	Lu	(1997),	Cox	and	King	(1997,	2004),	King	and	Cox	(2001),	Saad	and	Majdalani	(2009),	and	others.	2.	Numerical
solutions:	Eckert	et	al.	(1957),	Terrill	(1965),	Cox	(1991),	and	others.	3.	A	power-series	solution:	White	(1959).	These	are	general	techniques,	and	we	shall	have	the	opportunity	to	use	all	three	of	them	later	in	analyzing	problems	for	which	the	exact	solution	is	not	tractable.	In	fact,	there	are	cases	and	ranges	of	the	wall	Reynolds	number	leading	to
multiple	solutions	for	the	laminar	flow	in	a	uniformly	porous	channel.	These	have	been	studied	by	Raithby	(1971),	Robinson	(1976),	Skalak	and	Wang	(1978),	Shih	(1987),	Zaturska	et	al.	(1988),	Hastings	et	al.	(1992),	MacGillivray	and	Lu	(1994),	Cox	and	King	(1997,	2004),	and	many	others,	thus	leading	to	the	discovery	of	three	principal	types	of
solutions	for	suction	(labeled	I–III)	and	one	for	injection.	In	short,	several	solutions	have	been	obtained	for	Eq.	(3-169),	which	satisfy	conditions	(3-170)	either	identically	or	asymptotically.	These	are	(3-172a)	(3-172b)	(3-173a)	(3-173c)	(3-174a)	(3-174b)	where	Note	that	Sellars’	and	Taylor’s	exact	suction	and	injection	profiles	may	be	recovered	from
Terrill’s	and	Yuan’s	asymptotic	solutions	as	Re	→	±	∞,	respectively.	Similarly,	the	Poiseuille	profile,	can	be	restored	from	Berman’s	small	Reynolds	number	expansion	as	Re	→	0.	For	other	Reynolds	numbers,	one	could	use	numerical	techniques,	such	as	Runge–Kutta	integration,	to	solve	Eq.	(3-169).	Two	initial	conditions	are	unknown,	i.e.,	if	one	starts
at	y*	=	−1,	both	f″(−1)	and	f‴(−1)	will	have	to	be	guessed	and	the	solution	double-integrated	until	f	(1)	=	0	and	f′(1)	=	0	are	secured.	A	complete	set	of	profiles	is	given	by	White	et	al.	(1958)	and	shown	here	in	Fig.	3-25.	FIGURE	3-25	Similar	velocity	profiles	for	a	symmetrically	porous	channel	as	a	function	of	the	wall	Reynolds	number	[After	White	et
al.	(1958).]	Note	that	in	the	suction	case,	the	velocity	profiles	deviate	from	the	Poiseuille	pattern	by	being	flatter	near	the	midsection	and	steeper	near	the	walls,	depending	on	the	wall	Reynolds	number.	In	fact,	the	shapes	change	smoothly	from	a	plug	flow	at	Re	→	+	∞	to	Poiseuille’s	at	Re	=	0.	In	the	injection	case,	they	continue	to	vary,	albeit	more
rapidly,	from	the	Poiseuille	parabola	to	Taylor’s	sinusoidal	distribution,	which	starts	to	dominate	as	early	as	Re	<	−	100.	So	while	suction	draws	the	profile	closer	to	the	wall,	as	illustrated	in	Fig.	3-24,	injection	nudges	the	solution	toward	the	midsection	plane.	On	the	subject	of	solution	multiplicity,	which	is	a	natural	companion	of	nonlinear	problems,
Zaturska	et	al.	(1988)	are	able	to	confirm	that,	for	suction,	one	symmetric	solution	exists	for	0	<	Re	<	12.165	and	three	symmetric	solutions	for	12.165	<	Re	<	∞,	labeled	types	I–III.	As	for	injection,	Skalak	and	Wang	(1978)	showed	that	at	most	one	solution	could	exist,	and	Shih	(1987)	later	proved	that	this	unique	solution	would	in	fact	exist	over	the
entire	injection	range	of	Re	<	0.	Interestingly,	the	first	two	of	the	large	suction	solutions	(labeled	I	and	II)	exhibit	the	same	leading-order	term	given	by	Sellars	(1955)	[Eq.	(3-173a)],	while	the	type	III	sinusoidal	form	is	discovered	much	later	by	Lu	(1997)	[Eq.	(3-173c)],	and	further	investigated	by	Cox	and	King	(1997,	2004).Page	112	To	further
illustrate	the	streamline	patterns	associated	with	these	solutions,	we	take	advantage	of	symmetry	relative	to	the	midsection	plane	in	Fig.	3-26	and	confine	our	domain	to	0	≤	x*	≤	L0/h	and	0	≤	y*	≤	1,	where	L0	denotes	the	length	of	the	porous	channel	that	is	open	on	the	right-hand	side.	The	mean-flow	streamlines	are	computed	based	on	(a)	the	small
cross	flow	Reynolds	number	expansion	derived	by	Berman	(1953)	as	well	as	the	large	suction	solutions	found	by	(b)	Sellars	(1955)	and	(c)	Lu	(1997).	The	latter	is	more	closely	examined	in	Fig.	3-27	at	increasing	crossflow	Reynolds	numbers	of	(a)	30,	(b)	60,	and	(c)	120.	Note	that	in	the	0	<	y*	<	1	−	Δ	interval,	the	flow	direction	switches	such	that	fluid
layers	are	pushed	away	from	the	porous	wall	as	in	the	injection-driven	problem.	More	specifically,	the	sign	reversal	in	the	normal	velocity	mimics	the	effect	of	injection.	Clearly,	the	convection	of	the	mean-flow	layers	away	from	the	porous	wall	leads	to	complex	streamline	patterns	at	different	suction	levels.	This	region	of	nonuniformity	for	the	type	III
solution	expands	with	increasing	Re.	It	is	narrowest	near	Re	=	13.7,	where	the	largest	value	of	Δ	=	0.5108	is	obtained.	FIGURE	3-26	Streamlines	corresponding	to	(a)	Berman’s	small	suction	flow	approximation	as	well	as	(b)	Sellars’	type	I–II	and	(c)	Lu’s	type	III	solutions	for	large	crossflow	Reynolds	numbers.	Herex*	=	x/h	denotes	the	dimensionless
axial	coordinate	and	the	flow	is	allowed	to	enter	the	channel	from	the	right-hand	side.	FIGURE	3-27	Streamline	patterns	corresponding	to	Lu’s	type	III	characteristic	function	exhibiting	sharp	flow	turning	near	the	wall	and	total	flow	reversal	near	the	core	The	figures	correspond	to	(a)	Re	=	30,	(b)	Re	=	60,	and	(c)	Re	=	120.	Note	that	Δ	→	0	as	Re	→	∞.
Even	more	interesting	behavior	shows	up	in	a	uniformly	porous	pipe.	In	fact,	White	(1962a)	provides	an	array	of	solutions	for	various	values	of	Re	=	υw	r0/ν.	Following	several	dedicated	studies,	it	is	found	that	two	solutions	for	injection,	one	being	unphysical,	exist	for	all	Re	<	0.	And	despite	the	smooth	variation	of	injection-driven	solutions,	the
corresponding	suction	profiles	exhibit	the	following	characteristics:	1.	Double	solutions,	one	with	backflow,	for	0	<	Re	<	2.3.	2.	No	solutions	whatsoever	in	the	range	2.3	<	Re	<	9.1.	3.	Two	solutions	in	the	range	9.1	<	Re	<	20.6.	4.	Four	solutions	for	Re	>	20.6.	It	may	be	worth	remarking	that,	although	this	section	has	focused	on	symmetric	flow
profiles	in	uniformly	porous	channels,	an	even	more	expansive	body	of	literature	exists	for	porous	pipes	and	ducts	in	general	with	translating,	rotating,	and	expanding	or	contracting	walls.	In	addition,	there	are	studies	that	consider	both	symmetric	and	asymmetric	wall	permeability	and	flow	profiles	under	both	incompressible	and	compressible	flow
conditions	with	and	without	headwall	injection.Page	113Page	114	For	example,	in	the	large	injection	case,	axisymmetric	flow	analogs	to	those	given	by	Eqs.	(3-174)	have	been	derived	by	Yuan	and	Finkelstein	(1956),	Terrill	and	Thomas	(1969),	Majdalani	and	Saad	(2007),	and	Majdalani	and	Akiki	(2010).	According	to	the	latter,	we	have	(3-175)	Note
that	for	infinitely	large	injection,	one	restores	the	Taylor–Culick	stream	function,	which	has	been	used	at	the	basis	of	countless	research	investigations	of	idealized	rocket	chambers	(see	Majdalani	and	Saad	2007,	2012).	Specifically,	one	gets	(3-176)	For	small	suction	and	injection,	the	axisymmetric	problem	has	been	equally	examined	by	several
investigators,	including	Berman	(1958),	Terrill	and	Thomas	(1969),	and	Saad	and	Majdalani	(2017).	The	latter	transform	Berman’s	equation	into	(3-177)	Forthwith,	a	straightforward	asymptotic	expansion	in	the	crossflow	Reynolds	number	leads	to	(3-178)	This	confirms	Berman’s	small	Reynolds	number	solution,	namely,	(3-179)	As	for	the	infinitely
large	suction	approximation,	it	is	derived	by	Terrill	and	Thomas	(1969)	using	asymptotic	tools:	(3-180)	We	close	by	stating	that	the	foregoing	formulations	constitute	only	a	subset	of	the	fundamental	solutions	that	have	been	advanced	in	the	treatment	of	uniformly	porous	channels	and	tubes.	These	have	given	rise	to	a	plethora	of	dedicated	studies	that
remain,	at	the	time	of	this	writing,	open	areas	of	investigation.	3-6.4	Swirl	Effects:	Flow	in	Rotating	Porous	Ducts	Let	us	now	examine	the	flow	in	a	uniformly	porous	tube	where	the	cylindrical	wall	rotates	at	a	spinning	angular	rate	ωs.	This	model,	which	has	been	used	to	capture	the	bulk	internal	flow	field	of	a	spinning	rocket	motor	(Cecil	and
Majdalani	2019),	exhibits	a	finite	tangential	speed	at	the	wall,	υs,	as	shown	in	Fig.	3-28.	It	is	convenient	to	adopt	a	cylindrical	coordinate	system	anchored	at	the	headend	center,	with	z	pointing	in	the	axial	flow	direction,	and	(υr,	υθ,	υz)	Page	115representing	the	three-component	velocity	vector.	For	a	constant	radial	injection	speed	at	the	porous	wall,
we	can	impose	υr(r	=	r0)	=	−	υw	<	0	for	injection,	where	r0	denotes	the	radius	of	the	tube.	Since	the	analysis	is	more	easily	carried	out	using	normalized	variables,	we	reverse	our	notation	in	this	section	and	use	asterisks	to	tag	dimensional	variables	as	well	as	a	positive	Reynolds	number	for	injection.	We	specifically	let	FIGURE	3-28	Porous	tube	with
uniform	wall	injection	speed	υw	and	constant	tangential	speed	υs.	With	Re	=	υw	r0/ν	>	0	for	injection,	the	steady,	incompressible	and	normalized	Navier–Stokes	equations	simplify	into	(3-181)	where	axisymmetric	conditions	(whereby	∂/∂θ	=	0)	have	been	enforced.	At	this	juncture,	a	stream	function	that	varies	linearly	in	the	flow	direction	may	be
introduced,	namely,	(3-182)	After	substituting	these	relations	into	the	axial	and	radial	momentum	equations,	the	pressure	can	be	eliminated	by	cross-differentiation.	We	are	left	with	(3-183)	Furthermore,	realizing	that	υθ	=	g(r)	only,	the	right-hand	side	vanishes,	which	prompts	us	to	equate	the	term	in	curly	braces	to	a	constant:	(3-184)	The	resulting
expression	can	be	further	reduced	by	substituting	η	≡	r2/2	and	differentiating	once	with	respect	to	η.	We	thus	arrive	at	a	fourth-order,	nonlinear	differential	equation:	(3-185)	As	usual,	the	function	f	(η)	is	subject	to	the	same	four	boundary	conditions	as	Eq.	(3-182).	These	consist	of	1.	Uniform	radial	injection:	2.	No	axial	velocity	at	the	porous	wall:	3.
No	radial	crossflow	at	the	centerline:	4.	Symmetric	axial	velocity	at	the	centerline:	After	some	algebra,	the	use	of	an	asymptotic	series	expansion	in	the	reciprocal	of	the	wall	Reynolds	number	leads	to	(3-186)	where	Page	116	In	the	above,	G	≈	0.91596559	returns	Catalan’s	constant,	and	denotes	Riemann’s	zeta	function	given	by	At	this	stage,	the
radial	and	axial	velocities	may	be	deduced	directly	from	Eq.	(3-182).	As	for	the	tangential	speed,	we	may	insert	υθ	=	g(r)	into	the	tangential	momentum	equation	and	retrieve	(3-187)	The	resulting	expression	can	be	substantially	reduced	when	expressed	in	terms	of	the	tangential	angular	momentum,	B(r)	=	rg(r).	Equation	(3-187)	collapses	into	(3-188)
which	is	subject	to	two	basic	boundary	conditions:	B(0)	=	0	(forced	vortex	at	centerline)	and	B(1)	=	υs/υw	(tangential	velocity	adherence	at	porous	wall)	Solving	(3-188)	while	securing	its	two	constraints	leads	to	(3-189)	Here	ξ	represents	the	ratio	between	the	tangential	and	radial	injection	speeds	at	the	wall.	Alternatively,	Cecil	and	Majdalani	(2019)
show	that	for	Re	>	100,	a	far	simpler	formulation	can	be	constructed	starting	with	an	inviscid	solution	and	then	using	matched-asymptotic	expansions	with	a	key	viscous	correction	as	r	→	0.	The	equivalent	approximation	can	be	expressed	as	Figure	3-29	provides	a	comparison	between	the	large	Reynolds	number	(3-190)	expansion,	denoted	by	“LRE,”
the	equivalent,	matched-asymptotic	expansion,	specified	by	“MAE,”	and	a	purely	computational	solution	labeled	“CFD.”	It	is	gratifying	that	an	excellent	agreement	is	observed	in	all	reported	variables	both	at	Re	=	100	and	2000.	Even	at	Re	=	100,	the	difference	between	the	asymptotic	and	numerical	solutions	is	negligible.	FIGURE	3-29	Normalized
velocities	in	a	rotating	porous	tube	based	on	three	techniques:	large	Reynolds	number	expansion	(LRE),	matched-asymptotic	expansion	(MAE),	and	CFD	predictions	for	an	injection	Reynolds	number	of	100	(left)	and	2000	(right).	[After	Cecil	and	Majdalani	(2019).]	Based	on	the	compact	formulation,	it	is	possible	to	predict	the	location	and	magnitude
of	the	peak	tangential	speed.	One	finds	(3-191)	where	pln(x)	denotes	the	product-log	function.	Interestingly,	the	location	of	the	peak	tangential	velocity	rmax	proves	to	be	inversely	proportional	to	the	square	root	of	the	Reynolds	number.	Such	behavior	is	consistent	with	the	presence	of	forced	vortex	motion	[Majdalani	(2012)],	where	the	diameter	of
the	forced	vortex	is	defined	as	twice	the	peak	radius,	i.e.,	Thus,	as	the	Reynolds	number	is	increased,	the	location	of	(υθ)max	shifts	inwardly	toward	the	centerline.	In	the	same	vein,	the	value	of	(υθ)max	remains	proportional	to	Re1/2	and	becomes	larger	(and	closer	to	the	centerline)	with	successive	increases	in	the	Reynolds	number.	This	inward
shifting	and	corresponding	increase	in	(υθ)max	are	reflective	of	the	diminishing	effects	of	viscosity	at	increasing	values	of	Re,	particularly,	as	the	forced	vortex	region	is	compressed.	As	the	centerline	is	approached,	it	can	be	shown	that	the	swirling	motion	will	exhibit	solid-body	rotation	of	the	form	υθ	=	ωf	r,	which	is	consisent	with	a	forced	vortex
rotating	at	a	constant	angular	rate	ωf.	This	can	be	determined	by	taking	(3-192)	The	result	shows	that	the	spinning	rate	of	the	forced	vortex	in	the	core	region	will	increase	with	the	spinning	Reynolds	number,	Res.	If	we	actually	revert	back	to	our	dimensional	coordinates,	we	will	be	able	to	deduce	that	the	forced	vortex	frequency,	given	in	radians	per
second,	will	depend	on	the	product	of	both	tangential	and	radial	wall	speeds,	and	will	further	increase	as	the	viscosity	is	diminished.	Page	117	3-7	WIND-DRIVEN	FLOWS:	THE	EKMAN	DRIFT	A	particular	class	of	problems	arises	when	a	liquid	free	surface	is	set	into	motion	by	a	gas	flowing	over	it,	e.g.,	wind	blowing	over	a	pond.	Naturally,	the	shear
stresses	must	match	at	the	air–water	interface.	By	setting	the	interface	at	z	=	0,	with	z	>	0	upward,	the	free-surface	condition	may	be	secured	by	requiring	that	(3-193)	where	the	motions	of	wind	and	water	are	assumed	to	point	in	the	positive	x-direction.	Since	μair	≪	μwater,	it	follows	from	the	above	equality	that	the	gradient	(∂u/∂	z)water	will	be
relatively	small.	Let	us	coin	this	water	interfacial	gradient	K	=	τ0/μwater.	3-7.1	Start-Up	of	Wind-Driven	Surface	Water	Consider	water	at	rest	that	is	suddenly	subjected	to	a	shearing	stress	τ0	caused	by	sweeping	wind.	Assuming	an	unsteady	parallel	laminar	flow,	u(z,	t),	and	neglecting	the	Coriolis	acceleration,	we	are	left	with	the	linear	diffusion
equation,	(3-194)	which	is	subject	to	the	two	boundary	conditions:	as	well	as	the	initial	condition:	u(z	<	0,	0)	=	0	(quiescent	initial	state)	Page	118The	resulting	setup	is	reminiscent	of	Stokes’	first	problem,	which	leads	to	a	complementary	error	function	in	Eq.	(3-144),	except	that	the	surface	condition	presently	involves	(	∂	u/∂	z)	rather	than	u	itself.	We
therefore	get	(3-195)	This	laminar-flow	solution	predicts	that	the	water-interface	velocity	along	Using	numerical	estimates	from	the	text	by	Roll	(1965)	for	the	wind	stress	over	a	water	surface,	we	arrive	at	(3-196)	If	we	assume	a	brisk	wind	speed	of	6	ms	(about	12	knots)	and	an	air–water	interface	at	20°C,	we	may	compute	from	Eqs.	(3-195)	and	(3-
196)	that	u0	≈	0.6	ms	after	1	min	and	2.3	ms	after	1	h.	These	water	velocities	are	greatly	overestimated:	In	an	actual	flow	of	this	type,	the	surface-water	flow	would	rise	in	about	1	h	to	a	nearly	constant	velocity	of	0.2	m/s,	or	about	3	percent	of	the	wind	speed.	The	main	reason	for	the	discrepancy	is	that	both	the	air	and	water	motions,	in	such	a	large-
scale	(high	Reynolds	number)	flow,	are	turbulent.	In	turbulent	flow,	the	fluid’s	molecular	viscosity	μ	must	be	replaced	by	a	turbulent-mixing	or	eddy	viscosity,	μt,	which	is	much	larger	(see	Chap.	6).	3-7.2	Coriolis	Effects:	The	Ekman	Spiral	In	practical	ocean	flows,	the	wind-driven	water	moves	at	such	low	velocities	that	the	Coriolis	acceleration	is	no
longer	negligible.	The	resulting	flow	is	steady	but	accelerating,	i.e.,	the	unbalanced	momentum	flux	points	in	the	direction	of	the	Coriolis	acceleration.	The	oceanographer	Fridtjof	Nansen	(1902)	found	that	drifting	ice	in	the	Arctic	deviated	from	the	wind	direction	by	20°	to	40°	to	the	right,	which	he	correctly	concluded	was	due	to	the	earth’s	rotation.
Nansen’s	student,	Vagn	Walfrid	Ekman,	developed	a	key	analytical	solution	(1905),	which	laid	the	foundation	for	modern	dynamic	oceanography.	As	usual,	we	let	(x,	y)	be	the	plane	of	the	horizontal,	and	z	directed	upward.	For	convenience,	we	let	the	applied	surface	wind	stress	τ0	point	in	the	y	direction.	Then,	for	steady	flow	with	negligible	pressure
gradients	and	the	acceleration	given	by	Eq.	(2-114),	a	realistic	solution	is	possible	with	the	horizontal	velocities	u	and	υ	as	functions	of	z	only.	The	momentum	Eq.	(3-2)	simplifies	into	(3-197)	where	ϕ	gives	the	latitude	angle,	and	ω	supplies	the	angular	rotational	rate	of	earth.	This	differential	equation	yields	an	exponential	solution	if	ϕ	is	assumed
constant,	i.e.,	localized	wind	drift	at	a	given	latitude.	The	boundary	conditions	consist	of	a	y-directed	shear	at	the	surface	and	negligible	velocity	at	great	depth:	(3-198)	A	solution	to	Eq.	(3-197)	returns	the	form	Eq.	(3-198).	The	results	can	then	be	decomposed	into	where	C1	and	β	can	be	found	from	(3-199)	where	V0	stands	for	the	surface-water	speed
and	D	denotes	a	vertical	decay	distance,	often	called	the	penetration	depth	of	the	wind.	These	are	(3-200)	Equation	(3-199)	has	several	fascinating	implications,	particularly	for	engineers	not	used	to	Coriolis	effects	in	fluid	motion.	First	we	note	that,	at	z	=	0,	the	surface-water	velocities	are	u	=	V0cos	(π/4)	and	υ	=	V0	sin	(π/4),	showing	that	the
resultant	surface-velocity	vector	is	at	a	45°	angle	to	the	right	of	the	wind	(in	the	Northern	Hemisphere).	As	we	move	below	the	surface	(z	<	0),	the	resultant	current	vector	moves	uniformly	to	the	right	and	decreases	exponentially	in	magnitude,	forming	a	logarithmic	spiral,	as	shown	in	Fig.	3-30,	for	equaldepth	intervals.	At	z	=	−	3D/4,	the	current	is
exactly	opposite	the	wind	and	has	a	magnitude	of	only	FIGURE	3-30	Wind-driven	current	vectors	for	depths	of	equal	interval.	The	dashed	line	is	a	logarithmic	spiral	from	Eq.	(3-199).	[After	Ekman	(1905).]	Another	interesting	feature	may	be	captured	by	integrating	the	velocity	distribution	to	determine	the	net	mass	flux.	In	the	x	and	y	directions,	we
get	(3-201)	Page	119We	thus	realize	that	the	net	mass	transport	of	water	remains	perpendicular	to	the	wind	direction	and	not	dependent	on	ν	if	τ0	is	known.	We	can	explain	this	by	noting	that	the	x-axis,	which	is	normal	to	the	wind	speed,	coincides	with	the	direction	of	the	Coriolis	acceleration,	which	is	the	only	dynamic	imbalance	on	the	system.	As
in	the	previous	wind-start-up	example,	a	few	numbers	will	dispel	the	idea	that	ocean	currents	are	laminar.	Again,	taking	Vwing	=	6	ms	over	a	20°C	air–water	interface	at	a	latitude	of	41°	N	(Rhode	Island),	Eqs.	(3-200)	predict	that	V0	=	2.7	ms,	which	is	far	too	high,	and	D	=	45	cm,	which	is	drastically	low.	The	difficulty	again	is	that	real	ocean	flows
are	turbulent.	If	we	scale	the	flow	with	an	“eddy”	viscosity	as	discussed	in	Chap.	6,	we	obtain	the	realistic	results	of	V0	≈	2	cms	and	D	≈	100	m.	Thus,	an	actual	wind-driven	Ekman	current	provides	for	slow	transport	in	a	wide	upper	layer	of	the	ocean.	For	further	detail	on	ocean	currents,	wind-driven	or	otherwise,	we	refer	the	reader	to	textbooks	on
physical	oceanography,	e.g.	Defant	(1961)	or	Knauss	(1978).	3-8	SIMILARITY	SOLUTIONS	We	complete	our	description	of	exact	incompressible-flow	solutions	of	the	Navier–Stokes	equations	by	discussing	three	similar	flows.	A	similarity	solution	is	one	in	which	the	number	of	independent	variables	is	reduced	by	at	least	one,	usually	through	a
coordinate	transformation.	The	idea	is	analogous	to	dimensional	analysis.	Instead	of	parameters,	such	as	the	Reynolds	number,	the	variables	themselves	are	collapsed	into	dimensionless	groups.	So	far,	we	have	actually	seen	two	similarity	solutions.	In	Stokes’	suddenly	accelerated	wall	problem,	Eq.	(3-144),	the	independent	variables	y	and	t	are
combined	into	a	single	similarity	variable,	η	=	y/(2	√	_	νt	).	The	solution	is	then	pursued	analytically.	In	the	porousduct	problem,	Eq.	(3-165),	ψ	is	expressed	as	a	product	solution,	leaving	a	similarity	variable	f	(	y*),	where	y*	=	y/h.	In	both	cases,	partial	differential	equations,	which	are	difficult	to	solve	except	by	computer,	are	reduced	to	ordinary
differential	equations.	Similarity	solutions	generally	require	semi-infinite	or	infinite	spatial	and	temporal	extents.	Had	Stokes’	suddenly	moved	wall	been	only	L	long	or	had	the	wall	stopped	after	a	finite	time	t0,	the	similarity	effort	would	have	been	compromised.	The	general	theory	of	similarity	in	physical	problems	has	been	examined	in	several
textbooks:	from	a	physical	emphasis	by	Sedov	(1959)	and	Hansen	(1964),	and	from	the	mathematical	viewpoint	by	Ames	(1965),	Bluman	and	Cole	(1974),	Dresner	(1983),	and	Sachdev	(2000).	The	benefits	of	a	similarity	analysis	are	significant:	The	three	examples	given	here	reduce	a	set	of	partial	differential	equations,	which	may	yield	only	to	an	all-
out	computer	assault,	into	ordinary	differential	equations,	which	we	can	handle	with	an	elementary	numerical	method	such	as	Runge–Kutta	integration.	These	mathematical	gains	are	accompanied	by	a	loss	of	generality:	Similarity	solutions	are,	without	exception,	limited	to	certain	geometries	and	certain	boundary	conditions.	For	example,	in	the
porous-channel	problem,	the	solution	of	Eq.	(3-169)	is	invalid	if	υw	varies	with	x,	and	the	inlet	velocity	profile	u(0,	y)	must	have	the	same	shape	as	the	curves	of	Fig.	3-25.	Let	us	now	discuss	three	classic	examples	of	laminar	similarity	solutions:	(1)	flow	near	a	stagnation	point,	(2)	flow	near	an	infinite	rotating	disc,	and	(3)	flow	in	a	wedge-shaped
region.Page	120	3-8.1	Viscous	Flow	Near	a	Stagnation	Point	One	of	Prandtl’s	first	students,	Hiemenz	(1911),	discovered	that	a	stagnation-point	flow	can	be	resolved	exactly	by	the	Navier–Stokes	equations.§	We	piece	together	here	several	analyses	in	the	literature:	the	two-dimensional	velocity	distribution	by	Hiemenz	(1911)	and	temperature
distribution	by	Goldstein	(1938),	as	well	as	the	axisymmetric	velocity	distribution	by	Homann	(1936)	and	temperature	distribution	by	Sibulkin	(1952).	The	“twodimensional”	character	applies	to	both	the	velocity	and	temperature	distributions	of	Hiemenz	(1911)	and	Goldstein	(1938),	while	the	“axisymmetric”	character	applies	to	both	velocity	and
temperature	distributions	of	Homann	(1936)	and	Sibulkin	(1952).	The	coordinate	system	is	shown	in	Fig.	3-31.	The	origin	is	the	stagnation	point	(where	u	=	υ	=	0	in	the	frictionless	solution),	and	y	is	the	normal	to	the	plane.	For	axisymmetric	flow,	x	may	be	interpreted	as	a	radial	coordinate.	In	order	to	satisfy	the	no-slip	condition	for	u	(x,	0)	along	the
wall,	a	viscous	region	must	develop	near	the	wall.	It	turns	out	that	this	shear	layer	has	a	constant	thickness	and	has	the	effect	of	“displacing”	the	outer	inviscid	flow	away	from	the	wall.	Let	us	first	consider	two-dimensional	flow	in	detail	and	follow	with	a	more	cursory	treatment	of	axisymmetric	flow.	FIGURE	3-31	Stagnation	flow	in	both	planar	and
axisymmetric	configurations.	In	the	latter,	it	is	customary	to	replace	x	by	the	radial	coordinate	r.	3-8.1.1	PLANE	STAGNATION	FLOW.	For	planar	flow,	the	incompressible	continuity	Eq.	(3-1)	reduces	to	which	can	be	satisfied	by	the	planar	stream	function	(3-202)	Note	that	stream	functions	are	valid	for	both	viscous	and	potential	fields.	Once	ψ	(x,	y)	is
defined,	it	must	satisfy	the	steady	two-dimensional	momentum	relations	given	by	Eq.	(3-2):	(3-203)	Inviscid	motion	near	a	stagnation	point	of	a	body	is	described	by	the	simple	stream	function	Here	B	represents	a	positive	constant	that	is	proportional	to	U0/L,	where	U0	denotes	the	stream	velocity	approaching	the	body,	and	L	refers	to	a	characteristic
body	length	[White	(2016)].	This	flow	slips	at	the	wall,	and	so	u	≠	0	at	y	=	0.	It	must	hence	be	modified	to	account	for	viscous	effects.	Following	Hiemenz	(1911),	we	modify	the	stream	function	to	vary	with	y	so	that	the	noslip	condition	can	be	satisfied.	This	is	accomplished	by	taking	For	no	slip	at	the	wall,	we	would	require	If	we	substitute	this	ψ	(x,	y)
into	the	y-momentum	equation	in	Eq.	(3-203),	we	find	that	the	pressure	gradient	∂	p/∂	y	=	g(	y)	only.	We	therefore	have	Page	121By	using	this	condition	and	the	same	stream	function	in	the	x-momentum	relation	of	Eq.	(3-203),	we	obtain	a	third-order	differential	equation	(3-204)	The	constant	may	be	evaluated	by	recognizing	that	the	form	of	ψ	is	such
that,	as	y	→	∞,	both	must	vanish	while	f′	approaches	unity.	Equation	(3-204)	immediately	tells	us	that	Hiemenz	achieved	similarity	with	this	stream	function.	The	coordinate	x	has	disappeared,	leaving	only	a	single	similarity	variable,	y,	and	an	ordinary	differential	equation.	However,	this	equation	should	be	nondimensionalized	to	eliminate	the
dimensional	constants	B	and	ν.	There	is	no	body-length	scale	“L”	for	this	flow.	Rather,	the	proper	length	and	velocity	scales	are	and	respectively.	The	appropriate	dimensionless	variables	become	Hiemenz’s	planar	transformation:	(3-205)	where	the	prime	denotes	differentiation	with	respect	to	η.	It	can	be	readily	shown	that	backward	substitution	into
Eq.	(3-204)	yields	a	parameter-free	differential	equation,	specifically	(3-206)	The	physical	requirements	include	u	=	υ	=	0	at	the	wall	(η	=	0)	and	u	=	Bx	at	a	large	distance	from	the	wall.	This	assortment	of	boundary	conditions	translates	into	(3-207)	The	two	nonlinearities	in	(3-206)	have	prevented	analytical	solutions	from	being	found.	Instead,
Hiemenz	(1911)	performed	numerical	calculations	by	hand.	Today,	it	is	quite	straightforward	to	solve	Eq.	(3-206)	on	a	computer	using,	say,	Runge–Kutta	integration.	Letting	and	Y(3)	=	F,	the	basic	(say	FORTRAN)	relations	for	Eq.	(3-206)	would	be	(3-208)	Numerically,	for	the	initial	values	at	X	=	0,	we	can	set	Y(2)	=	Y(3)	=	0	based	on	the	first	two
conditions	of	Eq.	(3-207).	The	problem	reduces	to	finding	the	correct	value	of	which	causes	Y(2)	to	approach	unity	as	η	becomes	very	large.	One	must	first	address	the	question	of	how	large	“infinity”	needs	to	be	taken.	One	answer	is:	when	F″	becomes	very	small,	say	4.8	represents	the	farfield	“infinity.”	Finally,	to	ensure	numerical	accuracy	of	the
fourth-order-accurate	Runge–	Kutta	method,	we	can	select	a	step	size	of	Δη	=	0.03	so	that	(Δη)4	≤	10−6.	Using	these	preliminaries,	the	numerical	solution	of	Eq.	(3-206)	is	readily	obtained	by	making	an	array	of	guesses	ranging	from	The	complete	solution	for	viscous	stagnation	flow	is	shown	in	Fig.	3-32	and	tabulated	in	Table	3-4.	Also	shown—and	to
be	discussed	next—is	the	solution	for	axisymmetric	stagnation	flow.	Represented	in	Fig.	3-32	are	the	characteristic	stream	function	F,	the	velocity	profile	The	correct	value	of	the	initial	guess	turns	out	to	be	1.2326.	FIGURE	3-32	Numerical	solutions	of	viscous	stagnation	flow	for	planar	[Eq.	(3-206)]	and	axisymmetric	[Eq.	(3-219)]	conditions.	TABLE	3-
4	Numerical	solutions	for	stagnation	flow	3-8.1.2	HARBINGERS	OF	BOUNDARY-LAYER	BEHAVIOR.	The	stagnation	flow,	which	constitutes	an	exact	solution	of	the	Navier–Stokes	equations,	exhibits	many	characteristics	of	thin-shear-region	or	boundary-layer	behavior.	The	no-slip	condition	creates	a	low-velocity	region	that	merges	smoothly	with	the
outer	inviscid	flow	along	the	wall.	In	boundary-layer	theory,	the	outer	flow	is	called	the	“freestream”	velocity,	U(x):	(3-209)	Since	the	pressure	decreases	in	the	flow	direction	for	this	type	of	accelerating	freestream,	it	is	characterized	by	a	favorable	pressure	gradient.	The	thickness	δ	of	this	stagnation	layer	is	defined	as	the	point	where	u/U	=	0.99,
which	occurs	in	Table	3-4	when	Thus	(3-210)	Page	122The	boundary-layer	thickness	is	constant	in	this	case	because	the	thinning	due	to	stream	acceleration	exactly	balances	the	thickening	caused	by	viscous	diffusion.	In	Sec.	4-3,	we	will	see	that	if	U	=	C	xm,	the	boundary	layer	will	grow	with	x	when	m	<	1	and	will	become	thinner	when	m	>	1.	In
typical	engineering	applications,	the	stagnation	boundary	layer	is	quite	thin.	For	example,	if	we	consider	air	at	20°C	approaching	a	10	cm	diameter	cylinder	at	a	speed	U0	=	10	ms,	we	get	B	=	4U0/D	=	400	s−1	(see	Sec.	7.3),	and	Eq.	(3-210)	predicts	that	δ	≈	0.46	mm,	or	only	0.5	percent	of	the	body	diameter.	Another	boundary-layer	effect	is	the
displacement	of	the	outer	stream	by	the	shear	layer,	as	hinted	at	in	Fig.	3-31.	We	define	the	displacement	thickness	δ	*	as	the	distance	the	outer	inviscid	flow	is	pushed	away	from	the	wall	because	of	the	decelerating	viscous	layer.	In	terms	of	the	stream	function	F,	we	find	that	(3-211)	as	shown	in	Table	3-4.	In	stagnation	flow,	then,	δ*	≈	0.27δ.	The
pressure	distribution	also	exhibits	boundary-layer	behavior.	With	u	and	υ	known	from	Eqs.	(3-205),	we	can	return	to	the	momentum	equations	(3-203)	and	integrate	for	the	pressure	p	(x,	y).	The	result	is	(3-212)	A	useful	discussion	of	the	pressure	integrability	properties	of	the	Navier–Stokes	equations	is	given	by	Saad	and	Majdalani	(2012).	Note	that
the	pressure	distribution	here	resembles	the	frictionless	Bernoulli	equation	except	for	the	additional	small	term	BμF′.	It	is	instructive	to	calculate	the	pressure	gradients	in	each	direction:	(3-213)	Page	123Interestingly,	the	gradient	parallel	to	the	wall	satisfies	Bernoulli’s	equation,	whereas	the	gradient	normal	to	the	wall	is	negligibly	small	so	long	as
the	fluid	viscosity	is	small.	As	we	shall	see	in	Chap.	4,	these	are	two	of	the	fundamental	assumptions	of	boundary-layer	theory.	Finally,	the	wall	shear	also	yields	a	type	of	boundary-layer	relation.	With	u	and	υ	known,	we	readily	compute	(3-214)	In	this	flow,	then,	wall	shear	is	proportional	to	the	freestream	velocity.	If	we	nondimensionalize	in	the
manner	of	Eq.	(3-39),	we	obtain	(3-215)	We	thus	recover	this	inverse	variation	of	skin	friction	with	the	square	root	of	the	local	Reynolds	number,	which	is	very	common	in	laminar	boundary	layers.	3-8.1.3	AXISYMMETRIC	STAGNATION	FLOW.	In	planar	flow,	the	stagnation	“point”	is	really	a	line,	i.e.,	there	is	no	variation	in	the	z	direction.	In
axisymmetric	flow,	stagnation	is	a	true	point,	we	interpret	x	in	Fig.	3-31	as	the	radial	coordinate	r,	and	y	as	the	axial	coordinate.	The	cylindrical	stream	function	is	defined	differently	(see	App.	B3)	using	axisymmetric	continuity:	(3-216)	Similarly,	the	x-(or	radial)	momentum	equation	becomes	(3-217)	The	stream	function	for	inviscid	flow	toward	an
axisymmetric	stagnation	point	is	given	by	(3-218)	In	comparison	to	the	planar	flow	case,	we	observe	the	following:	Because	of	the	circular	geometry,	as	the	flow	area	increases	along	the	wall	with	x,	an	increase	in	u	is	balanced	by	twice	as	much	of	a	decrease	in	υ.	Following	Hiemenz’s	analysis,	Homann	(1936)	defines	the	appropriate	dimensionless
variables	for	axisymmetric	flow:	(3-219)	and	so	Note	the	common	characteristics	and	differences	relative	to	the	planar	relations	in	Eqs.	(3205).	Substitution	in	the	y-momentum	equation	again	yields	∂2	p/∂	x	∂	y	=	0,	and	then	from	Eq.	(3-217),	one	retrieves	the	axisymmetric	differential	equation:	(3-220)	with,	as	before,	F(0)	=	F′(0)	=	0	and	F′(∞)	=	1,
which	are	identical	to	those	of	Eq.	(3-207).	A	numerical	solution	can	be	obtained	in	the	same	manner	as	for	the	planar	case,	and	the	proper	initial	condition	is	found	to	be	The	axisymmetric	solutions	are	also	shown	in	Fig.	3-32	and	cataloged	in	Table	3-4.	They	differ	slightly	from	the	planar	flow,	specifically	by	displaying	even	smaller	displacement	and
boundary-layer	thicknesses	and	a	bit	larger	wall	shear	stress.	3-8.1.4	STAGNATION-POINT	TEMPERATURE	DISTRIBUTIONS.	Once	the	velocities	are	found	from	the	previous	analysis,	the	temperatures	can	be	deduced	from	the	energy	equation.	A	similarity	solution	exists	if	the	wall	and	stream	temperatures,	Tw	and	T∞,	are	constant—which	is	a
realistic	approximation	in	typical	stagnation	heat-transfer	problems.Page	124	The	planar	solution	for	this	problem	is	given	by	Goldstein	(1938).	The	two-dimensional	energy	equation	(3-3),	with	negligible	mechanical	dissipation,	can	be	written	as	(3-221)	Following	Goldstein	(1938),	we	define	a	dimensionless	temperature	Θ,	which	vanishes	at	the	wall
and	approaches	unity	as	y	→	∞:	(3-222)	In	other	words,	with	constant	Tw	and	T∞,	the	fluid	temperature	T	=	T(	y)	only.	With	u	and	υ	known	from	Eqs.	(3-205),	substitution	into	the	energy	equation	(3-221)	yields	a	second-order	linear	equation:	(3-223)	with	The	stream	function	F(η)	is	known	from	Fig.	3-32,	and	the	Prandtl	number	Pr	=	μ	cp	/	k	is
assumed	constant.	Equation	(3-223)	is	linear	and	has	an	exact	solution	that	can	be	readily	verified:	(3-224)	Figure	3-33	shows	the	temperature	profiles	from	this	relation	for	various	Prandtl	numbers.	The	region	of	large	gradients	in	may	be	termed	the	thermal	boundary	layer	and,	by	analogy	with	the	velocity	shear	layer	thickness	δu,	its	thickness	δT	is
the	point	where	A	power-law	curve	fit	to	values	computed	from	Fig.	3-33	suggests	FIGURE	3-33	Stagnation-point	temperature	distribution	for	two-dimensional	flow	based	on	Eq.	(3-224)	(3-225)	Physically,	the	velocity	boundary	layer	will	be	thicker	than	the	thermal	boundary	layer	when	Pr	>	1,	because	viscous	diffusion	exceeds	conduction	effects.	The
opposite	is,	of	course,	also	true.	At	this	point,	the	heat	transfer	at	the	wall	may	be	computed	from	Fourier’s	law:	(3-226)	where	G−1	is	the	denominator	in	Eq.	(3-224):	(3-227)	We	may	compute	G	simply	by	adding	two	lines	to	our	earlier	code,	(3-208),	by	essentially	setting	Page	125The	output	Y(5)	from	a	Runge–Kutta	solver	will	thus	return	G(Pr).	The
corresponding	effect	of	the	Prandtl	number	on	heat	transfer	is	shown	in	Fig.	3-34	and	some	numerical	values	of	G	for	both	planar	and	axisymmetric	flows	are	given	below:	FIGURE	3-34	Variation	of	the	heat-transfer	parameter	G(Pr)	for	planar	and	axisymmetric	stagnation	flows.	Note	that	the	axisymmetric	values	are	about	one-third	higher.	The	log–
log	curves	in	Fig.	3-34	are	nearly	straight	lines,	so	one	can	fit	them	into	a	power	law,	at	least	near	a	Prandtl	number	of	unity:	(3-228)	As	we	move	to	consider	the	axisymmetric	flow	analog,	the	counterpart	of	the	energy	equation	(3-221)	becomes	(App.	G):	(3-229)	The	solution	is	given	by	Sibulkin	(1952),	using	precisely	the	same	similarity	variable	from
Eq.	(3-222).	However,	with	u	and	υ	now	given	by	Homann’s	axisymmetric	forms	in	Eq.	(3-219),	the	equation	for	becomes	(3-230)	The	change	is	the	factor	“2”	in	the	second	term.	The	solutions	for	the	temperature	distribution,	through	Eq.	(3-224),	and	heat-transfer	parameter	G(Pr),	through	Eq.	(3-227),	are	valid	for	axisymmetric	flow	if	the	Prandtl
number	is	replaced	by	“2Pr.”	Moreover,	F(η)	must	be	taken	from	the	axisymmetric	stream	function	in	Fig.	3-32.	The	axisymmetric	heat-transfer	parameter	G(Pr)	is	now	added	to	Fig.	3-34.	Although	Eq.	(3-226)	tells	the	whole	story,	namely,	that	qw	is	constant	independently	of	x,	it	is	customary	to	nondimensionalize	qw	as	a	local	Nusselt	number	by
putting	(3-231)	Page	126where	Rex	=	Ux/ν	=	B	x2/ν	and	G(Pr)	is	given	by	Fig.	3-34	or	the	power-law	approximations	of	Eq.	(3-228).	As	we	discuss	in	Chap.	4,	Eq.	(3-231)	has	the	typical	form	of	laminar-boundary-layer	heat-transfer	relations,	but	in	the	present	case,	it	is	rather	misleading	because	it	contains	a	useless	“x”	on	each	side.	3-8.1.5	THE
REYNOLDS	ANALOGY.	Osborne	Reynolds	(1874)	postulated	an	approximation,	now	called	the	Reynolds	analogy,	for	estimating	heat	transfer	in	shear	layers.	He	found	that,	in	pipe	flow	and	“similar”	boundary	layers	such	as	stagnation	flow,	the	wall	shear	and	heat-transfer	rate	are	proportional:	(3-232)	The	analogy	will	not	work	unless	u	and	T	are
similar	in	behavior,	which	is	certainly	true	in	stagnation	flow	from	inspection	of	Figs.	3-32	and	3-33.	Since	T	varies	with	Pr	and	u	does	not,	the	ratio	above	must	vary	with	the	Prandtl	number.	The	appropriate	way	to	nondimensionalize	Eq.	(3-232)	is	to	compare	the	friction	factor	Cf	to	the	Stanton	number,	Then,	in	general,	the	Reynolds	analogy
postulates	that	(3-233)	We	may	rewrite	our	stagnation-flow	heat-transfer	results,	Eqs.	(3-328)	and	(3-231),	in	terms	of	the	Stanton	number:	(3-234)	Dividing	this	by	the	friction	coefficient	from	Eq.	(3-215),	we	obtain	(3-235)	Thus,	if	Cf	is	known,	Ch	follows	immediately.	Comparable	relations	hold	for	turbulent	shear	flow	over	simple	geometries,	such	as
the	flat	plate.	The	drawback	to	Eq.	(3-235)	is	that	the	constants	(0.23,	0.29)	vary	markedly	with	the	pressure	gradient	(Sec.	4-3).	Furthermore,	the	Reynolds	analogy	deteriorates	for	(1)	varying	wall	temperature	and	(2)	nonsimilar	flows.	This	discussion	concludes	our	detailed	study	of	stagnation-flow	problems,	which	lead	to	exact	solutions	to	the
Navier–Stokes	equations.	The	results	demonstrate	a	variety	of	boundary-layer	phenomena:	a	thin	viscous	layer,	a	displacement	thickness,	a	thin	thermal	layer,	pressure	varying	with	Bernoulli’s	relation	in	the	outer	layer,	a	very	small	normal	velocity	near	the	wall,	a	very	small	normal	pressure	gradient,	the	Reynolds	analogy,	and	power-law	Reynolds
and	Prandtl	number	effects.	The	only	important	effect	missing	is	shear	layer	separation	(Fig.	1.11),	which	cannot	occur	in	stagnation	flow	because	the	freestream	velocity	increases	with	x	(“favorable”	pressure	gradient,	Fig.	4-5).	Our	third	example	in	this	section,	the	Jeffery–Hamel	wedge	flow,	will	focus	on	the	flow	separation	problem.	3-8.2	Flow
Above	an	Infinite	Rotating	Disk	Consider	the	steady	flow	which	results	if	the	infinite	plane	at	z	=	0	rotates	at	constant	angular	speed	ω	about	the	axis	r	=	0	beneath	a	Newtonian	viscous	fluid,	which	would	otherwise	be	at	rest.	The	viscous	drag	of	the	rotating	surface	would	set	up	a	swirling	flow	toward	the	disk,	as	illustrated	in	Fig.	3-35.	All	three
velocity	components	υr,	υθ,	and	υz	Page	127would	be	involved—a	genuine	three-dimensional	motion—but	because	of	radial	symmetry	they	would	be	independent	of	θ,	as	would	the	pressure	p.	It	is	required	then	to	solve	for	these	four	variables	as	functions	of	r	and	z	from	the	continuity	and	Navier–Stokes	equations	in	the	r,	θ,	and	z	directions:	FIGURE
3-35	Laminar	flow	near	a	rotating	disk:	(a)	streamlines	and	(b)	velocity	components.	(3-236)	The	boundary	conditions	are	no	slip	at	the	wall	and	no	viscous	effect	far	from	the	wall	(except	for	an	axial	inflow):	(3-237)	This	fully	three-dimensional	flow	is	often	called	“von	Kármán’s	viscous	pump”	[Panton	(1996)].	The	rotating	disk	sets	the	near-wall	fluid
into	circumferential	motion	υθ.	The	flow	will	have	a	tendency	to	move	in	circular	streamlines	when	the	pressure	increases	radially	to	balance	the	inward	centripetal	acceleration.	But,	in	fact,	p	=	p	(z)	only,	and	the	radial	imbalance	causes	an	outward	radial	flow,	υr	>	0	(Fig.	3-35a).	This	outward	mass	flow	is	balanced	by	an	inward	axial	flow	toward	the
disk,	υz	<	0.	The	solution	to	this	problem	is	described	in	a	remarkable	paper	by	Kármán	(1921),	who	considered	not	only	the	rotating	disk	but	also	all	manner	of	laminar	and	turbulent	shear	flows.	Kármán—whose	autobiography	(1964)	is	highly	recommended—was	able	to	achieve	a	similarity	solution	after	deducing	that	υr/r,	υθ/r,	υz,	and	p	are	all
functions	of	z	only.	This	simplification	reduces	the	problem	to	four	coupled	ordinary	differential	equations	in	the	single	variable	z.	Since	the	only	parameters	in	the	problem	are	ω	and	ν,	it	is	easy	to	see	that	the	correct	dimensionless	variable	must	be	Following	Kármán	(1921),	then,	we	propose	the	new	dimensionless	variables	F,	G,	H,	and	P	such	that
(3-238)	We	can	substitute	these	variables	into	Eqs.	(3-236)	and	obtain	a	coupled	set	of	nonlinear	ordinary	differential	equations:	(3-239)	where	primes	denote	differentiation	with	respect	to	z*.	The	boundary	conditions	from	(3-237)	become	(3-240)	Note	that	P	is	uncoupled:	We	can	solve	the	first	three	equations	in	(3-239)	for	F,	G,	and	H,	and	then	solve
for	P	from	the	fourth	equation.	Kármán	used	this	problem	to	illustrate	his	celebrated	momentum-integral	relation	(Sec.	45)	derived	in	the	same	1921	paper.	Later,	Cochran	(1934)	improved	the	accuracy	with	matched-asymptotic	expansions	while	Rogers	and	Lance	(1960)	provided	very	precise	numerical	predictions.	The	system	in	(3-239)	can	be
solved	using	a	Runge–Kutta	solver:	One	simply	needs	to	define	six	variables:	and	Y6	=	P.	Equations	(3-239)	are	then	simulated	on	a	digital	computer	using	six	statements	(3-341)	The	known	initial	conditions	from	Eqs.	(3-240)	are	Y1	(0)	=	Y3	(0)	=	Y6	(0)	=	0	and	Y5	(0)	=	1.	The	unknown	conditions	are	and	which	must	be	chosen	to	make	Y3	and	Y5
vanish	at	large	η.	An	appropriate	step	size	in	Δη	≤	0.1	and	“infinity”	is	reached	at	about	η	≈	10.	The	correct	initial	conditions	are	found	to	be	and	and	the	complete	numerical	solutions	are	illustrated	in	Fig.	3-36	and	Table	3-5.	FIGURE	3-36	Numerical	solutions	of	Eqs.	(3-239)	for	the	infinite	rotating	disk.	TABLE	3-5	Numerical	solution	for	the	rotating
disk	We	may	define	the	thickness	δ	as	the	point	where	the	circumferential	velocity	υθ	drops	to	1	percent	of	its	wall	value,	or	G	≈	0.01,	which	occurs	at	about	η	≈	5.4.	The	corresponding	layer	thickness	can	be	easily	calculated	to	be	(3-242)	Page	128Page	129For	a	disk	rotating	at	1000	rpm	(105	rad/s)	in	air	at	20°C,	this	relation	predicts	a	(laminar)
shear	layer	thickness	of	approximately	2	mm.	Moreover,	we	find	the	asymptotic	value	H(∞)	=	−	0.8838,	which	means	that	the	disk	draws	fluid	toward	itself	at	the	rate	(3-243)	It	can	thus	be	seen	that	the	disk’s	pumping	action	increases	with	both	viscosity	and	rotation	rate.	For	the	above	numerical	example	(1000	rpm	in	air),	this	streaming	velocity	will
be	3.5	cm/s	toward	the	disk.	As	for	the	circumferential	wall	shear	stress	on	the	disk,	it	can	be	evaluated	from	(3-244)	where	from	Table	3-5.	We	use	this	result	with	a	radial	strip	integration	to	determine	the	total	torque	required	to	turn	a	disk	of	radius	r0:	(3-245)	Clearly,	the	required	moment	increases	as	the	fourth	power	of	the	disk	radius.	For	our
running	example,	1000	rpm	in	air,	if	the	disk	radius	is	10	cm,	this	torque	is	only	0.0005	N	⋅	m.	A	dimensionless	torque	coefficient	can	be	defined	for	a	disk	wetted	on	both	sides:	(3-246)	Again	we	have	the	characteristic	inverse	variation	with	the	square	root	of	the	kinetic	Reynolds	number,	which	we	already	introduced	in	Eq.	(3-100).	By	way	of
confirmation,	Eq.	(3-246)	is	compared	in	Fig.	3-37	with	the	data	of	Theodorsen	and	Regier	(1944).	Although	the	agreement	is	adequate	in	the	laminar	regime,	the	flow	becomes	turbulent	and	follows	the	dashed	line	for	Re	>	300,	000.	FIGURE	3-37	Theoretical	and	experimental	torque	coefficient	for	a	rotating	disk.	[Data	from	Theodorsen	and	Regier
(1944).]	The	expected	instability	of	laminar	rotating-disk	flow	was	clearly	demonstrated	in	experiments	carried	out	by	Kobayashi	et	al.	(1980).	They	rotated	a	40	cm	diameter	black	aluminum	disk	in	air	at	1300	to	1900	rpm,	and	then	visualized	the	flow	with	white	titanium	tetrachloride	gas.	A	numerical	simulation	of	the	flow	is	shown	in	Fig.	3-38.
Instability	is	observed	at	Rek	=	ωr2/ν	≈	8.8	×	104.	Then,	at	Re	≈	3.2	×	105,	turbulence	ensues.	FIGURE	3-38	Flow	pattern	around	a	40	cm	disk	rotating	in	air	at	1800	rpm.	Laminar	flow	becomes	unstable	at	r	=	8	cm,	laminar	spiral	vortices	form	at	r	=	12	cm,	and	transition	to	turbulence	occurs	at	r	=	16	cm.	Finite-volume	simulation	results	show	(a)
top,	(b)	isometric,	and	(c)	side	views	of	the	disc	based	on	the	SST	k−ω	turbulence	model.	Computations	are	performed	by	G.	Sharma	and	J.	Majdalani	in	a	manner	to	replicate	the	experiments	conducted	by	Kobayashi	et	al.	(1980).	Many	other	papers	have	been	written	about	various	flow	problems	associated	with	one	or	more	circular	disks.	Of
particular	interest	is	rotating	flow	next	to	a	fixed	disk,	first	considered	by	Bödewadt	(1940)	and	later	by	Rogers	and	Lance	(1960).	The	picture	is	essentially	reversed	from	Fig.	3-35.	The	rotating	outer	flow	sets	up	a	radial	pressure	gradient	which,	when	acting	on	the	low-velocity	fluid	near	the	disk,	causes	an	inward	radial	flow,	called	“secondary”	flow.
This	inward	motion	is	balanced	by	axial	flow	away	from	the	disk.	Secondary	inward	wall	flow	is	familiar	to	anyone	who	stirs	tea	made	with	loose	leaves.	Page	130	3-8.3	Jeffery–Hamel	Flow	in	a	Wedge-Shaped	Region	Our	third	and	final	example	of	an	exact	similarity	solution	focuses	on	the	radial	flow	caused	by	a	line	source	or	sink,	first	discussed	by
Jeffery	(1915)	and	independently	by	Hamel	(1917).	Many	subsequent	analyses	have	been	devoted	to	this	motion,	and	we	mention	especially	Rosenhead	(1940)	and	Millsaps	and	Pohlhausen	(1953).	As	shown	in	Fig.	3-39,	we	consider	the	flow	in	polar	coordinates	(r,	θ	),	generated	by	a	source	(or	sink)	at	the	origin	and	bounded	by	solid	walls	at	θ	=	±	α,
as	shown.	Assuming	that	the	flow	is	purely	radial,	we	can	set	uθ	=	0.	Then,	from	the	continuity	equation	in	polar	coordinates	(App.	G),	we	have	FIGURE	3-39	Geometry	of	the	Jeffrey–Hamel	flow.	(3-247)	We	expect	that	ur	will	have	a	local	maximum,	umax	,	probably	at	θ	=	0.	Then	a	convenient	nondimensionalization	for	this	problem	will	entail	(3-248)
Moreover,	the	momentum	equations	in	polar	coordinates,	for	uθ	=	0,	simplify	into	(3-249)	We	can	eliminate	pressure	by	cross-differentiation	and	substitution	of	η	and	f(η).	The	result	is	a	third-order	nonlinear	differential	equation	for	f	:	(3-250)	where	Re	=	umax	rα/ν	is	the	characteristic	Reynolds	number.	The	boundary	conditions	consist	of	the	no-slip
condition	at	either	wall	and	an	assumed	symmetric	flow	with	a	maximum	at	the	centerline.	These	translate	into	(3-251)	We	can	actually	replace	the	second	condition	with	the	symmetry	requirement	confine	the	analysis	to	the	upper	half	of	the	wedge	region.	and	Page	131Since	Eq.	(3-250)	is	nonlinear,	we	can	solve	it	numerically,	just	as	we	did	with	the
stagnation	flow	and	the	rotating	disk	problems.	Nonetheless,	an	analytical	solution	is	possible	here.	We	can	start	by	integrating	once	to	obtain	This	equation	can	be	multiplied	by	f′	and	integrated	again,	using	f	(0)	=	1	and	get	We	which	can	be	integrated	once	more	because	the	variables	are	separable.	We	thus	arrive	at	(3-252)	where	the	boundary
condition	f(0)	=	1	has	been	implemented.	As	η	→	1,	the	lower	limit	approaches	zero.	From	f	(1)	=	0	the	constant	C	may	be	specified.	We	get	(3-253)	Thus,	Eqs.	(3-252)	and	(3-253)	represent	the	formal	solution	to	this	problem.	The	integral	is	an	elliptical	integral	and	can	be	evaluated	from	tables	or	by	careful	application	of	a	numerical	solver,	such	as
Runge–Kutta’s,	to	avoid	singular	behavior	as	(1	−	f)	→	0.	Rosenhead	(1940)	made	a	very	extensive	analysis	of	this	flow	and	reported	the	following	observations:	1.	For	any	given	α	and	Re,	there	are	countless	solutions,	both	symmetric	and	asymmetric,	corresponding	to	multiple	regions	of	inflow	and	outflow.	2.	For	a	given	α	and	a	specified	number	of
inflow	and	outflow	regions,	there	is	a	critical	Re	above	which	this	specified	solution	is	impossible.	3.	For	π/2	<	α	<	π,	a	solution	with	pure	outflow	is	impossible,	and	pure-inflow	solutions	are	limited	in	certain	respects.	4.	For	α	<	π/2,	pure	inflow	is	always	possible	and	tends	at	large	Re	to	exhibit	boundarylayer	behavior,	whereas	pure	outflow	is	limited
to	certain	small	Re	with	an	approximate	range	of	Re	<	10.31/α.	Thus,	once	again	we	encounter	non-uniqueness	of	the	Navier–Stokes	equations,	although	here	it	remains	regular	and	predictable.	3.8.3.1	SOLUTION	FOR	SMALL	WEDGE	ANGLE	Α.	The	most	practical	application	of	this	flow	is	to	the	cases	of	large	Re	and	small	α.	If	both	Re	and	α	are
small,	we	may	neglect	the	second	and	third	terms	in	Eq.	(3-250)	and	integrate	to	(3-254)	We	thus	recover	the	Poiseuille	profile,	Eq.	(3-34),	which	is	valid	for	either	inflow	or	outflow.	Suppose	instead	that	α	is	small	but	(αRe)	is	not.	Then	Eq.	(3-254)	reduces	to	(3-255)	where	K	=	3C/(2αRe).	We	thus	can	specify	a	range	of	values	for	K,	integrate	for	αRe,
and	then	deduce	C	from	K.	Values	calculated	in	this	manner	are	shown	in	Fig.	3-40.	For	negative	Re	(inflow),	the	values	approach	the	straight	line	C	=	−	4αRe/3,	which	is	a	boundary-layer	approximation	first	discovered	by	Pohlhausen	(1921).	For	positive	Re	(outflow),	C	drops	to	zero	at	αRe	≈	10.31;	since	C	=	f′2	(1),	this	must	be	a	point	of	zero	wall
shear	stress,	a	separation	point	beyond	which	backflow	will	occur	at	the	wall.	After	evaluating	C	in	this	manner,	Millsaps	and	Pohlhausen	(1953)	compute	several	velocity	profiles	from	Eq.	(3-252).	Figure	3-41	shows	an	array	of	inflow	(Re	<	0)	and	outflow	(Re	>	0)	profiles	computed	in	the	same	manner.	The	inflow	curves	become	flatter	and	more
stable	as	Re	increases	and	will	be	discussed	again	in	Chap.	4.	FIGURE	3-40	Values	of	the	shear-stress	constant	C	for	wedge	flow	at	large	Reynolds	numbers.	The	outflow	profiles	become	S-shaped	and	have	zero	wall	shear	stress	(at	the	separation	point)	when	αRe	=	10.31.	If	αRe	>	10.31,	there	is	backflow	at	the	wall.	The	difference	in	profile	shape	is
the	result	of	the	change	in	sign	of	the	streamwise	pressure	gradient.	For	inflow,	p	decreases	in	the	flow	direction	(favorable	gradient),	thus	preventing	separation.	For	outflow,	p	increases	downstream	(adverse	gradient),	a	point	of	inflection	occurs	in	the	profile,	and	separation	becomes	imminent.Page	132	A	separation	criterion	can	be	found	from	the
pressure	gradient	along	the	centerline,	which	from	Eq.	(3-249)	is	given	by	If	we	interpret	(rα)	as	the	thickness	δ	of	the	shear	layer,	the	dimensionless	form	of	the	pressure	gradient	at	separation	would	be	(3-256)	This	is	much	more	realistic	than	the	Couette–Poiseuille	flow	estimate	given	earlier	as	Eq.	(343).	In	laminar	boundary	layers,	this	quantity	is
related	to	the	Kármán–Pohlhausen	parameter,	which	at	the	point	of	separation	takes	on	values	between	8	and	12.	With	the	velocity	distributions	given	from	Fig.	3-41,	Millsaps	and	Pohlhausen	(1953)	also	solve	for	temperature	profiles,	assuming	dissipation	only—no	hot	or	cold	walls.	For	inflow,	there	is	a	region	of	very	strong	dissipation	temperature
rise	near	the	wall.	This	example	completes	our	overview	of	similar	solutions	to	the	Navier–Stokes	equations.	Other	cases	are	given	in	the	problem	exercises.	FIGURE	3-41	Velocity	profiles	for	Jeffrey–Hamel	wedge	flow	at	large	Re	≫	α,	from	Eq.	(3252).	[Modified	from	the	results	of	Millsaps	and	Pohlhausen	(1953).]	Page	133	3-9	LOW	REYNOLDS
NUMBER:	LINEARIZED	CREEPING	MOTION	Most	of	the	problems	we	have	examined	so	far	have	been	exact	or	quasi-exact	solutions,	valid	for	an	arbitrary	Reynolds	number,	until	instability	sets	in	and	turbulence	ensues.	While	interesting,	these	solutions	lack	generality.	In	particular,	there	is	no	known	solution	for	the	very	practical	problem	of
viscous	flow	past	an	immersed	body	at	an	arbitrary	Reynolds	number.	Other	than	direct	experiment,	immersed-body	problems	are	presently	solvable	only	by	three	approaches:	(1)	digital-computer	simulations;	(2)	boundary-layer	viscous	and	inviscid	patching	schemes,	as	in	Chap.	4;	and	(3)	the	creeping-flow	approximations,	to	be	discussed	here.	The
basic	assumption	of	creeping	flow,	developed	by	Stokes	(1851)	in	a	seminal	paper,	is	that	density	(inertia)	terms	are	negligible	in	the	momentum	equation.	In	such	a	flow,	with	stream	velocity	U	and	body	length	L,	pressure	cannot	scale	with	the	“dynamic”	or	inertial	term	ρU2	but	rather	must	depend	upon	a	“viscous”	scale	μU/L.	If	we
nondimensionalize	the	Navier–Stokes	equation	(3-2)	with	the	variables	then	the	following	dimensionless	momentum	equation	is	obtained:	(3-257)	where	Re	=	ρUL/μ.	We	can	therefore	neglect	inertia	(the	left-hand	side)	if	the	Reynolds	number	is	small.	This	is	the	creeping-flow	or	Stokes	flow	assumption:	(3-258)	to	be	combined	with	the	incompressible
continuity	relation,	(3-259)	Note	that	inertia	is	also	negligible	if	there	is	no	convective	acceleration,	such	as	in	fully	developed	duct	flow,	Sec.	3-3.	In	such	a	case,	the	creeping-flow	approximation	holds	with	no	restriction	on	the	Reynolds	number.	By	taking	the	curl	and	then	the	gradient	of	Eq.	(3-258),	two	additional	useful	relations	are	realized:	(3-260)
As	such,	both	vorticity	and	pressure	satisfy	Laplace’s	equation	in	creeping	motion.	Furthermore,	in	two-dimensional	Stokes	flow,	we	can	use	ω	=	−	∇2ψ,	where	ψ	(x,	y)	is	the	stream	function.	The	vorticity	equation	(3-260)	may	be	rewritten	as	(3-261)	We	thus	recover	the	biharmonic	equation,	much	studied	in	plane	elasticity	problems.	Typical
boundary	conditions	for	an	immersed-body	problem	would	be	no	slip	at	the	body	surface	and	uniform	velocity	and	pressure	in	the	freestream.	It	may	be	worth	remarking	that	Eqs.	(3-258)	to	(3-261)	are	linear	partial	differential	equations	and	thus	yield	many	solutions	in	closed	form.	Numerical	methods	are	also	effective,	including	boundary-element
techniques	[Beer	(2001)	and	Wrobel	(2002)].	As	a	matter	of	fact,	entire	textbooks	are	written	about	creeping	flow,	notably	by	Happel	and	Brenner	(1983).	The	drawback,	of	course,	is	that	the	condition	Re	≪	1	is	very	restrictive	and	usually	applies	only	to	low-velocity,	small-scale,	highly	viscous	flows.	For	this	reason,	at	least	four	types	of	creeping	flow
arise:	1.	Fully	developed	duct	flow.	We	have	given	several	examples	here	in	Sec.	3-3	and	many	more	can	be	found	in	Berker	(1963),	Ladyzhenskaya	(1969),	and	Shah	and	London	(1978).	2.	Flow	about	immersed	bodies.	Stokes	flow	is	the	foundation	of	small-particle	dynamics	and	is	treated	in	a	text	by	Happel	and	Brenner	(1983),	including	multiple-
body	interaction	effects.	3.	Flow	in	narrow	but	variable	passages.	First	formulated	by	Reynolds	(1886)	and	now	known	as	lubrication	theory,	these	flows	are	covered	in	general	Stokes	flow	books	such	as	Langlois	(1964)	and	also	in	specialized	texts	such	as	Khonsari	and	Booser	(2001),	Szeri	(1998),	and	Pirro	et	al.	(2001).	4.	Flow	through	porous	media.
This	topic	began	with	a	famous	treatise	by	Darcy	(1856)	and	is	now	the	subject	of	specialized	texts	such	as	Bear	(2000),	Ingham	and	Pop	(2002),	and	Ehlers	and	Bluhm	(2002).	Civil	engineers	have	long	applied	porous-media	theory	to	groundwater	movement	[see,	e.g.,	Charbeneau	(1999)].Page	134	The	fundamental	principles	of	creeping,	or	small-
inertia	flows,	are	beautifully	demonstrated	in	a	33-min	color	video,	“Low	Reynolds	Number	Flows,”	available	from	Encyclopedia	Britannica	Education	Corp.	The	video	was	prepared	from	a	color	film	produced	over	50	years	ago	under	the	sponsorship	of	the	National	Science	Foundation.	It	is	a	historical	document	because	its	narrator	is	Sir	Geoffrey
Taylor,	whose	collected	works	contain	scores	of	important	contributions	to	our	knowledge	of	fluid	mechanics.	Today,	many	interesting	videos	can	be	found	on	YouTube.	3-9.1	Creeping	Flow	About	Immersed	Bodies:	Stokes	Paradox	This	subject	began	with	a	solution	for	the	flow	past	an	immersed	spherical	object	by	Stokes	(1851).	Many	solutions	exist
for	three-dimensional	bodies,	but	plane	flows	are	fraught	with	paradox.	As	pointed	out	by	Stokes	himself,	it	is	impossible	to	find	a	steady	two-dimensional	solution	which	satisfies	both	Eq.	(3-261)	and	the	no-slip	and	freestream	boundary	conditions.	Three-dimensional	flows	do	not	have	this	problem,	but	they	are	slightly	unrealistic	in	that	the	inertia
terms	are	not	strictly	negligible	in	the	far	field	of	the	body	[Oseen	(1910)].	We	can	illustrate	the	Stokes	paradox	with	a	dimensional	argument:	If	inertia	(density)	is	truly	negligible,	the	force	on	the	body	must	depend	only	upon	the	freestream	velocity	U,	fluid	viscosity	μ,	and	body-length	scale	L:	(3-262a)	(3-262b)	Dimensional	analysis	of	these	relations
leads	to	the	force	laws	(3-263a)	(3-263b)	The	second	of	these	is	quite	realistic	and	verified	by	numerous	experiments,	but	the	first	is	physically	in	error,	since	it	implies	that	the	drag	force	is	independent	of	the	size	L	of	the	body,	whether	huge	or	tiny.	It	follows	that	there	must	always	be	a	density	effect	in	plane	creeping	motion:	(3-264)	It	can	thus	be
seen	that	the	Reynolds	number	is	always	important.	Mathematically,	the	Stokes	paradox	means	that	a	plane	creeping	solution	will	produce	a	logarithmic	singularity	at	infinity	unless	inertia	terms	are	accounted	for.	Physically,	we	can	infer	that	a	body	of	infinite	depth	produces	such	a	profound	disturbance	in	a	viscous	flow	that	inertia	effects	are
always	important,	no	matter	how	slow	the	freestream	speed.	Langlois	(1964)	explains	these	difficulties	very	well.	It	turns	out	that	the	Stokes	paradox	is	not	so	robust	for	non-Newtonian	fluids.	With	a	simple	analysis	for	power-law	fluids	in	two-dimensional	flow	past	a	cylinder,	τxy	≈	2K	ϵxyn	[Eq.	(1-31a)],	Tanner	(1993)	shows	that	the	paradox	holds
only	for	n	=	1	(Newtonian	fluid)	and	for	n	>	1	(dilatant	or	shear-thickening	fluid).	Both	these	cases,	with	n	≤	1,	have	density	(inertia)	effects	no	matter	how	large	the	effective	viscosity.	However,	for	n	<	1	(pseudoplastic	or	shear-thinning	fluid),	Tanner	shows	that	the	Stokes	paradox	vanishes	and	the	creeping-flow	cylinder	drag	becomes	independent
of	the	density.	3-9.2	Stokes’	Solution	for	an	Immersed	Sphere	Consider	creeping	motion	of	a	stream	of	speed	U	around	a	solid	sphere	of	radius	a	(Fig.	342).	It	is	convenient	to	use	spherical	polar	coordinates	(r,	φ),	with	the	polar	(or	zenith)	angle	φ	=	0	in	the	direction	of	U	(defined	in	Chap.	2).	The	radial	and	polar	velocity	components	ur	and	uφ	are
related	to	the	Stokes	stream	function	ψ	through	FIGURE	3-42	Comparison	of	creeping	flow	(left)	and	potential	flow	(right)	past	a	sphere.	(3-265)	These	satisfy	the	continuity	relation	identically.	The	momentum	equation	then	becomes	(3-266)	Page	135Note	that	this	is	slightly	more	complicated	than	the	biharmonic	operator	of	Eq.	(3261)	because	of	the
three-dimensional	geometry.	The	boundary	conditions	are	(3-267)	Although	at	first	glance	the	problem	appears	to	be	formidable,	it	actually	yields	quite	readily	to	a	product	solution	of	the	type	With	this	broad	hint,	we	substitute	in	Eq.	(3266),	satisfy	Eq.	(3-267),	and	reconfirm	the	solution	obtained	by	Stokes	(1851)	for	creeping	motion	past	a	sphere.
This	is	(3-268)	The	velocity	components	follow	immediately	from	Eq.	(3-265):	(3-269)	Compared	to	the	previous	array	of	analyses	in	this	chapter,	this	celebrated	solution	has	several	extraordinary	properties:	1.	The	streamlines	and	velocities	are	entirely	independent	of	the	fluid	viscosity.	Upon	reflection,	we	deduce	that	this	is	true	of	all	creeping	flows.
2.	The	streamlines	possess	perfect	fore-and-aft	symmetry:	There	is	no	wake	of	the	type	shown	in	Fig.	1-5.	It	is	the	role	of	the	convective	acceleration	terms,	here	neglected,	to	provide	the	strong	flow	asymmetry	typical	of	high	Reynolds	number	flows.	3.	The	local	velocity	is	everywhere	decelerated	relative	to	its	freestream	value:	There	is	no	faster
region	as	in	the	case	of	potential	flow	(Fig.	3-42)	at	the	sphere	shoulder	(where	uθ	=	1.5U).	4.	The	effect	of	the	sphere	extends	to	enormous	distances:	At	r	=	10a,	the	velocities	are	still	about	10	percent	below	their	freestream	values.	With	ur	and	uφ	known,	the	pressure	is	found	by	integrating	the	momentum	relation,	Eq.	(3-258).	The	result	is	(3-270)
Page	136where	p∞	is	the	uniform	freestream	pressure.	Note	that	the	pressure	deviation	is	proportional	to	μ	and	antisymmetric,	being	positive	at	the	front	and	negative	at	the	rear	of	the	sphere.	This	creates	a	pressure	drag	on	the	sphere.	There	is	also	a	surface	shear	stress	that	induces	a	drag	force.	The	shear-stress	distribution	in	the	fluid	is	given	by
(3-271)	The	total	drag	is	found	by	integrating	the	pressure	and	shear	stress	around	the	surface:	(3-272)	This	is	the	famous	sphere-drag	formula	of	Stokes	(1851),	which	consists	of	two-thirds	viscous	force	and	one-third	pressure	force.	The	formula	is	strictly	valid	only	for	Re	≪	1	but	agrees	with	experimental	measurements	up	to	about	Re	=	1.	The
proper	drag	coefficient	should	obviously	be	but	everyone	uses	2	the	inertia	type	of	definition	CD	=	2F/(	ρU	A),	which	is	nearly	constant	at	high	Reynolds	numbers.	Thus,	the	sphere	drag	is	written	as	(3-273)	As	noted	earlier,	this	introduces	a	Reynolds	number	effect	where	none	exists.	The	formula	underpredicts	the	actual	drag	when,	for	Re	>	1,	an
asymmetrical	wake	forms	and,	for	Re	>	20,	the	flow	separates	from	the	rear	surface,	causing	markedly	increased	pressure	drag.	The	Stokes	flow	streamlines	from	Eq.	(3-268)	are	compared	in	Fig.	3-42	with	the	streamlines	for	inviscid	(potential)	flow	past	a	sphere,	for	which	the	classical	solution	is	(3-274)	When	we	compare	streamlines	past	a	fixed
sphere,	the	two	are	superficially	similar,	except	that	the	Stokes	streamlines	are	displaced	further	by	the	body.	However,	the	difference	becomes	striking	when	we	compare	(as	in	Fig.	3-42)	streamlines	for	a	sphere	moving	through	a	fixed	fluid,	which	we	calculate	by	subtracting	the	freestream	function	from	Eq.	(3-268).	The	sphere	moving	in	potential
flow	shows	circulating	streamlines,	thus	indicating	that	it	is	merely	pushing	fluid	out	of	the	way.	In	contrast,	the	creeping	sphere	seems	to	drag	the	entire	surrounding	fluid	with	it,	without	causing	recirculation.	3-9.3	Other	Three-Dimensional	Body	Shapes	In	principle,	a	Stokes	flow	analysis	is	possible	for	any	three-dimensional	body	shape,	provided
that	one	has	the	necessary	analytical	skill.	A	few	interesting	shapes	are	discussed	in	the	texts	by	Happel	and	Brenner	(1983)	and	Clift	et	al.	(1978).	Of	particular	interest	is	the	drag	on	a	circular	disk:	(3-275a)	(3-275b)	Here	a	is	the	radius	of	the	disk.	It	is	interesting	that	the	values	differ	only	by	−	15	and	−	43	percent,	respectively,	from	the	drag	of	a
sphere,	in	spite	of	the	vastly	different	geometry	and	orientation.	Because	the	Stokes	sphere	law	is	expected	to	remain	accurate	for	roughly	spherical	bodies,	such	as	grains	of	sand	or	dust	particles,	the	estimate	F	=	6πμUa	is	often	used	in	analyzing	the	creeping	motion	of	small	particles.	Another	shape	of	interest	is	the	spheroid	in	Fig.	3-43a.	The



spheroid	shown	is	prolate,	a	>	b;	it	may	also	be	oblate,	a	<	b.	The	flow	may	be	either	tangential	(Ut)	or	normal	(Un)	to	the	axis	of	revolution.	In	either	case,	the	drag	force	has	the	Stokes	form	FIGURE	3-43	Forces	on	a	body	in	creeping	flow	may	be	superimposed	from	tangential	and	normal	components	of	the	velocity	vector:	(a)	an	ellipsoid;	(b)	a
nonhorizontal	needle	falling	at	an	angle.	The	exact	solutions	are	rather	lengthy	and	are	given	by	Happel	and	Brenner	(1983).	Clift	et	al.	(1978)	propose	the	following	curve-fit	formulas:	(3-276)	Page	137valid	to	±10	percent	error	in	the	range	0	<	a/b	<	5.	When	a	≫	b,	the	spheroid	resembles	a	rod	or	needle	for	which	the	following	asymptotic
expressions	apply:	(3-277)	The	drag	on	a	needle	is	twice	as	large	for	flow	normal	to	its	axis	compared	to	flow	along	its	axis.	3-9.3.1	CALCULATING	NORMAL	AND	TANGENTIAL	FORCES.	As	alluded	to	earlier,	the	linearity	of	creeping	motion	means	that	normal	and	tangential	flows	may	be	superimposed	without	interaction.	If	the	flow	approaches	the
spheroid	in	Fig.	3-43a	with	velocity	U	at	an	angle	α	to	its	axis,	one	can	break	the	velocity	into	components	Un	=	U	sin	α	and	Uf	=	Ucos	α,	and	compute	the	force	components	and	Ft	=	Ct	μUt	b.	The	total	force	on	the	body	can	then	be	deduced	from	the	vector	sum	of	Fn	and	Ft.	When	falling	asymmetrically,	such	bodies	behave	in	an	interesting	way.
Consider	the	needle	in	Fig.	3-43b,	oriented	with	its	axis	at	an	angle	θ	to	the	horizontal.	It	must	fall	such	that	its	total	fluid	force	F	is	vertical	to	balance	its	body	weight.	Since	Cn	=	2	Ct,	it	falls	at	angle	ψ	with	respect	to	its	axis	such	that	Fn/Ft	=	2	sin	ϕ/cos	ϕ	=	tan(90°	−	θ)	or	Falling	rod	or	needle:	This	is	illustrated	in	Fig.	3-43b.	For	example,	if	θ	=
20°,	then	ϕ	=	54°,	or	the	needle	moves	along	a	direction	(20°+54°)	or	74°	from	the	horizontal.	All	of	these	forces	are	“in	the	ballpark”	of	the	drag	on	a	sphere	of	roughly	the	same	size,	i.e.,	shape	effects	do	not	vastly	alter	the	drag.	In	fact,	a	remarkable	theorem	introduced	by	Hill	and	Power	(1956)	states	that	the	Stokes	drag	of	a	body	must	be	smaller
than	any	circumscribed	figure	but	larger	than	any	inscribed	figure.	We	can	bound	the	drag	of	a	particle	of	sand,	for	example,	between	inscribed	and	circumscribed	spheres.	All	of	the	immersed-body	flows	discussed	have	smooth	streamlines	near	their	surface	with	no	separation.	This	is	characteristic	of	rounded	bodies	in	creeping	flow.	However,
bodies	with	sharp	corners	or	projecting	appendages	do	show	flow	separation.	Figure	3-44	illustrates	two	cases	realized	experimentally	by	Taneda	(1979).	In	Fig.	3-44a,	symmetric	standing	vortices	form	on	either	side	of	a	plate	or	fence	projecting	into	the	flow.	In	Fig.	344b,	a	standing	vortex	forms	in	the	corner	region	of	a	step	in	a	wall;	like	all
creeping	flows,	the	direction	of	the	flow	may	be	reversed	without	any	change	in	the	pattern.	Note	that	both	parts	of	Fig.	3-44	stand	in	good	agreement	with	analytical	solutions	for	the	same	cases.	FIGURE	3-44	Separation	occurs	in	creeping	flow	past	sharp-cornered	obstacles:	(a)	plane	flow	past	a	vertical	fence	at	Re	=	0.014;	(b)	plane	flow	past	a	step
at	Re	=	0.01	(in	either	direction).	[Taneda,	S.	(1979),	“Visualization	of	Separating	Stokes	Flows,”	J.	Phys.	Soc.	Jpn.,	vol.	46,	pp.	1935–1942.]	3-9.3.2	CREEPING	FLOWS	ARE	KINEMATICALLY	REVERSIBLE.	An	important	aspect	of	creeping	flow	is	reversibility.	Since	the	basic	differential	equation	is	linear,	if	a	solution	ψ	is	found,	then	its	negative	is	also
a	solution.	The	streamlines	can	go	either	way.	In	Fig.	3-42	for	Stokes	flow,	the	arrows	could	be	reversed	with	no	penalty.	This	would	change	the	signs	of	the	viscosity-induced	pressures	and	shear	stresses,	and	the	drag	force	would	act	to	the	left	and	still	equal	6πμUa.	If	the	body	is	symmetric,	as	in	flow	past	a	sphere,	the	fore-and-aft	streamlines	would
be	mirror	images.	Note	that	reversibility	is	also	true	of	inviscid	potential	flow,	which	is	governed	by	Laplace’s	linear	relation,	Eq.	(2-69),	where	ϕ	denotes	the	velocity	potential.	Thus,	the	arrows	can	also	be	reversed	on	the	potential	flow	past	a	sphere	in	Fig.	3-42	and,	in	like	manner,	for	the	inviscid	flow	past	a	cylinder	in	Fig.	1-3.Page	138	3-9.4	Two-
Dimensional	Creeping	Flow:	Oseen’s	Improvement	The	Stokes	paradox	is	that	a	two-dimensional	creeping	flow	cannot	satisfy	all	boundary	conditions	without	including	inertia.	Even	three-dimensional	flows	are	not	rigorously	valid	in	the	far	field.	Oseen	(1910)	overcame	the	paradox	by	adding	ad	hoc	linearized	convective	acceleration	to	the	momentum
equation:	(3-278)	where	U	is	the	stream	velocity	acting	in	the	x	direction.	Equation	(3-278)	is	linear	and	can	be	solved	for	a	variety	of	flows,	as	discussed	in	the	texts	by	Oseen	(1927)	and	Lamb	(1932).	For	an	immersed	body,	the	solutions	are	asymmetrical	and	show	a	wake	but	no	separation.	For	flow	past	a	sphere,	the	Oseen	approximation	adds	an
additional	term	to	Eq.	(3-273),	specifically	(3-279)	Page	139Other	workers	have	used	asymptotic	analyses	to	further	refine	this	expression.	According	to	Proudman	and	Pearson	(1957),	the	next	term	in	parentheses	should	be	[9Re2	ln(Re)/160],	but	this	diverges	greatly	for	Re	>	3.	The	idea	of	using	creeping	flow	to	expand	into	the	higher	Reynolds
number	region	has	not	been	successful.	The	Stokes	paradox	is	not	really	a	fundamental	barrier.	It	is	a	failure	of	the	lowest	order	theory	to	match	flow	conditions.	Oseen’s	ad	hoc	idea	is	worthy,	but	the	“paradox”	has	now	been	truly	resolved	by	the	newer	asymptotic	methods	that	develop	systematic	analyses	of	the	governing	equations.	Asymptotic
methods	are	beyond	the	scope	of	this	text	and	may	be	studied	in	specialized	monographs	such	as	Cebeci	and	Cousteix	(1998)	and	Nayfeh	(2000).	Figure	3-45b	compares	the	Stokes	Eq.	(3-273)	and	Oseen	Eq.	(3-279)	theories	with	experimental	data	for	the	drag	on	a	sphere.	For	Re	>	1,	neither	expression	is	accurate,	and	the	measurements	seem	to	lie
in	between.	Since	the	spherical	geometry	is	important	in	engineering,	we	offer	the	following	curve-fit	formula	for	the	(laminar-flow)	data:	FIGURE	3-45	Comparison	of	experiment,	theory,	and	empirical	formulas	for	drag	coefficients	of	a	cylinder	and	a	sphere	(with	smooth	walls):	(a)	cylinder;	(b)	sphere.	(3-280)	which	is	also	plotted	in	Fig.	3-45b.	The
accuracy	is	±	10	percent	up	to	the	“drag	crisis,”	Re	≈	250,	000,	where	the	boundary	layer	on	the	sphere	becomes	turbulent,	thus	markedly	thinning	the	wake	and	reducing	the	drag.	The	drag	crisis	occurs	slightly	earlier	with	rough	surfaces	or	a	fluctuating	freestream.	The	Oseen	Eq.	(3-278)	can	also	be	solved	for	various	twodimensional	bodies.	Of
special	interest	is	the	drag	on	a	flat	plate	of	length	L	placed	parallel	to	the	stream	from	Lewis	and	Carrier	(1949):	(3-281)	where	F′	is	the	drag	per	unit	depth	and	Γ	=	0.577216…	is	Euler’s	constant.	Note	that	the	drag	depends	upon	the	density	no	matter	how	small	the	Reynolds	number.	The	Oseen	solution	for	the	drag	on	a	cylinder	in	crossflow	is
given	by	Tomotika	and	Aoi	(1951):	(3-282)	Figure	3-45a	compares	this	expression	with	data	for	the	drag	on	cylinders	by	Tritton	(1959)	and	Wieselberger	(1914).	The	formula	fits	up	to	about	Re	≈	1	and	then	diverges.	The	author	earlier	offered	the	following	simple	curve-fit	formula:	(3-283)	which	is	in	fair	agreement	up	to	the	drag	crisis,	Re	≈	250,
000.	Sucker	and	Brauer	(1975)	offered	a	better	curve-fit	formula	for	the	same	data:	(3-284)	Page	140valid	with	good	accuracy	for	10−4	<	ReD	<	2	×	105.	Textbooks	which	cover	particle	drag	and	motion	are	by	Clift	et	al.	(1978)	and	Sirignano	(1999).	3-9.5	Creeping	Flow	Past	a	Fluid	Sphere	A	large	variety	of	creeping-motion	solutions	are	given	in	the
texts	by	Langlois	(1964)	and	Happel	and	Brenner	(1983).	A	particularly	interesting	solution	is	the	flow	past	a	spherical	droplet	of	fluid.	The	outer	stream	has	velocity	U	at	infinity	and	viscosity	μ0,	and	the	droplet	has	viscosity	μi	and	a	fixed	interface.	The	boundary	conditions	at	the	droplet	interface	would	be	(1)	zero	radial	velocities	and	(2)	equality	of
surface	shear	and	tangential	velocity	on	either	side	of	the	interface.	The	solution	is	provided	by	Rybczynski	(1911)	and,	independently,	by	Hadamard	(1911);	accordingly,	the	drag	on	a	droplet	is	given	by	(3-285)	For	μi	≫	μ0,	this	model	simulates	a	solid	sphere	(Stokes	solution),	for	which	F	=	6πaμ0U.	For	μi	≪	μ0,	the	model	mimics	the	behavior	of	a
gas	bubble	in	a	liquid,	for	which	F	=	6πaμ0U.	A	liquid	droplet	in	another	liquid	would	lie	in	between.	Note	that	surface	tension	does	not	contribute	to	this	drag	force.	Some	streamlines	of	the	flow	are	shown	in	Fig.	3-46.	These	patterns	are	verified	in	experiments	by	Spells	(1952).	For	higher	Reynolds	numbers	(>1.0),	the	flow	changes	character	into	a
nearly	irrotational	outer	motion	about	a	droplet	that	distorts	gradually	into	nonspherical,	mushroom-like	shapes.	FIGURE	3-46	Streamlines	for	Stokes	flow	past	a	liquid	droplet.	See	also	Fig.	3-48.	3-9.6	Boundary-Element	CFD	Creeping-Flow	Solutions	Naturally	most	of	our	analytical	creeping-flow	solutions	are	for	simple	body	shapes	and	walls.	For
more	complex	geometries,	the	boundary-element	method	(BEM)—see	Beer	(2001)	or	Wrobel	(2002)—is	ideal	because	the	creeping-flow	equations	are	linear.	Computations	are	compact	and	economical	because	no	internal	nodes	are	needed.	One	sums	elemental	biharmonic	or	Stokesian	solutions	to	make	the	element	strengths	match	the	boundary
conditions	(no	slip	or	streaming	flow	or	a	porous	wall,	etc.).	Here	are	some	examples	of	BEM	creeping	flows.	Trogdon	and	Farmer	(1991)	compute	unsteady	creeping	flow	through	an	orifice.	Keh	and	Chen	(2001)	consider	creeping	flow	of	a	droplet	between	plane	walls.	Vainshtein	et	al.	(2002)	study	creeping	flow	near	a	permeable	spheroid.
Richardson	and	Power	(1996)	report	BEM	results	for	flow	past	two	porous	bodies	of	arbitrary	shape.	Roumeliotis	and	Fulford	(2000)	compute	interactions	between	droplets.	Lin	and	Han	(1991)	report	a	variety	of	BEM	simulations:	a	rectangular	cavity,	a	square	bank,	flow	over	a	fence,	and	flow	past	a	cylindrical	arc.	All	these	results	are	in	good
agreement	with	known	experiments	and	theories.	We	conclude	that	any	sensible	creeping	flow	can	be	computed	and	analyzed	with	reliability	and	accuracy.	Page	141	3-9.7	Heat	Transfer	in	Creeping	Motion	Temperature	and	heat	transfer	in	Stokes	flow	can	be	computed	from	the	linearized	energy	equation,	including	an	Oseen	term:	(3-286)	where	U	is
the	(constant)	freestream	velocity.	This	relation	is	entirely	uncoupled	from	the	companion	Stokes–Oseen	velocity	distribution.	Typical	boundary	conditions	include	the	known	temperatures	at	the	wall,	Tw,	and	in	the	stream,	T∞.	Nondimensionalization	of	Eq.	(3286)	yields	a	single	parameter,	the	Peclet	number	Furthermore,	the	mean	Nusselt	number,
which	is	defined	as	varies	only	with	the	Peclet	number	and	the	geometry.	The	solution	for	flow	past	a	sphere	(L	=	2a)	is	given	by	Tomotika	et	al.	(1953):	(3-287)	The	first	term	(2.0)	stems	from	the	Stokes	theory,	and	the	second	term	represents	the	Oseen	correction.	When	compared	with	the	flow	past	a	sphere	data	in	Fig.	3-47a,	this	formula	is	seen	to
be	strictly	qualitative.	The	curve-fit	expression	shown	in	the	figure	is	FIGURE	3-47	Comparison	of	theory	and	experiment	for	heat	transfer	from	air	to	(a)	spheres	and	(b)	cylinders.	(3-288)	which	seems	to	agree	with	both	liquid-	and	gas-flow	data.	If	physical-property	variations	are	important,	it	is	suggested	that	μ,	k,	and	cp	be	evaluated	at	the	so-called
film	temperature	(Tw	+	T∞)/2.	Tomotika	et	al.	(1953)	also	reproduce	the	Oseen	solution	for	flow	past	a	circular	cylinder.	In	this	case,	the	mean	heat	transfer	(L	=	2a)	is	given	by	(3-289)	Here	Γ	=	0.577...,	as	before.	This	formula	is	compared	with	the	flow	past	a	cylinder	data	for	airflow	by	Hilpert	(1933)	and	is	seen	to	be	of	very	limited	utility.	A	better
formula	is	suggested	by	Kramers	(1946)	as	a	curve	fit	(3-290)	which	is	valid	for	0.1	<	ReD	<	104.	This	formula	follows	King’s	law,	predicted	in	an	earlier	study	by	L.	V.	King	in	1914.	It	may	be	used	to	design	the	hot-wire	anemometer,	a	fundamental	instrument	for	the	study	of	turbulence	[Goldstein	(1996)].	In	this	setup,	a	fine	wire	mounted	between
two	needles	represents	the	“cylinder	in	crossflow.”	If	a	current	I	is	passed	through	the	wire	and	the	wire	placed	normal	to	a	moving	stream	U,	then	I	will	be	a	measure	of	U.	If	the	wire	is	held	at	constant	temperature	(constant	resistance),	Eq.	(3-290)	predicts	a	relation	of	the	form	I2	=	a	+	bU1/2,	where	a	and	b	are	constants.	Equation	(3-290)	could
then	be	used	to	compute	a	and	b,	but	it	is	better	to	actually	calibrate	the	hot	wire	in	a	stream	of	known	velocity.	The	good	agreement	of	Kramer’s	formula	suggests	that	for	air,	with	a	typical	wire	diameter	of	0.001	in.,	a	hot-wire	anemometer	should	be	accurate	in	the	velocity	range	suggested	by	Hinze	(1975),	namely,	(3-291)	which	extends	over	a
wide	span	that	is	sufficient	for	most	experimental	purposes.	Note	that	the	flow	past	a	cylinder	measurements	in	Fig.	3-47b	fall	above	Kramer’s	formula	Eq.	(3-290)	for	Re	>	104.	This	is	attributed	to	noisiness	or	“freestream”	turbulence	in	the	oncoming	stream	approaching	the	cylinder.	It	is	thought	that	the	stream	fluctuations	trigger	concave
streamwise	“Görtler	vortices”	(see	Fig.	5-23)	near	the	front	of	the	body,	thus	increasing	the	nose	heat	transfer.	Stream	turbulence	also	hastens	the	onset	of	the	drag	crisis	(Fig.	3-45a),	which	leads	to	increased	(turbulent)	heat	transfer	at	the	rear	of	the	cylinder.	This	subject	is	discussed	in	detail	in	the	monograph	by	Zukauskas	and	Ziukzda	(1985).	We
close	this	section	by	noting	that	the	basic	idea	of	Stokes	or	creeping	flow	is	valid	for	Re	≪	1	but	has	not	been	successfully	extended	or	modified	into	an	accurate	simulation	of	immersed-body	flows	when	Re	>	1.	We	will	give	a	few	more	Stokes	flow	examples	as	problem	exercises.Page	142	3-9.8	Lubrication	Theory	The	lubrication	or	friction	reduction
of	two	bodies	in	near	contact	is	generally	accomplished	by	a	viscous	fluid	moving	through	a	narrow	but	variable	gap	between	the	two	bodies,	with	one	or	both	bodies	moving	[Reynolds	(1886)].	An	idealization	of	this	problem	is	the	slipper-pad	bearing	shown	in	Fig.	3-48.	The	bottom	wall	moves	at	velocity	U	and	induces	a	Couette	flow	in	the	gap.
Assuming	that	the	upper	block	is	fixed,	the	gap,	which	is	very	narrow,	h(x)	≪	L,	decreases	from	h0	in	the	entrance	to	hL	at	the	exit.	The	problem	is	to	find	the	pressure	and	velocity	distributions.	FIGURE	3-48	Low	Reynolds	number	Couette	flow	in	a	varying	gap:	To	maintain	continuity,	the	gap	pressure	rises	to	a	maximum	and	superimposes	Poiseuille
flow	toward	both	ends	of	the	gap.	Let	us	consider	in	Fig.	3-48	that	the	flow	is	two-dimensional,	that	is,	∂/∂	z	=	0	into	the	paper.	Furthermore,	let	us	assume	Stokes	flow,	i.e.,	negligible	inertia.	This	requires	that	ρu	∂	u/∂	x	≪	μ∂2u/∂	y2,	or,	approximately,	Accordingly,	the	Reynolds	number	ReL	can	be	large	if	the	gap	is	very	small.	As	a	practical	example,
take	U	=	10	ms,	L	=	4	cm,	h	=	0.1	mm,	and	SAE	50	lubricating	oil,	with	ν	≈	7	×	10−4	m2s.	We	calculate	ReL	=	570,	althoughReL	h2/L2	=	0.004.	It	is	thus	acceptable	to	neglect	inertia	in	this	case.	Now	examine	Fig.	3-48.	The	simple	linear	Couette	flow	profiles,	shown	as	dashed	lines	at	the	entrance	and	exit,	are	impossible	for	this	geometry	because
continuity	is	violated.	The	mass	flow	at	the	entrance	would	exceed	the	exit	flow.	To	relieve	this	difficulty,	high	pressure	develops	in	the	gap	and	induces	a	parabolic	Poiseuille	motion	toward	both	ends	of	the	gap,	just	sufficient	to	make	the	mass	flow	constant	at	every	section	x.	At	any	section	in	the	gap,	then,	the	local	velocity	profile	is	a	combined
Couette–Poiseuille	flow,	based	on	Eq.	(3-42),	which	is	modified	for	the	new	coordinates:	(3-292)	Page	143The	correct	distribution	p(x)	is	one	that	satisfies	the	continuity	everywhere	for	twodimensional	flow	in	the	gap:	(3-293)	where	in	this	particular	case	we	are	assuming	that	the	vertical	velocities	υ(h)	and	υ(0)	vanish	at	both	walls.	At	this	juncture,
substituting	for	u	from	Eq.	(3-292)	and	carrying	out	the	integration	in	Eq.	(3-293),	we	obtain	a	second-order	differential	equation	for	the	pressure:	(3-294)	Here	we	assume	U	is	constant	and	that	the	gap	variation	h(x)	is	known.	We	then	find	p(x)	to	secure	the	conditions	p(0)	=	p(L)	=	p∞.	Equation	(3-294)	is	a	simplified	form	of	the	Reynolds	(1886)
equation	for	lubrication.	The	development	of	Eq.	(3-294)	from	Eqs.	(3-292)	and	(3293)	is	an	excellent	exercise,	involving	Leibnitz’	rule,	which	we	give	as	a	problem	assignment.	3-9.8.1	SOLUTION	FOR	A	LINEARLY	CONTRACTING	GAP.	Equation	(3294)	may	be	integrated	numerically	for	any	gap	variation	h(x).	A	closed-form	solution	is	possible	for	a
linear	gap	as	in	Fig.	3-48:	We	may	substitute	this	expression	in	Eq.	(3-294)	and	carry	out	the	double	integration.	The	algebra	is	quite	laborious,	and	we	give	only	the	final	result:	(3-295)	This	expression	is	plotted	in	Fig.	3-49	for	various	values	of	the	gap	contraction	ratio	hL/h0.	When	the	contraction	is	small,	the	pressure	distribution	is	nearly
symmetric,	with	pmax	at	x/L	≈	0.5.	As	the	degree	of	contraction	increases,	pmax	increases	and	moves	toward	the	exit	plane.	The	maximum	pressure	rise	is	of	the	order	of	and	can	be	surprisingly	high.	For	our	previous	example,	SAE	50	oil	with	U	=	10	ms,	L	=	4	cm,	and	h0	=	0.1	mm,	we	may	compute	(	μUL/h02)	≈	2.5	×	107	Pa,	or	250	atm.	This
provides	a	high	force	to	the	slipper	block,	which	enables	it	to	support	a	large	load	without	the	block	touching	the	wall.	FIGURE	3-49	Pressure	distribution	in	a	two-dimensional	linear-gap	slipper-pad	bearing,	from	Eq.	(3-295).	Before	leaving	this	section,	let	us	recall	that	Stokes	flows,	being	linear,	are	reversible.	If	we	reverse	the	wall	in	Fig.	3-48	to
move	to	the	left,	that	is,	U	<	0,	then	the	pressure	change	in	Eq.	(3-295)	becomes	negative.	The	fluid	will	not	actually	develop	a	large	negative	pressure	but	will	rather	cavitate	and	form	a	vapor	void	in	the	gap,	as	is	well	Page	144shown	in	the	G.	I.	Taylor	film	“Low	Reynolds	Number	Hydrodynamics.”	Thus,	flow	into	an	expanding	narrow	gap	may	not
generally	bear	much	load	or	provide	good	lubrication.	This	effect	is	unavoidable	in	a	rotating	journal	bearing,	where	the	gap	contracts	and	then	expands,	often	leading	to	partial	cavitation.	3-9.8.2	THE	GENERAL	REYNOLDS	EQUATION.	In	a	general	lubrication	problem,	both	the	upper	and	lower	walls	in	Fig.	3-48	may	be	moving	tangentially	and
normally,	and	the	depth	into	the	paper	may	be	small,	thus	inducing	a	flow	in	the	z	direction.	Assuming	no	translation	of	the	walls	in	the	z	direction,	the	complete	derivation	for	this	case	is	given,	for	example,	in	the	text	by	Szeri	(1998).	The	pressure	now	varies	with	both	x	and	z,	while	satisfying	the	following	relation:	(3-296)	where,	in	general,	h	=	h(x,
z).	This	expression	represents	the	three-dimensional	Reynolds	equation	for	incompressible	fluid	lubrication.	To	achieve	closure,	the	pressure	must	be	known	on	all	four	open	sides	of	the	gap.	SUMMARY	It	has	been	the	intent	of	this	chapter	to	present	a	fairly	complete	survey	of	the	various	types	of	exact	or	near-exact	solutions	presently	known	for
incompressible	(or	weakly	compressible)	Navier–Stokes	equations.	Where	appropriate,	solutions	have	included	not	only	the	velocity	but	also	the	temperature	and	pressure	distributions,	and	dimensionless	variables	have	been	emphasized.	The	various	types	of	solutions	discussed	were	1.	2.	3.	4.	5.	6.	7.	8.	9.	Couette	flows	with	steadily	moving	surfaces
Poiseuille	flow	through	ducts	Unsteady	duct	flows	Unsteady	flows	with	moving	boundaries	Asymptotic	suction	flows	Wind-driven	Ekman	flows	Similarity	solutions:	stagnation	flow,	rotating	disk,	wedge	flow	Low	Reynolds	number	(creeping)	flows	Lubrication	theory	Page	145This	list	seems	rather	substantial	until	we	realize	that	none	of	these	types
possesses	any	degree	of	generality	except	for	the	computer	solutions,	which	themselves	remain	limited	by	mesh	size	and	Reynolds	number	restrictions.	As	the	Reynolds	number	increases	arbitrarily,	laminar	flows	become	unstable,	and	no	method	exists	for	exact	analysis	of	such	problems.	In	many	flows,	whether	laminar	or	turbulent,	the	condition
that	accompanies	a	high	Reynolds	number	makes	certain	terms	in	the	Navier–Stokes	equations	negligible.	What	remains	is	a	far	more	exploitable	field	of	analysis:	boundary-layer	theory	for	laminar	(Chap.	4),	transitional	(Chap.	5),	turbulent	(Chap.	6),	and	compressible	(Chap.	7)	motions.	For	nonboundary-layer	flows,	the	use	of	CFD	for	both	laminar
and	turbulent	flows	is	an	increasingly	powerful	tool.	PROBLEMS**	3-1.	Reconsider	the	problem	of	Couette	flow	between	parallel	plates,	Fig.	3-1,	for	a	power-law	non-Newtonian	fluid,	τxy	=	K	(du/dy)n,	where	n	≠	1.	Assuming	constant	pressure	and	temperature,	solve	for	the	velocity	distribution	u(y)	between	the	plates	with	(a)	n	<	1	and	(b)	n	>	1,	and
compare	with	the	Newtonian	solution,	Eq.	(3-6).	Comment	on	the	results.	3-2.	Consider	the	axial	Couette	flow	of	Fig.	3-3	with	both	cylinders	moving.	Find	the	velocity	distribution	u(r)	and	plot	it	for	(a)	U1	=	U0,	(b)	U1	=	−	U0,	and	(c)	U1	=	2U0.	Comment	on	the	results.	3-3.	Consider	the	axial	Couette	flow	of	Fig.	3-3	with	the	inner	cylinder	moving	at
speed	U0	and	the	outer	cylinder	fixed.	Solve	for	the	temperature	distribution	T(r)	in	the	fluid	if	the	inner	and	outer	cylinder	walls	are	held	at	temperatures	T0	and	T1,	respectively.	3-4.	A	long	thin	rod	of	radius	R	is	pulled	axially	at	speed	U	through	an	infinite	expanse	of	still	fluid.	Solve	the	Navier–Stokes	equation	for	the	velocity	distribution	u(r)	in	the
fluid	and	comment	on	a	possible	paradox.	3-5.	A	circular	cylinder	of	radius	R	is	rotating	at	steady	angular	rate	ω	in	an	infinite	fluid	of	constant	ρ	and	μ.	Assuming	purely	circular	streamlines,	find	the	velocity	and	pressure	distribution	in	the	fluid	and	compare	with	the	flow	field	of	an	inviscid	“potential”	vortex.	3-6.	Assuming	that	the	velocity
distribution	between	rotating	concentric	cylinders	is	known	from	Eq.	(3-22),	find	the	pressure	distribution	p(r)	if	the	pressure	is	p0	at	the	inner	cylinder.	3-7.	An	open	U	tube	of	radius	r0	filled	with	a	length	L	of	a	viscous	fluid	is	displaced	from	rest	and	oscillates	with	amplitude	X(t),	as	shown	in	Fig.	P3-7.	Show	with	a	onedimensional	integral	analysis
that	the	governing	equation	for	X(t)	is	where	Cf	is	the	wall	friction	coefficient.	Find	the	natural	frequency	of	oscillation	and	the	time	to	damp	to	one-half	amplitude	for	an	assumed	Poiseuille-type	friction	factor,	FIGURE	P3.7	3-8.	Air	at	20°C	and	1	atm	is	driven	between	two	parallel	plates	1	cm	apart	by	an	imposed	pressure	gradient	(dp/dx)	and	by	the
upper	plate	moving	at	20	cms.	Find	(a)	the	volume	flow	rate	(in	cm3/s	per	meter	of	width)	if	dp/dx	=	−	0.3	Pa/m	and	(b)	the	value	of	dp/dx	(in	Pam),	which	causes	the	shear	stress	at	the	lower	plate	to	vanish.Page	146	3-9.	Derive	the	solution	u(	y,	z)	for	flow	through	an	elliptical	duct,	Fig.	3-9,	by	solving	Eq.	(3-30).	Begin	with	a	guessed	quadratic
solution,	u	=	A	+	By2	+	C	z2,	and	work	your	way	through	to	the	exact	solution.	3-10.	Air	at	20°C	and	approximately	1	atm	flows	at	an	average	velocity	of	1.7	ms	through	a	rectangular	1	×	4	duct.	Estimate	the	pressure	drop	(in	Pam)	by	(	a)	an	exact	evaluation	and	(b)	the	hydraulic	diameter	approximation.	3-11.	Consider	a	swirling	motion
superimposed	upon	a	circular-duct	flow	by	letting	the	velocity	components	take	the	form	Show	that	the	axial	flow	υz	is	unaffected	by	the	swirl,	so	that	an	arbitrary	υθ	can	be	added	without	changing	the	Poiseuille	distribution.	3-12.	It	is	desired	to	measure	the	viscosity	of	light	lubricating	oils	(μ	≈	0.02	to	0.1	Pa	·	s)	by	passing	approximately	1	m3/h	of
fluid	through	an	annulus	of	length	30	cm	with	inner	and	outer	radii	of	9	and	10	mm,	respectively.	Estimate	the	expected	pressure	drop	through	the	device	and	an	appropriate	instrument	for	the	pressure	measurement.	3-13.	Lubricating	oil	at	is	to	be	cooled	by	flowing	at	an	average	velocity	of	2	ms	through	a	3	cm	diameter	pipe	with	walls	that	are	at
10°C.	Estimate	(a)	the	heat	loss	(in	Wm	2)	at	x	=	10	cm	and	(b)	the	mean	oil	temperature	at	the	pipe	exit,	L	=	2	m.	Comment	on	the	results.	3-14.	For	plane	polar	coordinates	with	circular	streamlines,	show	that	the	only	nonzero	vorticity	component,	ω	=	ωz(r),	satisfies	the	relation	Solve	this	equation	for	the	decay	of	a	line	vortex	initially	concentrated
at	the	origin	with	circulation	Γ0.	Solve	for	ω(r,	t)	and	show	that	Sketch	velocity	profiles	for	a	few	representative	times,	including	t	=	0.	3-15.	Consider	a	wide	liquid	film	of	constant	thickness	h	flowing	steadily	due	to	gravity	down	an	inclined	plane	at	angle	θ,	as	shown	in	Fig.	P3-15.	The	atmosphere	exerts	constant	pressure	and	negligible	shear	on	the
free	surface.	Show	that	the	velocity	distribution	is	given	by	and	that	the	volume	flow	rate	per	unit	width	is	Q	=	ρgh3sin	θ/(3μ).	Compare	this	result	with	flow	between	parallel	plates,	i.e.,	Eqs.	(3-44)	and	(3-45).	FIGURE	P3.15	3-16.	Consider	a	film	of	liquid	draining	at	volume	flow	rate	Q	down	the	outside	of	a	vertical	rod	of	radius	a,	as	shown	in	Fig.	P3-
16.	Some	distance	down	the	rod,	a	fully	developed	region	is	reached	where	fluid	shear	balances	gravity	and	the	film	thickness	remains	constant.	Assuming	incompressible	laminar	flow	and	negligible	shear	interaction	with	the	atmosphere,	find	an	expression	for	υz(r)	and	a	relation	between	Q	and	the	film	radius	b.Page	147	FIGURE	P3.16	3-17.	By
extension	to	Prob.	3-15,	consider	a	double	layer	of	immiscible	fluids	flowing	steadily	down	an	inclined	plane,	as	in	Fig.	P3-17.	The	atmosphere	exerts	no	shear	stress	on	the	surface	and	is	at	constant	pressure.	Find	the	laminar	velocity	distribution	in	the	two	layers.	FIGURE	P3.17	3-18.	The	surface	of	the	draining	liquid	film	in	Prob.	3-15	will	become
wavy	and	unstable	at	a	critical	Reynolds	number	that	depends	upon	the	slope	θ,	gravity	g,	density	ρ,	viscosity	μ,	and	the	surface	tension	ℑ.	Rewrite	this	dependence	in	terms	of	two	dimensionless	parameters	[Fulford	(1964)].	For	water	at	20°C,	what	is	the	numerical	value	of	the	parameter	which	contains	viscosity?	3-19.	Derive	Eq.	(3-96)	for	start-up	of
flow	in	a	circular	pipe.	Plot	the	instantaneous	velocity	profile	for	early	times,	and	0.01.	3-20.	Air	at	20°C	and	1	atm	is	at	rest	between	two	fixed	parallel	plates	2	cm	apart.	At	time	t	=	0	the	lower	plate	suddenly	begins	to	move	tangentially	at	30	cm/s.	Compute	the	air	velocity	at	the	center	between	the	plates	after	2	s.	When	will	the	center	velocity	reach
14	cm/s?Page	148	3-21.	A	Couette	pump	consists	of	a	rotating	inner	cylinder	and	a	baffled	entrance	and	exit,	as	shown	in	Fig.	P3-21.	Assuming	zero	circumferential	pressure	gradient	and	(a	−	b)	≪	a,	derive	formulas	for	the	volume	flow	and	pumping	power	per	unit	depth.	Illustrate	for	SAE	oil	at	20°C,	with	a	=	10	cm,	b	=	9	cm,	and	ω	=	600	rpm.
FIGURE	P3.21	3-22.	The	Taylor	vortex	is	defined	by	a	purely	circumferential	flow	Determine	whether	this	vortex	is	an	exact	solution	of	the	incompressible	Navier–	Stokes	equations	with	negligible	gravity.Sketch	a	few	instantaneous	velocity	profiles	and	compare	to	the	Oseen	vortex	in	Prob.	3-14.	3-23.	Consider	radial	outflow	between	two	parallel
disks	fed	by	symmetric	entrance	holes,	as	shown	in	Fig.	P3-23.	Assume	that	υz	=	υθ	=	0	and	υr	=	f	(r,	z),	with	constants	ρ,	μ,	and	p	=	p(r)	only.	Neglect	gravity	and	entrance	effects	at	r	=	0.	Set	up	the	appropriate	differential	equation	and	boundary	conditions	and	solve	as	far	as	possible	—numerical	(e.g.,	Runge–Kutta)	integration	may	be	needed	for	a
complete	solution.	Sketch	the	expected	velocity	profile	shape.	FIGURE	P3.23	3-24.	A	long,	uniformly	porous	cylinder	of	radius	R	exudes	fluid	at	velocity	U0	into	an	unbounded	fluid	of	constant	ρ	and	μ.	The	pressure	at	the	cylinder	surface	is	p0.	Assuming	purely	radial	outflow	with	negligible	gravity,	find	the	velocity	and	pressure	distributions	in	the
fluid.	3-25.	Consider	the	problem	of	steady	flow	induced	by	a	circular	cylinder	of	radius	r0	rotating	at	surface	vorticity	ω0	and	having	a	wall-suction	velocity	υr(r	=	r0)	=	−	υw	=	const.	Set	up	the	problem	in	polar	coordinates	assuming	no	circumferential	variations	∂/∂θ	=	0,	and	show	that	the	vorticity	in	the	fluid	is	given	by	Page	149where	Re	=	r0υw/ν
is	the	wall-suction	Reynolds	number	of	the	cylinder.	Integrate	this	relation	to	determine	the	velocity	distribution	υθ	(r)	in	the	fluid	and	show	that	the	character	of	the	solution	is	quite	different	for	the	three	cases	of	the	wall	Reynolds	number	Re	less	than,	equal	to,	or	greater	than	2.0.	3-26.	Consider	laminar	flow	in	a	uniformly	porous	tube,	similar	to	the
porous-channel	problem,	Eqs.	(3-167).	Let	the	similarity	variable	be	ζ	=	(r/r0)2	and	find	a	suitable	expression	for	the	axisymmetric	stream	function	ψ	(x,	ζ	),	similar	to	Eq.	(3-165)	for	the	channel.	Then	show	that	the	differential	equation	equivalent	to	(3-169)	is	where	and	only.	This	equation	has	no	known	solutions	in	the	rang	[White	(1962a)].	Establish
the	proper	boundary	conditions	on	the	function	g(ζ	).	3-27.	The	practical	difficulty	with	the	Ekman	spiral	solution,	Eq.	(3-199),	is	that	it	assumes	laminar	flow	whereas	the	real	ocean	is	turbulent.	One	approximate	remedy	is	to	replace	the	kinematic	viscosity	ν	everywhere	by	a	(constant)	turbulent	or	“eddy”	viscosity	correlated	with	wind	shear	and
penetration	depth	using	a	suggestion	by	Clauser	(1956):	Repeat	our	text	example,	Vwind	=	6	ms	over	a	20°C	air–water	interface	of	41°N	latitude.	Compute	the	penetration	depth	D	and	surface	velocity	V0.	3-28.	Repeat	the	analysis	of	the	Ekman	flow,	Sec.	3-7.2,	for	shallow	water,	that	is,	apply	the	bottom	boundary	condition,	Eq.	(3-198),	at	z	=	−	h.
Find	the	velocity	components	and	show	that	the	surface	velocity	is	no	longer	at	a	45°	angle	to	the	wind	but	rather	satisfies	the	equation	as	follows	for	the	surface	angle	θ:	Find	the	value	of	h/D	for	which	θ	=	20°.	3-29.	Air	at	20°C	and	1	atm	flows	at	1	m/s	across	a	cylinder	of	diameter	2	cm	and	wall	temperature	40°C.	Using	inviscid	theory,	Eq.	(1-2),	to
establish	the	constant	B,	use	the	results	of	Sec.	3-8.1	to	estimate	(a)	the	shear	layer	thickness	δ,	(b)	the	wall	shear	stress,	and	(c)	the	heat-transfer	rate	qw	at	the	front	stagnation	point	of	the	cylinder.	3-30.	The	opposite	of	von	Kármán’s	rotating	disk	problem	is	Bödewadt’s	case	[Rogers	and	Lance	(1960)]	of	a	fixed	disk	with	a	rotating	outer	stream,	υθ
=	rω	as	z	→	∞.	Using	the	approach	of	Sec.	3-8.2,	set	up	this	problem	and	carry	it	out	as	far	as	possible,	including	numerical	integration	if	a	computer	is	available.	3-31.	The	rotating	disk	is	sometimes	called	von	Kármán’s	centrifugal	pump,	since	it	brings	in	fluid	axially	and	throws	it	out	radially.	Consider	one	side	of	a	50	cm	disk	rotating	at	1200	rpm	in
air	at	20°C	and	1	atm.	Assuming	laminar	flow,	compute	(a)	the	flow	rate,	(b)	the	torque	and	power	required,	and	(c)	the	maximum	radial	velocity	at	the	disk	edge.	3-32.	Solve	the	Jeffery–Hamel	wedge-flow	relation,	Eq.	(3-195),	for	creeping	flow,	Re	=	0	but	α	≠	0.	Show	that	the	proper	solution	is	Show	also	that	the	constant	always	occurs	for	α	>	90°.
3-33.	and	sketch	a	few	profiles.	Show	that	backflow	In	spherical	polar	coordinates,	where	azimuthal	variations	∂/∂θ	vanish	due	to	axisymmetry,	an	incompressible	stream	function	ψ	(r,	φ)	can	be	defined	such	that	The	particular	stream	function	is	an	exact	solution	of	the	Navier–Stokes	equations	and	represents	a	round	jet	issuing	from	the	origin.	Sketch
the	streamlines	in	the	upper	two	quadrants	for	a	particular	value	of	a	between	0.001	and	0.1.	(Various	values	could	be	distributed	among	a	group.)	Sketch	the	jet	profile	shape	ur(1,	φ),	and	determine	how	the	jet	width	δ	(where	ur	=	0.01umax)	and	jet	mass	flow	vary	with	r.	3-34.	A	sphere	of	specific	gravity	7.8	is	dropped	into	oil	of	specific	gravity	0.88
and	viscosity	μ	=	0.15	Pa⋅s.	Estimate	the	terminal	velocity	of	the	sphere	if	its	diameter	is	(a)	0.1	mm,	(b)	1	mm,	and	(c)	10	mm.	Which	of	these	is	a	creeping	motion?	3-35.	Verify	Eq.	(3-285)	for	the	drag	of	a	liquid	droplet	by	repeating	the	Stokes	problem	with	boundary	conditions	of	zero	radial	velocity,	equal	tangential	velocity,	and	equal	shear	stress
at	the	droplet	surface	(assumed	to	be	a	perfect	sphere,	r	=	a).Page	150	3-36.	Repeat	the	analysis	of	radial	outflow	between	parallel	disks,	as	in	Prob.	3-23,	for	creeping	flow,	i.e.,	negligible	inertia.	Find	the	velocity	and	pressure	distributions	for	this	case.	3-37.	Analyze	the	problem	of	creeping	flow	between	parallel	disks	of	radius	R	and	separation
distance	L.	The	lower	disk	(z	=	0)	is	fixed	and	the	upper	disk	(z	=	L)	rotates	at	angular	rate	ω.	Assuming	that	υθ	=	rf	(z),	reduce	the	problem	as	far	as	possible	and	solve	for	the	velocities.	3-38.	3-39.	Set	up	the	method	of	separation	of	variables	for	finding	u(y,	z)	for	a	rectangular	duct,	Fig.	3-9	and	Eq.	(3-48),	by	analyzing	Eq.	(3-30).	First	note	that	the
separation	will	not	work	until	one	defines	a	new	variable	U	=	u	−	F,	where	∇2F	=	(1/μ)	(dp/dx),	so	that	∇2U	=	0.	Then	separate	U	into	x	and	y	parts	and	find	the	form	of	each	part.	Show	how	an	infinite	series	would	be	required	to	satisfy	the	boundary	conditions,	but	do	not	determine	the	series	coefficients.	Repeat	the	analysis	of	Sec.	3-9.7.1	for	a
parabolically	varying	gap:	Nondimensionalize	and	solve	for	the	pressure	distribution	similar	to	Eq.	(3-295).	Numerical	integration	may	be	required.	Plot	the	resulting	pressures	for	various	hL/h0	and	compare	with	Fig.	3-49.	3-40.	3-41.	3-42.	3-43.	Set	up	Stokes’	first	problem	of	the	impulsively	started	plane	wall,	Fig.	3-21,	for	solution	using	a	numerical
method.	Plot	some	typical	velocity	profiles	and	compare	quantitatively	with	the	exact	solution,	Eq.	(3-107).	Repeat	Prob.	3-40	using	a	numerical	method.	Set	up	Stokes’	second	problem	of	the	(long-term)	oscillating	wall,	Fig.	3-22a,	for	solution	using	a	numerical	method.	Let	the	initial	transient	die	out.	Plot	some	typical	velocity	profiles	and	compare
quantitatively	with	the	exact	solution,	Eq.	(3-111).	Repeat	Prob.	3-42	using	a	numerical	method.	3-44.	The	solutions	fn(r)	for	Eq.	(3-76)	are	called	Graetz	functions,	but	they	are	not	tabulated.	Set	up	a	numerical	solution	of	Eq.	(3-76),	perhaps	using	a	Runge–Kutta	solver,	and	solve	iteratively	for	the	first	three	functions	f1−2−3	and	their	eigenvalues
λ1−2−3	.	Compare	with	Table	3-1,	but	avoid	using	the	table	for	your	initial	guesses.	3-45.	Extend	Prob.	1-21,	where	we	found	only	the	Knudsen	number,	Kn	≈	0.17,	by	using	all	the	data	given	there.	(a)	Find	the	Reynolds	number	and	see	if	it	is	less	than	2000	(laminar	flow).	(b)	Estimate	the	required	pressure	gradient	in	Pa/m.	(c)	Estimate	the	flow	rate
in	mm3/s.	3-46.	Starting	from	the	axial	momentum	equation,	derive	Eqs.	(3-40)	for	slip	flow	in	tubes.	3-47.	For	the	geometry	of	Fig.	3-1,	assume	a	constant	pressure	gradient	with	both	walls	fixed.	Solve	the	continuity	and	x	momentum	for	laminar	slip	flow	between	the	plates.	Find	the	velocity	distribution	and	the	volume	flow	rate	per	unit	depth.	Does
the	Knudsen	number	appear?	3-48.	Hadjiconstantinou	(2003)	has	updated	a	second-order	slip	theory	by	Cercignani	(2000)	to	give	new	numerical	coefficients	for	the	wall-slip	velocity,	to	be	compared	with	Eq.	(1-80):	Repeat	Prob.	3-52	with	this	formulation	to	solve	continuity	and	x	momentum	for	laminar	slip	flow	between	the	plates.	Find	the	velocity
distribution	and	the	volume	flow	rate	per	unit	depth.	Does	the	Knudsen	number	appear?	3-49.	Carry	out	the	steps	that	lead,	for	Stokes	sphere	flow,	from	Eqs.	(3-266)	to	(3-268),	by	assuming	a	product	solution	ψ	(r,	θ)	=	f	(r)	g(θ)	separating	the	variables,	and	solving	for	f	and	g.	3-50.	Hill	and	Power	(1956)	proved	that	the	creeping-flow	(Stokes)	drag	on
a	solid	object	is	greater	than	the	drag	on	any	inscribed	shape	but	less	than	the	drag	on	any	circumscribed	shape.	Verify	this	result	for	the	spheroid	of	Fig.	3-43	by	comparing	it	to	inscribed	and	circumscribed	spheres.	Do	the	relative	drag	forces	differ	markedly	or	by	only	a	few	percent?	3-51.	The	elemental	creeping-flow	solution	ψ	=	r	ln	r	sin	θ	is
called	an	Oseenlet.	Is	this	a	solution	for	plane	flow,	Eq.	(3-261),	or	axisymmetric	flow,	Eq.	(3-266),	or	both?	How	might	Oseenlets	be	used	in	analyzing	more	complex	creeping	flows?	3-52.	Using	a	numerical	method	such	as	the	Runge–Kutta	scheme,	solve	the	axisymmetric	stagnation	flow	Eq.	(3-220)	for	the	function	F(η).	Use	an	iterative	scheme	to
determine	the	proper	value	of	3-53.	The	rotating	disk	of	Fig.	3-35	acts	rather	like	a	centrifugal	pump.	Consider	a	disk	60	cm	in	diameter,	rotating	at	120	rev/min	in	air	at	20°C	and	1	atm.	Is	the	flow	at	the	disk	tip	laminar,	transitional,	or	turbulent?	Using	Karman’s	theory	of	Sec.	3-8.2,	estimate	the	volume	flow	of	air,	in	cm3/s,	pumped	outward	by	one
side	of	the	disk.	3-54.	Consider	the	fully	developed	flow	in	a	long	axisymmetric	annulus,	which	is	driven	by	a	pressure	gradient.	(a)	Using	an	appropriate	coordinate	system,	make	the	necessary	assumptions	that	will	simplify	the	incompressible	Navier–Stokes	equations.	(b)	(c)	(d)	Write	the	differential	equation	of	motion	for	this	problem.Page	151
Specify	a	judicious	assortment	of	boundary	conditions.	Solve	for	the	steady-state	velocity	profile	u(r)	for	b	≤	r	≤	a.	FIGURE	P3.54	3-55.	A	fluid	of	constant	thickness	h	flows	steadily	down	a	flat	surface	that	is	inclined	at	an	angle	θ,	as	shown	below.	(a)	(b)	(c)	(d)	(e)	Make	the	necessary	assumptions	to	reduce	the	Cartesian	Navier–	Stokes	equations.
Write	the	differential	equation	of	motion	for	this	problem.	Specify	a	judicious	assortment	of	boundary	conditions.	Solve	for	the	steady-state	velocity	profile	u(y)	for	0	≤	y	≤	h.	Calculate	the	volumetric	flow	rate	per	unit	width.	FIGURE	P3.55	3-56.	Consider	the	flow	configuration	of	two	different	fluid	bodies	that	are	separated	by	a	rigid	interfacial
surface	that	can	be	assumed	to	be	infinitesimally	thin.	The	heights	and	dynamic	viscosities	of	the	two	bodies	are	specified	on	the	sketch.	The	upper	body	is	bounded	by	a	moving	surface	that	translates	in	the	positive	x	direction	at	a	uniform	speed	V.	What	should	be	the	axial	speed	of	the	interfacial	surface	in	the	absence	of	a	pressure	gradient	in	the
streamwise	direction?	FIGURE	P3.56	Page	152	3-57.	Consider	fully	developed	laminar	flow	in	the	annulus	between	two	concentric	pipes	as	shown	below.	The	outer	pipe	is	stationary,	and	the	inner	pipe	moves	in	the	xdirection	at	a	constant	speed	V.	Assume	the	axial	pressure	gradient	is	zero	(dp/dx	=	0).	From	the	differential	form	of	the	conservation
laws,	obtain	a	general	expression	for	the	velocity	profile,	u(r)	in	terms	of	two	integration	constants,	C1	and	C2.	Apply	the	no-slip	boundary	conditions	to	solve	for	C1	and	C2.	Give	the	final	expression	for	u(r).	FIGURE	P3.57	3-58.	Consider	a	fully	developed	laminar	flow	in	the	annular	space	formed	by	the	two	concentric	cylinders	shown	above,	but	with
a	stationary	inner	cylinder	and	a	nonzero	pressure	gradient	(dp/dx	≠	0).	Let	ro	=	R	and	ri	=	kR,	where	0	<	k	<	1	is	a	constant.	(a)	Using	the	Navier–Stokes	equations	and	proper	boundary	conditions,	show	that	the	velocity	profile	and	volume	flow	rate	can	be	written	as	(b)	Obtain	an	expression	for	the	location	of	the	maximum	velocity	as	a	function	of	k.
(c)	Obtain	an	expression	for	the	average	velocity	in	the	annulus,	(d	)	By	taking	the	limiting	case	of	k	→	0,	compare	your	expressions	to	those	corresponding	to	the	Poiseuille	flow	in	a	circular	pipe.	Hint:	They	must	be	the	same!	Required	integration	is	straightforward	except	for	one	term	that	must	be	integrated	by	parts:	3-59.	Consider	the	problem
associated	with	the	spinning	porous	tube	depicted	in	Fig.	328	of	Sec.	3-6.4.	By	substituting	the	similarity	transformations	given	by	Eq.	(3-182)	into	Eq.	(3-181),	derive	Eq.	(3-183).	Subsequently,	recognizing	that	υθ	=	g(r)	is	a	function	of	a	single	variable,	derive	Eq.	(3-184).	Finally,	introduce	into	Eq.	(3184)	and	differentiate	once	to	obtain	Eq.	(3-185).
Verify	that	the	four	boundary	conditions	for	this	problem	translate	into	†There	are	over	100	different	cases,	depending	on	how	they	are	classified.	Many	are	given	by	Berker	(1963).	See	also	Wang	(1991),	Rogers	(1992),	Profilo	et	al.	(1998),	Drazin	and	Riley	(2006),	Dyck	and	Straatman	(2019),	and	the	references	therein.	‡The	duct	problem	is	more
restrictive	for	a	multiply	connected	section	than	the	torsion	problem,	which	does	not	require	that	u	vanish	on	the	surfaces	of	the	inner	holes	in	the	cross	section.	§Stagnation	flow	also	happens	to	be	an	exact	solution	to	the	simpler	boundary-layer	equations.	It	is,	in	fact,	one	of	the	similar	solutions	to	be	discussed	in	Sec.	4-3.	**Appendix	I	provides	a
collection	of	trigonometric	identities	that	can	be	useful	in	solving	certain	problems,	especially	those	requiring	integration.	Page	153	CHAPTER	4	LAMINAR	BOUNDARY	LAYERS	The	best	theory	is	the	simplest	one	that	still	explains	observations.	William	of	Ockham	(1285–1347)	4-1	INTRODUCTION	OF	the	exact	solutions	considered	in	Chap.	3—
notably	moving-boundary	SEVERAL	flows,	oscillatory	duct	flows,	stagnation	flows,	the	rotating	disk,	convergent-wedge	flow,	and	the	flat	plate	with	asymptotic	suction—have	hinted	strongly	at	boundary-layer	behavior.	That	is,	at	large	Reynolds	numbers,	the	effects	of	viscosity	become	increasingly	confined	to	narrow	regions	near	solid	walls.	Digital-
computer	solutions	also	show	this	tendency	of	highspeed	flows	to	sweep	the	vorticity	downstream	and	leave	the	flow	far	from	the	walls	essentially	irrotational.	Physically,	this	means	that	the	rate	of	downstream	convection	is	much	larger	than	the	rate	of	transverse	viscous	diffusion.	Consider	a	flow	at	speed	U	past	a	thin	body	of	length	L.	The	time	a
fluid	particle	spends	near	the	body	is	approximately	L/U,	while	the	time	required	for	viscous	effects	to	spread	across	the	streamlines	is	of	order	This	time	scale	can	be	derived	directly	from	Majdalani’s	penetration	number,	which	remains	constant	for	a	fixed	penetration	depth	in	the	cross-streamwise	direction,	or	spreading	distance	across	streamlines
(Sec.	2-9.3).	By	setting	this	dimensionless	parameter	equal	to	a	constant,	we	get	This	enables	us	to	estimate	the	characteristic	time	for	crossing	as	Accordingly,	the	viscous	region	will	be	thin	if	the	diffusion	time	is	much	shorter	than	the	residence	time:	(4-1)	Thus,	a	thin	boundary	layer	is	expected	when	the	flow	Reynolds	number	ReL	is	large.	The
boundary	layer	is	likely	to	be	laminar	at	first	and	then,	as	ReL	increases,	undergoes	transition	to	turbulence.	However,	a	thin	layer	is	not	ensured	on	the	rear	or	lee	side	of	bluff	bodies.	As	we	saw	for	spheres	and	cylinders	in	Chap.	3,	a	standing	eddy	at	moderate	Re	forms	behind	the	body.	As	Re	continues	to	increase,	eddies	are	shed	and	scattered
while	a	broad	wake	begins	to	develop.	In	this	vein,	the	thin-boundary-layer	approximations	to	be	discussed	here	do	not	apply	in	the	“separated”	regions	that	occur	behind	bluff	bodies.	Boundary-layer	theory	will,	however,	be	used	to	estimate	where	the	point	of	separation	occurs	on	the	body.	Analytical	studies	of	separated	flows	are	difficult	and	rare,
but	there	is	considerable	experimentation	and	numerical	modeling.	Even	though	standard	boundary-layer	analysis	is	not	applicable	to	(1)	low	Reynolds	number	or	(2)	flow	separation	regions,	it	remains	a	very	important	subject,	especially	for	understanding	viscous	flows.	For	this	reason,	the	present	chapter	will	focus	on	traditional	boundary-layer
techniques.	For	further	study,	we	refer	the	reader	to	monographs	that	are	entirely	devoted	to	boundary-layer	theory:	Cebeci	and	Cousteix	(1998),	Schlichting	and	Gersten	(2017),	Schetz	and	Bowersox	(2011),	Oleinik	and	Samokhin	(1999),	and	the	classical	monograph	by	Rosenhead	(1963).Page	154	4-1.1	Flat-Plate	Integral	Analysis	Following	an	idea
first	developed	by	Kármán	(1921),	a	substantial	amount	of	quantitative	information	can	be	gained	about	boundary	layers	by	performing	a	broad-brush	momentum	analysis	of	the	flow	of	a	viscous	fluid	at	high	Re	past	a	flat	plate.	A	schematic	of	the	proposed	flow	configuration	is	given	in	Fig.	4-1.	Note	that	the	sharp	edge	of	the	plate	is	set	at	(x,	y)	=	(0,
0)	and	the	fluid	sweeping	along	the	plate	will	shear	at	the	wall	because	of	the	noslip	condition,	thus	producing	a	drag	force	D.	The	corresponding	velocity	distribution	u(	y)	at	any	particular	downstream	position	x	will	show	a	smooth	drop-off	to	zero	at	the	wall,	as	illustrated	in	the	figure.	To	satisfy	conservation	of	mass,	the	streamlines	will	be	slightly
deflected	away	from	the	plate,	so	that	the	fluid	pressure	remains	approximately	constant.	We	have	labeled	the	shear-layer	thickness	as	δ99%;	streamlines	outside	this	shear	layer	will	deflect	a	distance	δ*	(the	displacement	thickness),	which	depends	only	upon	x.	Thus,	the	streamline	in	the	figure	moves	upward	from	y	=	H	at	x	=	0	to	y	=	δ	=	H	+	δ*	at
x	=	L,	where	is	the	length	of	the	control	volume	parallel	to	the	plate.	Finally,	we	assume	that	the	velocity	just	upstream	of	the	sharp	edge	is	uniform	and	parallel,	i.e.,	u	=	U	=	const.	FIGURE	4-1	Definition	of	control	volume	for	the	analysis	of	flow	past	a	flat	plate.	The	control	volume	chosen	for	the	analysis	is	enclosed	by	dashed	lines	in	Fig.	4-1.	Since
velocity	distributions	are	known	only	at	the	inlet	and	exit,	it	is	helpful	for	the	other	two	sides	of	the	control	volume	to	be	streamlines	that	no	mass	or	momentum	can	cross.	The	lower	side	is	chosen	to	be	the	wall	itself,	thus	exposing	the	frictional	drag	force.	The	upper	side	is	a	streamline	just	outside	the	shear	layer,	so	that	the	viscous	drag	is	zero
along	this	line.	4-1.2	The	Displacement	Thickness	For	steady	flow,	mass	conservation	between	the	(left)	inlet	section	and	the	(right)	outlet	section	of	this	streamline-bounded	control	volume	can	be	applied,	as	per	Eq.	(2-118),	to	give	(4-2)	where	b	is	the	width	of	the	plate.	For	an	incompressible	motion	with	constant	density,	this	relation	simplifies	into
(4-3)	Rearranging	and	noting	that	be	deduced	directly	from	and,	cleverly,	the	displacement	thickness	can	(4-4)	The	last	approximation	is	permitted	because	of	the	negligible	contribution	of	the	integrand	for	y	>	δ,	where	u	≈	U.	In	fact,	Eq.	(4-4)	is	the	formal	definition	of	the	boundary-layer	displacement	thickness	δ*,	which	holds	true	for	any
incompressible	fluid,	be	it	laminar	or	turbulent,	with	constant	or	variable	pressure	(or	temperature).	Physically,	δ*	measures	the	reduction	of	mass	transport	in	the	axial	direction	due	to	the	presence	of	a	boundary	layer	(see	Fig.	4-2).	In	other	words,	it	represents	the	height	of	a	virtual	streamtube	traveling	at	the	freestream	velocity	U	and	carrying	the
mass	deficit	caused	by	flow	deceleration	inside	the	boundary	layer—which	causes	the	speed	to	vary	from	zero	at	the	wall	to	U	at	the	edge	of	the	boundary	layer.	It,	therefore,	corresponds	to	the	vertical	displacement	of	a	streamline	that	will	preserve	mass	conservation	in	an	otherwise	strictly	uniform	flow.	In	Fig.	4-2,	the	shaded	areas	are	equal
because	the	Page	155mass	flow	deficit	near	the	wall	(relative	to	a	plug	flow)	is	by	definition	equal	to	δ*U.	Moreover,	since	y	variations	are	integrated	away,	δ*	remains	a	function	of	x	only,	although	its	value	depends	on	the	local	velocity	distribution	u(y).	FIGURE	4-2	Vertical	displacement	δ*	of	an	inviscid,	irrotational,	uniform	flow	that	will	transport
the	same	amount	of	mass	as	its	corresponding	sheared	flow.	The	shaded	areas,	which	represent	the	mass	deficit	due	to	flow	deceleration,	are	equal.	The	displacement	thickness	concept	enables	us	to	define	an	equivalent	“effective	body”	that	has	been	thickened,	i.e.,	whose	surface	has	been	displaced	by	δ*	outwardly,	in	such	a	way	to	permit	the	use	of
a	strictly	inviscid	flow	around	it,	as	pictured	in	Fig.	4-3.	FIGURE	4-3	Sketch	of	an	apparent	(or	effective)	body	that	represents	an	immersed	object	with	thickened	walls,	i.e.,	surface	boundaries	that	have	been	displaced	outwardly	by	a	normal	distance	δ*	to	permit	the	continual	use	of	inviscid	theory.	4-1.3	Momentum	Thickness	as	Related	to	Flat-Plate
Drag	Conservation	of	x	momentum	can	be	secured	by	applying	Eq.	(2-119)	to	our	control	volume.	We	get	(4-5)	Again,	assuming	constant	ρ	and	recalling	that	from	Eq.	(4-3),	we	obtain	(4-6)	Equation	(4-6)	is	the	defining	relation	for	a	second	parameter,	the	momentum	thickness	which	is	also	a	function	of	x	only.	Here	θ	represents	the	height	of	a	virtual
streamtube	traveling	at	the	freestream	velocity	U	while	carrying	the	net	momentum	deficit	attributed	to	viscous	resistance.	This	definition	for	θ	holds	true	for	any	incompressible	boundary	layer,	although	its	connection	with	the	drag	force	and	ρU2	depends	on	the	configuration	at	hand.	For	example,	it	will	differ	for	a	cylinder	or	sphere	in	cross	flow
compared	to	a	flat-plate	motion.	Practically,	θ	measures	the	reduction	in	flow	momentum	due	to	the	presence	of	a	boundary	layer	and	is,	therefore,	useful	in	the	prediction	of	drag.	For	example,	based	on	Eq.	(4-6),	one	can	easily	deduce	the	drag	coefficient	on	a	plate	of	length	x	by	writing:	The	evaluation	of	δ*	and	θ	is	illustrated	graphically	in	Fig.	4-4.
Clearly,	δ*	is	always	greater	than	θ	and	their	ratio,	called	the	shape	factor,	is	often	used	in	boundary-layer	analyses:	FIGURE	4-4	Momentum	and	displacement	thickness.	(4-7)	Here,	H	is	not	to	be	confused	with	the	height	of	the	inlet	section	in	Fig.	4-1.	If	τw(x)	is	the	wall	shear	stress	on	the	plate,	then	the	total	drag	on	one	side	of	a	plate	of	length	L
and	width	b	is	the	integral	of	the	wall	shear	forces:	(4-8)	Page	156The	wall	shear	and	drag	force	may	be	nondimensionalized	in	the	same	manner	as	in	Chap.	3:	(4-9)	These	are	general	definitions.	For	a	flat	plate,	by	comparison	with	Eqs.	(4-6)	and	(4-8),	we	get	(4-10)	These	two	expressions	were	derived	by	Kármán	(1921)	in	his	classic	paper	and
remain	valid	under	both	laminar	and	turbulent	regimes.	It	is	gratifying	that	flat-plate	friction	and	drag	can	be	estimated	entirely	from	the	momentum	thickness	θ	(x).	4-1.4	Guessed	Profiles	Yield	Numerical	Estimates	Assuming	that	the	inlet	profile	is	indeed	a	uniform	velocity	U,	the	previous	relations	are	exact	if	one	uses	the	correct	profile	u.	With	the
exact	solution,	though,	we	do	not	need	integrals;	we	merely	calculate	the	drag	and	wall	shear	directly.	The	beauty	of	Kármán’s	idea	is	that	we	can	guess	a	reasonable	form	of	u	and	extract	reasonable	estimates	because	integration	tends	to	wash	out	the	positive	and	negative	deviations	of	the	assumed	profile.	To	illustrate	Kármán’s	approach,	let	us
begin	by	prescribing	a	simple	expression	for	u(	y)	at	a	fixed	position	x	in	Fig.	4-1.	Our	goal	is	to	satisfy	three	fundamental	physical	conditions	for	this	boundary-layer	profile:	No	slip	at	the	wall:	u(x,	0)	=	0	Smooth	merging	with	the	far-field	velocity	or	freestream:	Other	constraints	will	be	discussed	later.	We	can	satisfy	these	three	conditions	with	a
secondorder	polynomial	of	the	form	(4-11)	where	the	x	dependence	is	captured	through	δ(x).	By	inserting	this	approximate	profile	into	Eqs.	(4-4)	and	(4-6),	we	extract	(4-12)	Page	157Here,	η*	and	θ*	are	used	to	designate	the	dimensionless	displacement	and	momentum	thicknesses,	respectively.	At	this	point,	it	proves	helpful	to	relate	the	wall	shear	to
the	assumed	shape	u	by	differentiating	the	quadratic	polynomial	and	writing	(4-13)	Substituting	Eqs.	(4-12)	and	(4-13)	into	the	first	member	of	Eqs.	(4-10),	and	rearranging,	we	obtain	The	resulting	expression	can	be	readily	integrated	from	x	=	0	to	any	position	x,	while	taking	into	account	the	initiation	of	boundary-layer	growth	at	the	leading	edge,
where	δ(0)	=	0.	The	result	is	(4-14)	where	This	results	is	only	9.5	percent	higher	than	the	“exact”	solution	for	laminar	flat-plate	flow	given	by	Blasius	(1908).	Further,	by	substituting	δ(x)	from	Eq.	(4-14)	into	Eqs.	(4-12)	and	(4-13),	additional	flat-plate	characteristics	can	be	deduced,	viz.	(4-15)	The	resulting	constants	(a,	b,	c,	d)	also	fall	within	10
percent	of	the	Blasius	estimates.	Finally,	by	integrating	Cf	(x)	over	the	length	of	the	plate,	we	obtain	the	total	drag	coefficient:	(4-16)	As	Kármán	(1921)	pointed	out,	these	expressions	can	be	quite	easily	determined	compared	to	a	full-blown	attack	on	the	continuity	and	momentum	equations.	In	fact,	several	momentum	integral	approximations	for	flat-
plate	flow,	specifically	those	that	lead	to	closed-form	analytic	expressions	for	u,	have	been	pursued	in	the	literature.	Foremost	among	them	are	those	devised	by	Pohlhausen	(1921)	and	Schlichting	(1979),	although	several	other	formulations	have	become	available	in	recent	years.	These	can	be	generally	separated	into	piecewise	(continuously
differentiable)	profiles,	which	are	valid	only	within	the	0	≤	y	≤	δ	boundary-layer	region,	and,	alternatively,	into	monotonically	increasing	continuous	profiles	that	merge	smoothly	into	the	far	field	even	as	y	→	∞.	We	defer	the	discussion	of	continuous	profiles	to	Sec.	4-3,	where	their	connection	to	the	Blasius	similarity	solution	can	be	made.	In	the
meantime,	we	proceed	by	examining	five	piecewise	models	that	are	defined	for	0	≤	y	≤	δ	and	which	are	set	equal	to	unity	for	δ	<	y	<	∞.	These	are	Pohlhausen’s	quadratic,	cubic,	and	quartic	profiles:	(4-17)	Schlichting’s	sinusoidal	profile:	(4-18)	Majdalani–Xuan’s	quartic	profile:	(4-19)	Using	ξ	=	y/δ	and	F(ξ)	=	uU	for	simplicity,	these	profiles	are
collected	in	Table	4-1	and	compared	to	the	classic	solution	due	to	Blasius	(1908).	Note	that	relative	percentage	errors	are	provided	below	each	estimate	along	with	the	overall	error	across	the	boundary	layer,	to	help	quantify	the	overall	deviation	in	each	approximation	from	the	traditionally	reported	Blasius	values.	Properties	that	are	not	shown	can	be
easily	deduced	because,	for	laminar	flow,	(already	tabulated),	and	is	twice	this	constant.Page	158	TABLE	4-1	Boundary-layer	predictions	from	five	piecewise	analytic	profiles	with	their	errors	relative	to	the	classic	Blasius	values	Excluding	the	quartic	profile	due	to	Majdalani	and	Xuan	(2020),	the	maximum	error	varies	between	6	and	17	percent	in
predicting	boundary-layer	properties,	which	is	typical	of	integral	theories.	However,	some	profiles	appear	to	be	distinctly	more	accurate	than	others,	namely,	in	mirroring	the	behavior	of	the	Blasius	solution.	What	is	most	perplexing,	perhaps,	is	what	some	fluid	dynamicists	have	come	to	identify,	rather	informally,	as	the	Pohlhausen	paradox:	the
reader	may	notice	that	as	we	move	from	Pohlhausen’s	second-order	polynomial	to	his	fourth-order	polynomial—which	is	capable	of	securing	more	boundary	conditions—the	agreement	with	the	Blasius	solution	deteriorates!	From	Table	4-1,	it	can	be	seen	that	the	errors	in	estimating	the	dimensionless	displacement	and	momentum	thicknesses	(η*,	θ
jump	by	one	order	of	magnitude,	i.e.,	from	(3.1,	0.25)	to	(13,	12)	percent,	while	the	overall	L2	error	increases	from	0.02	to	0.05	when	Pohlhausen’s	quadratic	polynomial	is	exchanged	by	its	quartic	counterpart.	The	error	in	predicting	the	boundary-layer	thickness	also	increases	from	9.5	percent	to	a	whopping	17	percent!	So,	the	reader	may	wonder,
what	is	driving	the	accuracy	of	these	profiles?	For	many	years,	it	was	believed	that	the	fidelity	of	the	guessed	profiles	could	be	improved	by	securing	additional	boundary	conditions	that	would	be	representative	of	the	Blasius	model,	thus	making	them	more	realistic.	To	this	end,	Pohlhausen	(1921)	proposed	five	fundamental	conditions	which,	besides
the	wall	adherence	and	smooth	merging	with	the	freestream	conditions—the	three	constraints	satisfied	by	the	quadratic	Eq.	(4-11)	earlier	in	this	section—	piled	on	two	further	requirements	on	the	shear	stress:	one	at	the	wall	and	one	at	the	edge	of	the	boundary	layer.	In	practice,	the	fourth	condition	serves	to	maintain	the	correct	momentum	balance
at	the	wall	between	the	non-vanishing	components	of	the	boundary-layer	equation,	namely,	(4-20)	Here,	the	pressure	gradient	inside	the	boundary	layer	is	expressed	in	terms	of	the	freestream	velocity	using	Euler’s	equation	for	the	far	field.	The	reader	may	verify	that	not	only	do	Pohlhausen’s	cubic	and	quartic	polynomials	satisfy	this	momentum
balance	requirement,	but	so	do	Schlichting’s	sinusoidal	and	Majdalani–Xuan’s	quartic	profiles.	Lastly,	Pohlhausen’s	fifth	condition	assumes	zero	shear	at	the	edge	of	the	boundary	layer,	which	translates	into	a	vanishing	curvature	at	y	=	δ:	(4-21)	Of	the	five	profiles	described	so	far,	only	Pohlhausen’s	quartic	polynomial	satisfies	this	condition
identically.	Incidentally,	it	also	proves	to	be	the	most	imprecise,	as	it	leads	to	the	largest	overall	L2	error	and	a	17	percent	discrepancy	in	predicting	the	boundary-layer	thickness	relative	to	the	traditionally	reported	Blasius	values.	So	what	went	wrong?	Page	159	As	it	turns	out,	although	the	fifth	condition	holds	true	as	y	→	∞,	it	proves	to	be
inadequate	at	the	edge	of	the	boundary	layer,	where	the	velocity	slope	continues	to	change.	In	fact,	a	sufficiently	resolved	numerical	solution	to	the	Blasius	model	returns	a	curvature	of	−	0.7085,	which	is	certainly	not	zero,	but	rather	of	order	unity.	Subjugating	the	quartic	Pohlhausen	polynomial	to	the	fifth	constraint,	which	happens	to	be	off	by	one
order	of	magnitude,	explains,	in	part,	its	tendency	to	overpredict	several	boundary-layer	properties	relative	to	its	lower-order	models	(cf.	Table	4-1).	It	also	leads	to	a	higher	initial	slope	of	its	velocity	profile	at	the	wall,	as	one	may	readily	infer	from	Fig.	4-5	where	the	analytic	profiles	are	superimposed	on	the	Blasius	curve.	In	contrast,	Schlichting’s
sinusoidal	and	Majdalani–Xuan’s	quartic	profiles	display	slopes	that	are	closer	to	the	exact	Blasius	value	of	1.630	at	y	=	ξ	=	0.	This	may	be	attributed	to	their	wall	gradients	of	and	5/3	≈	1.667,	which	slightly	undershoot	and	overshoot	the	true	slope,	respectively.	Other	deviations	from	the	Blasius	solution	can	be	discerned	graphically	in	the	two	parts
of	Fig.	4-5.	For	example,	the	assumption	that	u	=	U	(and	therefore	F	=	1	instead	of	0.99)	at	y	=	δ	(far	right)	can	be	seen	to	affect	the	piecewise	approximations,	but	not	the	Blasius	curve.	The	latter	returns	a	value	of	0.99	at	y	=	δ,	which	is	consistent	with	the	99	percent	basis.	FIGURE	4-5	Comparison	of	five	analytic	approximations	to	the	Blasius
solution	(solid	line)	including	Pohlhausen’s	quadratic,	cubic,	and	quartic	polynomials	(chained	lines)	as	well	as	Schlichting’s	sinusoidal	(dotted)	and	Majdalani–Xuan’s	quartic	(dashed)	profiles	across	(a)	the	boundary	layer	and	(b)	a	designated	quadrant	where	individual	deviations	from	the	Blasius	curve	are	magnified.	In	the	interest	of	clarity,	the
properties	and	conditions	observed	by	the	five	analytic	profiles	and	their	derivatives	at	the	endpoints	of	the	viscous	domain	are	summarized	in	Table	4-2.	Although	not	required,	the	negative	curvature	of	the	quadratic	Pohlhausen	profile	at	ξ	1,	which	matches	the	curvature	of	the	quartic	Majdalani–Xuan	polynomial	of	−	2,	appears	to	be	more	in	line
with	the	Blasius	“edge”	curvature	than	its	quartic	companion.	This	characteristic	feature	of	Eq.	(4-11)	helps	to	explain,	in	part,	its	improved	accuracy	relative	to	its	quartic	form,	despite	its	inability	to	secure	the	momentum	balance	requirement	at	the	wall,	i.e.,	Pohlhausen’s	fourth	boundary	condition.	In	fact,	it	is	Page	160only	by	recognizing	these
various	limitations	that	Majdalani	and	Xuan	(2020)	manage	to	derive	a	simple	quartic	polynomial	that	satisfies	Pohlhausen’s	four	essential	boundary	conditions	while	overcoming	the	deficiencies	that	accompany	Pohlhausen’s	quartic	solution.	These,	we	have	shown,	are	partly	caused	by	a	prematurely	imposed	zero	shear-stress	condition	at	y	=	δ.
TABLE	4-2	Endpoint	properties	of	the	piecewise	analytic	velocity	profiles	and	their	corresponding	Blasius	values	Naturally,	with	the	advent	of	a	quartic	polynomial	that	outperforms	Pohlhausen’s	cubic	and	quartic	formulations,	the	informally	dubbed	“Pohlhausen	paradox”	is	finally	laid	to	rest.	Nonetheless,	new	challenges	arise:	The	widely	used
profile	has	been	incorporated	into	countless	viscous	and	thermal	studies	which,	it	stands	to	reason,	ought	to	be	revisited	using	the	more	precise	model.	This	challenge	can	be	daunting	when	taking	into	account	that,	in	the	absence	of	simpler	alternatives	over	the	course	of	a	century,	Pohlhausen’s	quartic	polynomial	has	become	the	staple	of	analytic
approximations	infusing	the	Kármán–Pohlhausen	momentum-integral	method.	As	such,	it	has	formed	the	backbone	of	numerous	laminar-flow	solutions	of	viscous	and	thermal	boundary	layers,	both	with	and	without	pressure	gradients.	Evidently,	its	reduced	accuracy	has	prompted	several	researchers	to	seek	alternative	methods,	as	we	shall	see	later
in	Sec.	4-6.	4-1.5	Some	Insight	into	Boundary-Layer	Approximations	The	essence	of	the	“boundary-layer	approximation”	is	that	the	shear	layer	is	thin,	or	δ	≪	From	Eq.	(4-14),	we	see	that	this	is	true	if	Rex	≫	1.	Other	scaling	arguments	also	follow	from	these	results.	First,	since	the	velocity	ratio	υ/u	≤	dδ*/dx,	which	reflects	the	outer	streamline	slope,	it
follows	from	Eq.	(4-15)	that	υ	≪	u	if	Rex	≫	1.	Second,	by	differentiating	Eq.	(4-11),	we	find	that	∂	u/∂	x	≪	∂	u/∂	y	if,	again,	Rex	≫	1,	and	so	do	the	derivatives	of	the	normal	velocity	υ.	In	summary,	a	large	Reynolds	number	gives	rise	to	the	following	fundamental	inequalities:	(4-22)	In	fact,	all	of	these	approximations	were	used	by	Prandtl	(1904)	in
deriving	his	celebrated	boundary-layer	equations.	Moreover,	in	the	case	of	a	uniform	freestream	for	which	dp/dx	dU/dx	=	0,	the	boundary-layer	properties	can	be	estimated	from	simple	relations	that	are	fairly	straightforward.	For	the	reader’s	convenience,	their	proof	is	relegated	to	an	exercise	problem.	In	short,	given	a	mean-flow	profile	u/U	=	F(ξ),
where	ξ	=	y/δ,	the	key	boundarylayer	properties	can	be	deduced	from	three	easy-to-evaluate	constants:	For	example,	s	is	simply	the	coefficient	of	ξ	and	can	be	found	by	inspection	for	the	entire	class	of	polynomial	approximations,	the	remaining	constants	follow	straightforwardly	from:	(4-23)	Interestingly,	the	product	of	the	first	two	constants	is
simply	twice	the	slope,	ab	=	2s.	These	simple	relations	help	to	illuminate	the	source	of	the	constants	that	appear	in	Table	4-1	as	well	as	the	benefits	of	using	analytic	mean-flow	profiles.	4-1.6	Integral	Analysis	of	the	Energy	Equation	In	a	similar	manner,	the	integral	form	of	the	energy	equation	can	be	used	to	obtain	approximations	for	the	mean	and
local	heat	transfer	as	well	as	the	thickness	of	the	thermal	boundary	layer,	δT.	The	control	volume	chosen	here	is	shown	in	Fig.	4-6,	where	the	back	portion	of	the	plate	is	heated	(or	cooled),	for	x	≤	x0,	to	a	temperature	Tw	that	is	different	from	the	boundary-layer	“edge”	temperature	Te	in	the	freestream	(or	the	leading	portion	of	the	plate).	Beginning
at	x0,	then,	a	thermal	boundary	layer	will	grow.	Furthermore,	considering	that	the	upper	streamline	falls	outside	the	region	of	shear	(i.e.,	the	viscous	boundary	layer),	there	will	be	no	shear	(or	shaft)	work	of	significance.	Based	on	Eq.	(2-120),	we	are	left	with	FIGURE	4-6	Sketch	and	control	volume	for	the	thermal	boundary	layer.	A	hot	wall	is	shown
for	convenience	and	δu	≡	δ	is	the	viscous	or	velocity	boundary-layer	thickness.	(4-24)	At	large	Rex,	we	have	δ*	≪	x	and	υ	≪	u	so	that	the	change	in	potential	energy	will	be	very	small.	In	fact,	by	neglecting	both	gy	and	we	can	consolidate	the	quantity	(e	+	p/ρ)	into	the	enthalpy	h,	and	then	reduce	the	energy	equation	into	integrals	of	the	stagnation
enthalpy	over	the	inlet	and	outlet	sections	of	the	domain:	(4-25)	Page	161This	expression	applies	to	both	incompressible	and	compressible	motions	and	will	be	revisited	in	Chap.	7.	Here,	we	assume	constant	density	and,	because	of	the	uniform	conditions	(he,	Te,	U)	at	the	inlet,	we	can	write	Inlet:	Then	using	a	mass	balance	similar	to	the	one	leading	to
Eq.	(4-3),	we	can	easily	identify	that	This	enables	us	to	substitute	into	the	energy	equation	and	write	(4-26)	Here	too,	the	last	approximation	can	be	made	because	of	the	negligible	value	of	the	integral	past	the	edge	of	the	composite	boundary	layer,	i.e.,	for	Y	≤	max(δ,	δT),	where	both	u2	−	U2	0	and	h	−	he	≈	0.	Essentially,	one	only	needs	to	integrate
up	to	the	“edge”	of	the	largest	boundary	layer,	although	the	upper	bound	of	the	integral	can	be	formally	extended	out	to	infinity.	At	the	left	side	of	this	integral-energy	equation,	can	be	expressed	in	terms	of	the	wall	heat	flux	qw,	and	so	Eq.	(4-26)	can	be	differentiated	with	respect	to	x	and	written	in	local	form	as:	(4-27)	For	low-speed	flow,	it	is
customary	to	neglect	the	kinetic	energy	per	unit	mass,	Ec	≪	1)	and	use	We	are	left	with	(i.e.,	for	(4-28)	This	may	be	presented	in	dimensionless	form	as	a	Stanton	number,	with	a	local	length	scale	termed	the	enthalpy	thickness,	δh,	(4-29)	where	Note	the	similarity	to	the	local	integral	relation,	Eq.	(4-10).	Moreover,	Eq.	(4-29)	is	valid	for	either	laminar
or	turbulent	flow.	4-1.7	Guessed	Temperature	Profiles	Yield	the	Heat-Transfer	Rate	We	can	evaluate	the	heat	transfer	for	laminar	flow	by	combining	the	velocity	profile	in	the	boundary	layer,	say	Eq.	(4-11),	with	a	comparable	second-order	polynomial	temperature	estimate:	(4-30)	Page	162By	substituting	these	approximations	into	Eqs.	(4-27)	and	(4-
28),	integrating	over	δT	and	simplifying,	we	obtain	(4-31)	where	captures	the	ratio	of	boundary-layer	thicknesses.	Note	that	the	term	(Tw	−	T	drops	out	assuming	constant	wall	and	stream	temperatures.	In	this	analysis,	we	also	fix	ρ,	k,	and	cp.	Let	us	illustrate	two	solutions	of	Eq.	(4-31).	First,	let	the	thermal	boundary	layer	start	from	the	leading	edge,
with	δT	=	0	at	x	=	0.	Let	us	further	assume,	for	convenience	only,	that	δT	<	δ	and	U	=	const	(i.e.	Pr	<	1).	After	substituting	from	Eq.	(4-14),	with	from	Table	4-1,	we	arrive	at	(4-32)	An	asymptotic	solution	to	this	polynomial,	valid	over	a	practical	range	of	Prandtl	numbers,	may	be	extracted.	One	gets:	(4-33)	As	shown	with	a	dashed	line	in	Fig.	4-7,	our
series	expansion	agrees	well	with	the	exact	solution	(solid	line)	as	well	as	the	simple,	one-term,	Pr−1/3	expression	(dotted	line).	With	ζ	and	δ	in	hand,	we	can	now	proceed	to	construct	the	local	Nusselt	number	using	Eq.	(4-31):	FIGURE	4-7	Comparison	of	several	analytic	approximations	for	ζ	=	δT/δ	over	a	wide	range	of	Prandtl	numbers	with	(a)	clear
convergence	characteristics	for	all	models	on	the	Pr−1/3	expression	for	Pr	>	0.3	and	(b)	well-behaved	relative	errors.	(4-34)	The	resulting	estimate	proves	to	be	10	percent	higher	than	the	exact	solution	for	constant	T	laminar	flat-plate	flow,	as	predicted	by	Pohlhausen	(1921)—the	correct	constant	being	0.332,	not	0.365.	Second,	let	us	consider	an
unheated	starting	length,	where	the	wall	temperature	Tw	≠	does	not	begin	until	x	=	x0	as	per	Fig.	4-6.	Here,	ζ(x)	is	not	constant,	and	Eq.	(4-31)	must	be	solved.	After	some	rearrangements,	we	obtain	(4-35)	This	differential	equation	can	be	readily	handled	numerically	using	a	subroutine	such	as	Runge–Kutta’s.	Alternatively,	a	simple	solution	is
possible	if,	by	noting	that	ζ	<	1	for	Pr	>	1,	we	neglect	the	term	and,	concurrently,	increase	the	constant	12	to	15.	The	differential	equation	becomes	(4-36)	To	secure	ζ	=	0	at	x	=	x0,	the	constant	should	be	As	usual,	the	final	solution	may	be	expressed	in	the	form	of	a	dimensionless	Nusselt	number	for	plate	flow	with	an	unheated	starting	length:	(4-37)
Here	too,	if	the	constant	0.365	is	reduced	by	10	percent	to	0.332,	the	result	will	agree	with	the	formula	recommended	for	flat	plates	in	most	heat-transfer	textbooks,	including	Eq.	(9-26)	of	Kays	and	Crawford	(1993).	Before	leaving	this	section,	it	will	be	instructive	to	note	that	the	procedure	just	described	using	Pohlhausen’s	quadratic	polynomial	can
be	repeated	with	the	quartic	solution	due	to	Majdalani	and	Xuan	(2020).	To	begin,	Eq.	(4-30)	can	be	replaced	with	a	fourth-order	polynomial	estimate	for	the	temperature:	(4-38)	Inserting	this	expression	into	the	energy	balance	integral,	which	is	captured	through	Eqs.	(427)	and	(4-28),	we	arrive	at	(4-39)	Further	expansions,	integrations,	and
simplifications	leave	us	with	(4-40)	Page	163The	Here	too,	resulting	a	robust	expression	can	be	put	approximation	can	be	More	visibly,	we	get	in	the	found,	form	namely,	(4-41)	As	illustrated	with	a	chained	(dash-dot)	line	in	Fig.	4-7(b),	this	three-term	perturbation	series	of	Ο(Pr−5/3)	exhibits	a	steadily	diminishing	error	with	successive	increases	in	the
Prandtl	number.	It	can	be	relied	upon	so	long	as	Pr	>	0.0045	with	the	knowledge	that	its	error	drops	precipitously	below	1	percent	for	Pr	>	0.45.	Another	fractional	approximation	that	outperforms	the	Ο(Pr−5/3)	series	expansion	in	the	0.004	<	Pr	<	5.35962	range	can	also	be	achieved	viz.	(4-42)	These	solutions	and	their	relative	errors	are	showcased
in	Fig.	4-7,	along	with	the	one-term	theoretical	estimate	of	Pr−1/3.	Despite	the	transcendental	character	of	these	equations,	it	is	reassuring	that	they	all	return	a	root	of	ζ	=	1	for	Pr	=	1.	Moreover,	they	all	become	graphically	indiscernible	for	Pr	>	0.3	in	Fig.	4-7(a)	as	their	relative	errors	in	Fig.	4-7(b)	drop	to	4	percent	or	lower.	These	observations
confirm	the	viability	of	using	which	entails	a	less	than	3.3	percent	error,	for	all	gases	and	fluids	with	Pr	>	0.7.	To	complete	our	thermal	analysis	in	the	wake	of	ζ	and	δ,	and	recalling	that	from	Table	4-1,	the	local	Nusselt	number	can	be	deduced	systematically	by	taking,	(4-43)	The	resulting	coefficient	is	only	0.5	percent	(not	10	percent)	higher	than	the
“exact”	coefficient	of	0.332	for	this	flow	configuration.	The	use	of	the	quartic	Majdalani–Xuan	profile	in	lieu	of	Pohlhausen’s	is,	therefore,	well	justified.	In	summary,	we	see	that	simple	integral	techniques	that	are	based	on	rationally	constructed	velocity	and	temperature	profiles	can	yield	valuable	approximations	for	either	local	or	global	friction	and
heat	transfer	coefficients	with	accuracies	that	can	range	from	less	than	1	percent	to	10	percent	or	more.	Additional	examples	will	be	provided	in	Sec.	4-6	for	non-flat-plate	flows.Page	164	4-2	LAMINAR-BOUNDARY-LAYER	EQUATIONS	Integral	analysis	has	not	only	led	to	valuable	approximations,	it	has	also	yielded	information	about	the	sizes	of	the
principal	variables	within	the	boundary	layer.	For	example,	we	now	know	with	certainty	that	(4-44)	These	are	solid	estimates,	not	guesses,	which	can	be	used	to	derive	the	famous	boundarylayer	equations	first	propounded	by	Prandtl	(1904).	By	redefining	all	variables	in	terms	of	these	estimates,	we	can	quickly	identify	which	terms	in	the	equations	of
motion	are	negligible	if	Re	is	large.	In	so	doing,	let	us	confine	ourselves	to	two-dimensional	incompressible	flow,	for	which	the	relevant	equations	reduce	to	(4-45)	With	our	estimates	from	Eq.	(4-44),	we	can	now	define	dimensionless	variables	that	will	be	of	order	unity	when	Re	is	large:	(4-46)	where	U,	L,	p0,	and	T0	are	reference	values	and	Re	=	UL/ν
represents	the	characteristic	Reynolds	number.	By	substituting	these	variables	into	Eqs.	(4-45)	and	taking	the	limit	as	Re	becomes	large,	several	terms	drop	out	except	for	(4-47)	where	β	represents	the	coefficient	of	thermal	expansion,	denotes	the	2	Eckert	number,	and	Fri	=	U	/(Lgi)	stands	for	the	Froude	number	in	each	direction.	All	other	terms	end
up	with	1/Re	or	(1/Re)2	coefficients	that	make	them	negligible.	In	fact,	several	observations	can	be	made	about	this	simplified	set	of	equations:	1.	The	continuity	equation	remains	unaffected	by	Reynolds	number	considerations.	2.	The	axial	diffusion	term	∂2u/∂	x2	in	the	x-momentum	equation	disappears,	and	the	buoyancy	term	can	also	be	neglected
when	the	Froude	number	is	sufficiently	large	(with	large	U	and	small	L),	since	β(Tw	−	T0)	=	Ο(1)	or	less	(see	Fig.	1-24).	Therefore,	except	for	small	velocities	and	large	sizes,	free	convection	can	be	dismissed	in	the	boundarylayer	approximation.	3.	The	pressure	gradient	in	the	y	direction	is	nearly	zero,	being	affected	only	by	a	buoyant	or	stratification
term	that	does	not	contribute	to	accelerations	in	the	y	direction.	To	all	intents,	then,	the	transverse	pressure	gradient	in	a	boundary	layer	is	negligible,	thus	leaving	us	with	(4-48)	This	splendid	observation	is	due	to	Prandtl	(1904),	who	may	have	been	the	first	to	show	that	pressure	is	a	known	variable	in	boundary-layer	analysis,	with	p(x)	being
externally	impressed	upon	the	boundary	layer	by	an	outer	Page	165inviscid	flow.	Consequently,	the	freestream	outside	the	boundary	layer,	U	=	U(x),	where	x	is	the	coordinate	parallel	to	the	wall,	can	be	related	to	p(x)	through	Bernoulli’s	theorem	for	incompressible	flow.	For	steady	motion,	we	have	(4-49)	so	that	specifying	p(x)	is	equivalent	to
specifying	U(x)	outside	the	boundary	layer.	4.	The	energy	equation	shows	that	is	negligible	and	that	only	the	∂	u/∂	y	portion	of	the	dissipation	term	is	important.	Further,	it	is	clear	that	dissipation	is	negligible	when	the	Eckert	number	is	small	(e.g.,	for	small	velocities	and	large	temperature	differences).	5.	A	very	interesting	observation	is	that	the
Reynolds	number	does	not	explicitly	appear	in	Eqs.	(4-47).	Using	the	judiciously	posed	boundary-layer	coordinate	transformations,	all	thicknesses	are	rescaled	to	order	unity	and,	provided	the	flow	remains	laminar,†	the	Reynolds	number	will	only	appear	in	the	characteristic	length	scale	and	velocity	used	to	normalize	the	variables	in	the	cross-
streamwise	direction,	i.e.,	and	in	Eq.	(4-46).	6.	Even	more	interesting,	perhaps,	is	the	elimination	of	all	second	derivatives	with	respect	to	x	within	the	boundary-layer	equations.	This	order	reduction	has	two	consequences:	(1)	the	equations	are	now	parabolic	instead	of	elliptic,	so	that	x	is	now	a	marching	variable	and	computer	solutions	are	relatively
easier	to	write	and	(2)	we	are	no	longer	in	need	of	certain	boundary	conditions,	notably	those	on	υ	and	x.	More	specifically,	the	transverse	velocity	υ	retains	one	derivative,	∂υ/∂	y,	and	discards	∂υ/∂	x	and	its	two	second-order	derivatives.	We	now	need	only	one	condition	on	υ	at	one	y	position.	The	obvious	condition	to	retain	is	the	no-slip	requirement	of
υ	=	0	at	y	=	0.	As	such,	υ	is	left	free	at	the	outer	edge	of	the	layer.	Furthermore,	by	discarding	and	we	lose	one	condition	each	on	u	and	T;	we	can	disavow	all	knowledge	of	u	and	T	at	one	x	position,	the	best	choice	being	the	exit	plane.	Naturally,	the	parabolic	solutions	are	relied	upon	to	yield	the	correct	values	of	u	and	T	at	the	exit.	To	sum	up,	the
boundary-layer	equations	are	far	simpler	than	their	parents,	the	Navier–	Stokes	equations.	We	can	rewrite	Eqs.	(4-47)	in	the	more	common	dimensional	form	for	incompressible	planar	flow	with	constant	properties:	(4-50a)	(4-50b)	(4-50c)	where	U	=	U(x,	t),	which	must	be	given,	denotes	the	freestream	velocity	just	outside	of	the	boundary	layer.	The
full	set	of	remaining	boundary	conditions	can	be	written	as:	(4-51)	These	equations,	developed	by	Prandtl	(1904),	approximate	the	flow	of	a	viscous	fluid	at	high	Reynolds	numbers.	They	may	be	solved,	at	least	numerically,	for	any	practical	distribution	of	stream	velocity	and	temperature.	Some	important	solutions	will	be	detailed	here—for	additional
laminar	boundary	layers,	see	the	text	by	Rosenhead	(1963).	The	limitations	of	the	boundary-layer	equations	are	1.	The	Reynolds	number	must	be	sufficiently	large.	In	fact,	there	is	a	minimum	local	Reynolds	number	Rex	that	can	be	estimated	at	any	axial	station.	2.	If	the	outer	flow	is	decelerating	a	separation	point	is	reached	where	the	wall	shear



stress	vanishes	before	switching	direction.	Unfortunately,	most	boundarylayer	approximations	deteriorate	beyond	separation.	However,	some	newer	techniques	have	made	headway	on	separated-flow	analysis.	3.	At	some	large	Rex	=	Ο(106),	the	laminar	solutions	become	unstable	as	the	flow	transitions	to	a	turbulent	state.	The	thin-layer
approximations	still	hold	then	for	the	turbulent	boundary	layer.Page	166	In	what	follows,	we	present	incompressible-boundary-layer	relations	for	two-dimensional	flow.	These	can	be	readily	extended	to	three-dimensional	or	compressible-flow	conditions.	4-2.1	Orthogonal	Curvilinear	Coordinates	At	first	glance,	Eqs.	(4-50a)–(4-50c)	seem	to	be	valid
only	for	a	Cartesian	system	(x,	y	However,	they	are	also	valid	for	flow	along	the	curved	wall	shown	in	Fig.	4-8,	subject	only	to	the	requirement	that	the	boundary-layer	thickness	δ	be	much	smaller	than	the	radius	of	curvature	ℜ	of	the	wall.	The	exact	boundary-layer	equations	in	such	a	curvilinear	coordinate	system	are	given	by	Tollmien	(1931).	After
suitable	order-of-magnitude	assumptions,	we	find	that	the	main	difference	between	the	curvilinear	and	the	Cartesian	equations	lies	in	the	pressure	gradient	normal	to	the	wall,	which	is	no	longer	negligibly	small	for	a	curved	body:	FIGURE	4-8	Boundary-layer	flow	over	a	curved	body	shape.	(4-52)	The	gradient	is	of	Ο(1).	But	when	integrated	from	y	=
0	to	y	=	δ	assuming,	say,	a	linear	distribution	u	=	Uy/δ,	we	obtain	(4-53)	which	is	negligibly	small	if	δ	≪	ℜ.	Therefore,	Eqs.	(4-50a)–(4-50c)	will	continue	to	hold	for	curved-wall	flows	as	long	as	the	boundary-layer	thickness	remains	small	compared	to	the	wall	radius	of	curvature.	This	would	not	be	true	at	a	sharp	corner,	but	sharp	corners	invite
immediate	flow	separation	and	are	thus	to	be	avoided.	4-2.2	General	Remarks	on	Flow	Separation	Before	we	attempt	actual	solutions,	we	can	spot	flow-separation	effects	from	the	boundarylayer	equations	themselves.	If	we	apply	the	momentum	equation	at	the	wall,	where	u	=	υ	=	0,	we	find	that	(4-54)	As	such,	the	wall	curvature	has	the	sign	of	the
pressure	gradient,	whereas	further	out	the	profile	must	have	negative	curvature	when	it	merges	with	the	freestream.	Profile	curvature	is	an	indicator	of	possible	boundary-layer	separation.	Three	examples	are	shown	in	Fig.	4-9	Note	that	for	negative	(favorable)	pressure	gradient,	the	curvature	is	negative	throughout,	and	no	flow	separation	can
occur.	For	zero	gradient,	e.g.,	flat-plate	flow,	the	curvature	is	zero	at	the	wall	and	negative	further	out;	there	is	no	separation.	For	positive	(adverse)	gradient,	the	curvature	changes	sign	and	the	profile	is	S-shaped.	The	increasing	downstream	pressure	slows	down	the	wall	flow	and	can	make	it	stop	and	reverse	direction,	thus	marking	the	onset	of	flow
separation.	FIGURE	4-9	Geometric	effects	due	to	pressure	gradient:	(a)	types	of	profile;	(b)	persistent	adverse	gradient.	Figure	4-9b	illustrates	the	separation	process.	A	persistently	adverse	gradient	dp/dx	>	0	makes	the	profile	more	and	more	S-shaped,	thus	reducing	the	wall	shear	to	zero	(the	separation	point)	and	then	causing	backflow,	while	the
boundary	layer	becomes	much	thicker.	Laminar	flows	have	weak	resistance	to	adverse	gradients	and	separate	easily.	Turbulent	boundary	layers	can	resist	separation	longer—at	the	expense	of	increased	wall	friction	and	heat	transfer.Page	167	4-2.3	Shear	Stress	in	a	Boundary	Layer	After	solving	the	boundary-layer	equations,	the	shear	stress	is
perhaps	one	of	the	first	quantities	that	can	be	readily	evaluated.	In	a	two-dimensional	setting,	the	stress	is	given	by	However,	a	scaling	analysis	shows	that	the	term	∂υ/∂	x	remains	two	orders	smaller	than	∂	u	y.	It	is,	therefore,	permitted	in	boundary-layer	calculations	to	approximate	the	local	shear	stress	using	(4-55)	Subsequently,	the	skin	friction
drag	can	be	obtained	by	integrating	τw	over	the	wet	surface	area.	Equation	(4-55)	also	confirms	that	the	point	of	separation	in	Fig.	4-9b	corresponds	to	the	point	of	zero	shear	stress,	i.e.,	the	point	where	τw	switches	sign.	4-3	SIMILARITY	SOLUTIONS	FOR	STEADY	TWODIMENSIONAL	FLOW	If	we	neglect	buoyancy	effects	in	Eqs.	(4-50a)–(4-50c),	the
velocity	becomes	uncoupled	from	the	temperature,	and	this	enables	us	to	confine	our	attention	to	the	momentum	and	continuity	equations	only.	For	steady	flow,	we	settle	on	(4-56a)	(4-56b)	which	are	subject	to	This	is	a	system	of	partial	differential	equations	of	the	parabolic	type	that	can	be	solved	using	finite-difference	techniques	by	marching
downstream	in	the	x	direction.	However,	before	pursuing	this	avenue	in	Sec.	4-5,	let	us	explore	the	possibility	of	reducing	these	equations	to	ordinary	differential	equations	using	similarity	transformations.	One	of	our	earlier	similarity	solutions	for	the	full	Navier–Stokes	equations,	discussed	in	Sec.	3-8,	is	the	stagnation	flow	formulation,	which
happens	to	be	of	the	boundary-layer	type.	In	fact,	there	are	several	books	that	are	entirely	devoted	to	similarity	techniques,	such	as	those	by	Hansen	(1964)	and	Sachdev	(2000).	In	what	follows,	three	similar,	shape-preserving	boundary	layers	will	be	discussed:	the	Blasius	flat	plate,	the	Falkner–Skan	family	of	wedge	motions,	and	the	converging
channel	(sink)	flow.	In	each	case	the	two-dimensional	equations	of	continuity	and	momentum	will	be	reduced	to	a	single	ordinary	differential	equation	that	can	be	solved	numerically	and,	at	times,	asymptotically.	4-3.1	The	Blasius	Solution	for	Flat-Plate	Flow	Ludwig	Prandtl’s	first	student,	Heinrich	Blasius	(1908),	discovered	a	foundational	solution	for
laminar-boundary-layer	motion	over	a	flat	plate,	which	is	graphically	outlined	in	Fig.	4-1	If	the	displacement	thickness	is	small	(Re	≫	1),	then	U	=	const	and	dU/dx	=	0	in	Eq.	(4-56b	This	can	occur	at	zero	angle	of	incidence	in	the	absence	of	an	outer	Page	168pressure	gradient.	Here,	we	have	a	leading	edge,	(x,	y)	=	(0,	0),	but	no	characteristic	length
“L.”	For	a	self-preserving	motion,	the	local	velocity	profiles	must	all	have	the	same	dimensionless	shape,	u/U	=	f	(y/δ).	Furthermore,	based	on	Eq.	(4-14)	and	our	integral	analysis,	we	expect	(Table	4-1).	We	are,	therefore,	justified	in	introducing	a	similarity	variable	of	the	form	y/δ,	namely,	(4-57)	Note	that	the	factor	“2”	is	added	for	convenience,	simply
because	it	produces	a	differential	equation	with	unitary	coefficients.	An	independent	justification	for	using	this	similarity	variable	can	be	based	on	dimensional	analysis:	we	can	count	two	primary	dimensions,	[L]	and	[t],	within	the	four	boundary-layer	parameters,	δ	=	F(U,	x,	ν).	Then	using	(x,	ν)	as	the	so-called	repeating	parameters	in	conjunction
with	the	Buckingham	Pi	theorem,	the	number	of	functional	dependencies	can	be	reduced	by	two,	namely,	by	writing	where	This	form	becomes	identical	to	Eq.	(4-57)	when	we	take	and	so	Along	similar	lines,	since	no	flow	can	cross	a	streamline,	the	spatial	variation	of	the	stream	function	will	increase	with	δ(x)	and,	as	such,	with	x1/2.	Assuming	a
product	solution	of	the	form	a	suitable	nondimensional	form	corresponds	to	We,	therefore,	have	(4-58)	Here,	f	is	a	characteristic	stream	function	that	is	yet	to	be	determined	and,	as	before,	the	factor	“2”	is	used	for	convenience.	From	the	definition	of	the	stream	function,	we	now	have	(4-59)	where	primes	denote	differentiation	with	respect	to	η—not
to	be	confused	with	the	previous	variable	ξ	=	y/δ,	or	velocity	function	We	may	immediately	confirm	that	u	is	of	order	U	while	υ	is	of	smaller	order,	namely,	We	may	equally	verify	that	Eqs.	(4-59)	satisfy	the	continuity	relation	(4-56a)	identically.	We	are	left	with	the	momentum	relation	(456b)	where	the	substitutions	of	u	and	υ	from	Eqs.	(4-59)	yield,
after	some	algebra,	a	thirdorder	differential	equation:	(4-60)	The	attendant	effort	requires	the	use	of	several	partial	derivatives	viz.	As	for	the	boundary	conditions,	the	velocity	adherence	at	the	wall,	u(x,	0)	=	υ(x,	0)	=	0,	and	the	freestream-merge	condition,	u(x,	∞)	=	U,	can	be	readily	converted	through	Eqs.	(4-57)	and	(4-59)	into	(4-61)	Equation	(4-
60)	represents	the	illustrious	Blasius	equation	for	flat-plate	flow.	Note	its	strong	resemblance	to	the	nonlinear	stagnation-flow	relation	given	by	Hiemenz	(1911),	i.e.,	and	[Eq.	(3-206)].	The	latter	contains	extra	terms	that	account	for	the	presence	of	a	pressure	gradient.	So	far,	the	Blasius	equation	has	only	yielded	exact	analytic	solutions	that	are	cast
in	the	form	of	infinite	series.	Examples	include	the	homotopy	analysis	method	(HAM)	series	by	Liao	(1997,	1999a,	1999b),	and	the	Adomian	decomposition	of	an	exponentially	transformed	Blasius	variable	by	Ebaid	and	Al-Armani	(2013).	Blasius	himself	(1908)	provides	asymptotic	approximations	for	small	and	large	η	in	the	form	of	matching	inner	and
outer	series	solutions.	However,	his	power	series	exhibits	a	finite	radius	of	convergence	corresponding	to	0	≤	η	4.0234644935,	beyond	which	the	solution	diverges.	The	Blasius	expansion	also	requires	knowledge	of	the	initial	slope	(of	the	axial	velocity	with	respect	to	η),	f″(0)	=	σ,	which	is	also	termed	“connection	parameter”	or	“Blasius	constant.”
Several	other	methods	of	attack	are	chronicled	in	the	text	by	Rosenhead	(1963).	One	method	that	leads	to	a	general	boundarylayer	technique,	now	outdated,	is	outlined	in	the	text	by	Meksyn	(1961).	From	a	historical	perspective,	one	may	find	countless	studies	that	have	been	advanced	to	better	understand	the	asymptotic	behavior	of	the	Blasius
solution	since	1908.	Some	of	these	have	devoted	themselves	to	its	existence	and	uniqueness	characteristics	[e.g.,	Weyl	(1942),	Callegari	and	Friedman	(1968),	Callegari	and	Nachman	(1978),	Fang	et	al.	Page	169(2008)]	including	its	tri-pole	singularity	inside	its	semi-infinite	domain	[Punnis	(1956a,	1956b),	Boyd	(1999)].	Others	have	attempted	to
overcome	its	singularity	using	Padé	approximations	[Boyd	(1997),	Ahmad	and	Al-Barakati	(2007),	Peker	et	al.	(2011)]	or	Crocco	variables	[Callegari	and	Friedman	(1968),	Callegari	and	Nachman	(1978),	Wang	(2004)],	specifically,	by	adopting	a	pair	of	coordinates,	and	which	transform	Eq.	(4-60)	into	a	singular,	second-order	differential	equation	of	the
form:	(4-62)	Coincidentally,	the	Crocco	variable	u	corresponds	to	the	axial	speed	normalized	by	the	freestream	velocity	U	while	the	dependent	variable	τ	represents	a	normalized	form	of	the	shear	stress.	The	first	condition	stems	from	and	the	absence	of	a	pressure	gradient	in	the	far	field.	Physically,	it	can	be	attributed	to	the	linearity	(and	thus
constant	slope)	of	the	velocity	profile	directly	above	the	wall.	The	second	condition	can	be	connected	to	the	vanishing	shear	force	in	the	far	field,	where	u	=	1.	Clearly,	Crocco’s	transformation	is	useful	in	reducing	the	order	of	the	Blasius	equation	while	relocating	the	singularity	to	the	outer	edge	of	the	domain,	where	u	=	1	and	τ	=	0,	thus	making	it
easier	to	handle.	Algebraically,	the	efforts	to	solve	the	Blasius	equation	have	led	to	vastly	dissimilar	expressions	that	extend	from	simple,	piecewise	approximations	valid	up	to	the	edge	of	the	boundary	layer,	i.e.,	0	where	such	as	those	introduced	by	Pohlhausen	(1921)	and	Schlichting	(1955),	to	infinite	HAM	series,	such	as	those	conceived	by	Liao
(2010),	that	remain	valid	over	the	entire	range	of	0	≤	η	<	∞.	They	have	also	given	rise	to	a	plethora	of	analytic	approximations,	such	as	those	devised	by	Bairstow	(1925),	Parlange	et	al.	(1981),	Boyd	(2008),	Iacono	and	Boyd	(2015),	Majdalani	and	Xuan	(2020),	and	many	others.	In	fact,	impressive	collections	of	methods	have	been	applied	to	the
treatment	of	the	Blasius	equation,	including,	but	not	limited	to:	1.	perturbation	expansions	[Blasius	(1908),	Goldstein	(1930),	Piercy	and	Preston	(1936),	Bender	et	al.	(1989),	Van	Oudheusden	(1997)];	2.	Taylor	series	[Blasius	(1908),	Bairstow	(1925),	Parlange	et	al.	(1981),	Roman-Miller	and	Broadbridge	(2000)	with	the	Picard	iteration	method,
Asaithambi	(2005),	Abbasbandy	and	Bervillier	(2011)],	and	its	related	differential	transformation	method	(DTM)	with	domain	splitting	[Yu	and	Chen	(1998),	Kuo	(2003,	2004,	2005),	Peker	et	al.	(2011)],	including	series	convergence	via	Euler-accelerated	power	series	or	Padé	approximants	[Boyd	(1999)];	3.	homotopy	analysis	method	(HAM)	[Liao
(1997,	1999a,	1999b,	2010),	Allan	and	Syam	(2005),	Alizadeh-Pahlavan	and	Borjian-Boroujeni	(2008),	Zhang	and	Chen	(2009),	Zhao	et	al.	(2013)],	Adomian	decomposition	(ADM)	[Wazwaz	(2001,	2006),	Wang	(2004),	Hashim	(2006),	Abbasbandy	(2007),	Tsai	and	Chen	(2011),	Ebaid	and	Al-Armani	(2013),	Aghakhani	et	al.	(2015)]	often	mixed	with
homotopy	or	iteration	perturbation	methods	(HPM/IPM)	[He	(1998,	1999a,	1999b,	2000,	2003),	Esmaeilpour	and	Ganji	(2007)],	variational	(or	parameter)	iteration	methods	(VIM)	[He	(1998,	1999b,	2003),	Lin	(1999),	Wazwaz	(2007)],	fixed	point	method	(FPM)	integration	[Xu	and	Guo	(2013),	Xu	et	al.	(2014)],	or	iterative	integration	with	Padé
approximants,	conformal,	or	Pad	Hankel	mapping	[Ahmad	and	Al-Barakati	(2009),	Abbasbandy	and	Bervillier	(2011),	Iacono	and	Boyd	(2015)];	4.	approximations	based	on	intuitive	basis	functions	in	the	form	of	logarithms,	exponentials,	hyperbolic	cosines,	hyperbolic	tangents,	and	so	on	[Yun	(2010,	2012),	Savaş	(2012),	Ebaid	and	Al-Armani	(2013),
Majdalani	and	Xuan	(2020)];	then	jointly	or	in	parallel	to	these	analyses,	numerical	treatment	of	the	Blasius	equation	has	been	carried	out	quite	effectively	using	pseudo-spectral	techniques	that	are	based	on:	5.	Chebyshev,	Fourier,	Gauss-Laguerre,	Gegenbauer,	Laguerre,	Legendre,	or	Sinc	collocation	functions	[Squire	(1959),	Boyd	(1982,	1987,	2007,
2008),	Khabibrakhmanov	and	Summers	(1998),	Boyd	et	al.	(2003),	Tajvidi	et	al.	(2008),	Parand	and	Taghavi	(2009),	Parand	et	al.	(2009,	2010,	2013)],	etc.	With	the	availability	of	personal	computers,	it	is	now	a	simple	matter	to	program	Eqs.	(460)	and	(4-61)	using,	for	example,	a	Runge–Kutta	subroutine.	Letting	and	then	the	proper	relations	become
(4-63)	The	problem	becomes	that	of	determining	the	correct	initial	guess	for	that	will	make	as	η	→	∞.	Practically,	we	find	that	“infinity”	is	approached	at	η∞	≈	10.	One	can	compute	a	few	solutions	for	several	Page	170guesses	of	and	then	interpolate	to	find	the	key	value	of	that	will	make	The	accepted	slope,	correct	to	eight	significant	digits	(see	Table
4-1),	is	(4-64)	Note	that	several	studies	have	been	devoted	to	the	determination	of	the	Blasius	constant	with	increasing	levels	of	success.	For	example,	Bairstow	(1925)	and	Goldstein	(1930)	reported	0.474	and	0.470,	while	Falkner	(1936)	and	Howarth	(1938)	obtained	0.470334	and	0.469600.	With	the	advent	of	modern	computers,	Fazio	(1992)	and
Boyd	(1999)	arrived	at	12	and	17	digits,	which	were	later	superseded	by	Abbasbandy	and	Bervillier	(2011),	who	achieved	21	digits	of	accuracy	with	their	0.469599988361013304509	value.	The	record	for	most	significant	digits	is	presently	held	by	Varin	(2014,	2018):	he	manages	to	secure	30	and	then	100	digits	(or	more)	while	expressing	in	the	form
of	a	convergent	series	of	rational	numbers	to	arbitrary	order.	A	sufficiently	resolved	numerical	solution	of	the	Blasius	equation	is	provided	in	Table	4-3	using	the	continuous	Taylor	series	method.	Based	on	this	data,	several	important	parameters	can	be	computed	with	sufficient	accuracy	in	all	digits	displayed.	TABLE	4-3	Highly	resolved	numerical
solution	of	the	Blasius	equation	for	flow	over	a	flat	plate,	Eq.	(4-60)	†Actual	value	to	16	significant	digits:	η	=	3.471886880405967.	δ	Interestingly,	the	first	numerical	solutions	of	the	Blasius	equation	were	generated	manually	by	Töpfer	(1912)	and,	more	precisely,	by	Howarth	(1938),	and	then	Cortell	(2005).	Taking	advantage	of	scaled	symmetry,	the
problem	was	cleverly	converted	to	the	solution	of	two	initial	value	problems	that	could	be	solved	directly,	with	no	need	for	shooting	or	iteration	[cf.	Töpfer	(1912),	Weyl	(1942),	Parlange	et	al.	(1981),	Fazio	(1992),	Yu	and	Chen	(1998),	Cortell	(2005),	Boyd	(2008),	and	Fazio	(2019)].	Accordingly,	the	Blasius	equation	is	converted	into	a	pair	of	initial
value	problems	that	are	specified	in	terms	of	F(t)	and	f	(η	where	t	=	σ1/3	η	and	f	(η)	=	σ1/3	F(t).	Then	using	and	the	first	problem	becomes	(4-65)	This	enables	us	to	determine	F(t)	directly	(without	knowing	σ),	including	its	far-field	value	which	happens	to	be	With	in	hand,	we	can	retrieve	the	Blasius	constant,	very	precisely,	and	then	proceed	to	solve
for	the	Blasius	function	using	(4-66)	Figure	4-10a	describes	the	Blasius	functions	f	(characteristic	stream	function),	f′	(axial	velocity),	and	f″	(shear	stress),	while	Fig.	4-10b	compares	the	profile	f′	=	u/U	with	the	experiments	of	Liepmann	(1943).	The	agreement	is	excellent,	and	we	may	regard	this	first	test	of	the	boundary-layer	approximation	as	a
major	success.	FIGURE	4-10	The	Blasius	solution	for	the	flat-plate	boundary	layer:	(a)	numerical	solution	of	Eq.	(4-60);	(b)	comparison	of	f	′=	u/U	with	experiments	by	Liepmann	(1943).	Other	properties	follow	from	the	table.	We	note	that	f′	=	0.99	at	enables	us	to	deduce	the	99	percent	boundary-layer	thickness	using	This	value	(4-67)	where	is	1.8
percent	lower	than	the	traditional	value	of	“5”	computed	manually	and	reported	in	most	textbooks.	The	displacement	and	momentum	thicknesses	are	related	to	integrals	of	f′	through	their	definitions	from	Eqs.	(4-4)	and	(4-6).	One	gets	(4-68)	The	numerical	value	1.217	is	shown	in	Fig.	4-10a	to	be	the	η	intercept	of	a	45°	line,	which	is	asymptotic	to	the
curve	f	(η)	at	large	η.	Since	f	is	proportional	to	the	stream	function,	the	dashed	45°	line	represents	an	inviscid	stream	function	displaced	by	a	dimensionless	amount	1.217	away	from	the	plate.	Similarly,	we	can	calculate	(4-69)	Page	171We	can	also	calculate	the	wall	shear	stress	using	(4-70)	Finally,	the	integrated	drag	coefficient	on	a	plate	of	length	L
is	(4-71)	This	last	expression	represents	the	drag	on	one	side	of	the	plate.	Experimental	values	in	the	range	1	≤	ReL	≤	2000	are	shown	in	Fig.	4-11	and	compared	with	Eq.	(4-71)	along	with	the	Oseen	relation	[Eq.	(3-281)]	discussed	in	Chap.	3.	We	see	that	the	Blasius	relation	is	accurate	for	ReL	≤	1000,	and	the	Oseen	theory	is	valid	for	ReL	≤	1.Page
172	FIGURE	4-11	Theoretical	and	experimental	drag	of	a	flat	plate.	The	intermediate	region	1	<	ReL	<	1000	has	been	the	subject	of	many	analytical	and	numerical	studies.	It	may	be	fit	reasonably	well	by	the	correction	factor	given	in	a	perturbation	study	by	Imai	(1957),	specifically	(4-72)	This	relation	is	also	plotted	in	Fig.	4-11	and	can	be	seen	to	fall
slightly	below	the	data.	Numerical	solutions	of	the	full	Navier–Stokes	equations	for	0.1	<	ReL	<	1000	by	Dennis	and	Dunwoody	(1966)	and	by	Brauer	and	Sucker	(1976)	confirm	that	the	drag	is	higher	than	predicted	by	boundary-layer	theory.	Figure	4-12	displays	the	computations	of	Dennis	and	Dunwoody	(1966)	for	(a)	the	local	friction	coefficient	and
(b)	the	local	surface	pressure.	For	lower	Reynolds	numbers,	there	are	appreciable	effects	at	both	the	leading	and	trailing	edges,	and	so	the	boundary-layer	approximation	is	not	realized	until	ReL	≤	1000.	FIGURE	4-12	Numerical	solution	of	the	full	Navier–Stokes	equations	for	flat-plate	flow	at	moderate	Reynolds	numbers:	(a)	local	friction	coefficient;
(b)	local	surface	pressure.	[After	Dennis	and	Dunwoody	(1966).]	It	is	interesting	that	the	normal	velocity	υ	is	not	zero	at	the	edge	of	the	boundary	layer.	Based	on	Eq.	(4-59),	one	may	compute,	as	η	→	∞,	(4-73)	There	is	a	slight	upwelling	of	the	flow	because	of	displacement	of	the	outer	stream	[cf.	Panton	(1996,	Sec.	20.7)].Page	173Page	174	Note	that,
if	we	were	to	stop	at	the	edge	of	the	99%	boundary	layer,	the	normal	velocity	at	=	ηδ	is	slightly	lower,	namely,	In	fact,	as	shown	by	Majdalani	and	Xuan	(2020),	it	is	possible	to	show	that	for	the	Blasius	solution,	As	for	the	piecewise	analytic	velocity	profiles	in	Sec.	4-1.4,	which	are	suddenly	set	equal	to	unity	at	y	=	δ,	we	w	In	addition	to	the	piecewise
profiles	detailed	in	Sec.	4-1.4,	several	continuous	velocity	approximations	have	been	developed	with	the	goal	of	capturing	the	Blasius	characteristics	just	described.	Of	those,	four	analytic	solutions	for	u/U	=	(df/dη)	Blasius,	which	continue	to	hold	past	the	99	percent	disturbance	thickness,	will	be	considered	and	compared.	These	have	been	obtained
using	insight	into	the	Blasius	solution,	rationalization,	curve-fitting,	conjecture,	or	a	combination	thereof:	Yun’s	hyperbolic	tangent:	(4-74)	Moeini-Chamani’s	error	function:	(4-75)	Savaş’s	hyperbolic	tangent	of	fractional	order:	(4-76)	Majdalani–Xuan’s	decaying	exponential:	(4-77)	where	ξ	=	y/δ	and	is	the	Blasius	constant.	In	the	interest	of	clarity,
these	profiles	are	compared	to	the	Blasius	velocity	function	(df/dη)	in	Fig.	4-13(a)	for	0	≤	ξ	≤	1.2	(i.e.,	0	≤	η	≤	4.1663),	thus	illustrating	the	degree	by	which	they	can	imitate	the	true	behavior	both	within	the	boundary	layer	and	beyond,	as	ξ	→	∞.	Graphically,	it	may	be	seen	that	the	Majdalani–Xuan	decaying	exponential	(dotted)	is	virtually
indiscernible	from	the	Blasius	curve.	This	may	be	viewed	as	being	significant,	given	the	relative	simplicity	of	this	profile.	This	is	followed	by	the	Savaş	hyperbolic	tangent	of	fractional	order,	which	can	be	barely	distinguished	from	the	Blasius	line,	even	in	the	magnified	inset	of	Fig.	4-13(b).	Conversely,	Moeini-Chamani’s	error	function	and	Yun’s
hyperbolic	tangent	are	Page	175shown	to	deviate	progressively,	especially	in	the	upper	0.5	<	ξ	<	1	portion	of	the	viscous	layer.	In	fact,	a	strong	correlation	may	be	seen	to	exist	between	the	spatial	agreement	of	a	given	flow	approximation	with	the	Blasius	shape	and	its	effectiveness	at	predicting	the	fundamental	boundary-layer	characteristics.	This	is
confirmed	in	Table	4-4,	where	boundary-layer	predictions	by	the	four	continuous	profiles	are	cataloged	and	contrasted	to	the	computed	Blasius	values.	As	usual,	the	percentage	error	with	respect	to	the	Blasius	benchmark,	which	accompanies	each	individual	estimate,	such	as	and	is	listed	directly	below	it.	For	each	profile,	we	also	compute	and	display
the	overall	L2	error	across	the	viscous	domain,	to	accurately	quantify	the	cumulative	discrepancy	accrued	in	each	continuous	profile.	As	before,	only	the	essential	properties	are	tabulated	because	other	related	quantities	can	be	deduced	fairly	straightforwardly.	Here	too,	and	As	for	the	maximum	normal	velocity	coefficient	at	infinity,	it	is	simply	half	of
the	entries	for	in	Table	4-4.	FIGURE	4-13	Comparison	of	four	continuous	approximations	to	the	Blasius	solution	by	Majdalani	and	Xuan	(2020),	Savaş	(2012),	Moeini	and	Chamani	(2017),	and	Yun	(2010).	Results	are	shown	(a)	across	the	boundary-layer	region	into	the	far	field,	and	(b)	inside	a	designated	quadrant	where	individual	deviations	from	the
Blasius	curve	are	magnified	F	′(0)	=	‾	s	≈1.630.	TABLE	4-4	Boundary-layer	predictions	from	four	continuous	profiles	with	their	errors	relative	to	the	computed	Blasius	values	†	Starting	with	the	L2	error,	we	compute	0.056	and	0.016	for	the	Yun	and	Moeini–Chamani	profiles,	respectively.	These	values	are	consistent	with	the	level	of	spatial	alignment
between	their	shapes	and	the	Blasius	curve	in	Fig.	4-13.	They	are	also	reflected	by	their	relative	variations	in	estimating	the	boundary-layer	properties,	which	range	from	2.84	to	39.14	percent	in	Yun’s	case	and	from	0.8	to	9.35	percent	in	Moeini–Chamani’s.	In	hindsight,	these	levels	are	comparable	to	the	effectiveness	of	the	Pohlhausen	polynomial
profiles,	with	Moeini–Chamani’s	results	resembling	those	of	Pohlhausen’s	quadratic	polynomial,	2ξ	−	[Eq.	(4-11)].	Conversely,	the	overall	L2	disparity	falls	to	appreciably	low	levels	of	2.0	×	10	and	6.4	×	10−4	for	the	Savaş	and	Majdalani–Xuan	profiles,	respectively.	These	appreciable	orders	of	magnitude	reductions	may	be	viewed	as	being	significant
because	the	corresponding	percentage	errors	in	estimating	the	boundary-layer	displacement,	momentum,	and	disturbance	thicknesses,	skin	friction,	and	shape	factor	suddenly	drop	to	virtually	insignificant	levels	ranging	from	0.12	to	0.79	percent	for	the	Savaş	profile	and	from	0.06	to	0.25	percent	for	the	Majdalani–Xuan	profile.	These	low	levels	can
very	well	explain	the	reason	why	the	Majdalani–Xuan	exponential	profile	is	graphically	indiscernible	from	the	Blasius	solution	in	Fig.	4-13.	In	fact,	recalling	that	the	Blasius	equation	itself	is	accompanied	by	a	small	truncation	error	that	depends	on	the	size	of	the	flow	Reynolds	number,	and	given	that	the	Blasius	model	is	only	valid	in	the	laminar	range,
the	Majdalani–Xuan	exponential	profile	may	be	viewed	as	a	simple,	well-behaved,	quasi-exact	analytic	solution	to	the	Blasius	equation	in	the	0	≤	ξ	<	∞	range.	From	an	engineering	perspective,	however,	the	Majdalani–	Xuan	quartic	polynomial,	remains,	to	the	authors’	knowledge,	the	simplest	analytic	profile	that	will	readily	produce	accurate	closed-
form	expressions	for	the	boundarylayer	properties,	albeit	confined	to	the	viscous	region	only.	For	the	remaining	class	of	continuous	profiles,	numerical	evaluation	is	generally	required	to	determine	any	of	the	integral	properties.	As	a	final	check	of	legitimacy	of	the	continuous	profiles,	their	ability	to	match	the	conditions	observed	by	the	Blasius
solution	and	its	derivatives	at	the	endpoints	of	the	viscous	domain	is	ascertained	in	Table	4-5.	Firstly,	we	are	able	to	verify	the	negative	F″(1)	curvature	of	all	velocity	profiles,	consistently	with	the	0.709	Blasius	value	at	the	edge	of	the	viscous	layer.	Interestingly,	the	closest	curvature	corresponds	to	Yun’s	hyperbolic	tangent,	while	the	farthest	stems
from	Savaş’s	hyperbolic	tangent	of	fractional	order.	Secondly,	we	readily	confirm	that	all	models	satisfy	the	no-slip	and	momentum	balance	requirements	at	the	wall,	where	Thirdly,	both	Majdalani–Xuan	and	Savaş	profiles	return	u/U	=	99%	at	ξ	=	1,	whereas	Moeini–Chamani’s	and	Yun’s	return	97.6	and	92.6	percent,	Page	176respectively.	As	for	the
extraordinarily	important	velocity	slope	at	the	wall,	all	three	formulations	by	Yun,	Savaş,	and	Majdalani–Xuan	restore	the	value	of	Finally,	as	far	as	matching	the	shear	value	(or	velocity	slope)	at	the	edge	of	the	viscous	layer,	here	too,	both	Majdalani–Xuan	and	Savaş	profiles	predict,	respectively,	and	0.097	instead	of	0.0904.	These	characteristic
features	help	to	explain,	in	part,	the	varying	degrees	of	accuracy	associated	with	each	formulation,	as	reflected	in	their	individual	L2	and	relative	errors	in	Table	4-4.	TABLE	4-5	Endpoint	properties	of	the	continuous	analytic	velocity	profiles	and	their	corresponding	Blasius	values	4-3.2	Flat-Plate	Heat	Transfer	for	Constant	Wall	Temperature	If	Tw	and
Te	are	constant,	the	temperature	profiles	also	satisfy	similarity	relations.	By	analogy	with	the	stagnation-flow	relation,	Eq.	(3-222),	we	define	a	dimensionless	temperature	difference	(4-78)	Assuming	that	u	and	υ	are	known	from	the	Blasius	solution,	we	may	substitute	Eq.	(4-78)	into	the	boundary-layer	energy	Eq.	(4-50c),	neglect	dissipation,	assuming
Ec	≪	1,	and	write	(4-79)	The	resulting	expression	is	identical	to	the	stagnation-flow	relation,	Eq.	(3-223),	with	the	boundary	conditions	reversed.	The	solution	is,	by	analogy,	(4-80)	The	temperature	profiles,	first	obtained	by	Pohlhausen	(1921),	can	be	computed	from	Eq.	(480)	and	then	displayed	in	Fig.	4-14	for	various	Prandtl	numbers.	Since	Pr	is	a
ratio	of	viscous	to	conduction	effects,	the	higher	the	Prandtl	number,	the	thinner	the	thermal	boundary	layer.	The	thermal	to	viscous	thickness	ratio	may	be	approximated	by	FIGURE	4-14	Flat-plate	temperature	profiles	for	zero	dissipation.	(4-81)	Page	177Here,	the	heat	transfer	at	the	wall	may	be	computed	from	Fourier’s	law:	or,	in	dimensionless
form,	(4-82)	As	seen	in	Fig.	4-14,	the	wall	temperature	slope	proves	to	be	a	strong	function	of	the	Prandtl	number	and,	based	on	Eq.	(4-78),	may	be	given	by	(4-83)	By	direct	analogy	with	the	stagnation-flow	relation	(3-227),	this	parameter	may	be	evaluated	by	adding	two	statements	to	the	Blasius	solver,	specifically	The	output	1/Y5(∞)	is	the	desired
wall	slope	different	Pr	are	tabulated	below:	Some	values	of	this	thermal	slope	at	For	Prandtl	numbers	in	the	range	0.1	<	Pr	<	10,000,	a	suitable	curve	fit	to	these	tabulated	values	is	Consequently,	Eq.	(4-82)	for	low-speed	laminar	flat-plate	heat	transfer	may	be	approximated	as	(4-84)	This	familiar	expression	has	the	same	form	as	our	energy	integral
based	on	an	assumed	polynomial	profile,	Eq.	(4-34).	It	remains	the	accepted	engineering	approximation	although	it	overpredicts	the	Nusselt	number	for	liquid	metals	with	Pr	<	0.1.	When	dissipation	is	not	neglected,	the	solution	of	the	flat-plate	energy	equation	becomes	very	interesting	and	leads	to	the	concept	of	the	recovery	factor	and	the	adiabatic-
wall	temperature.	However,	these	concepts	are	realized	in	practice	only	by	high-speed	(compressible)	boundary	layers.	As	such,	their	discussion	is	deferred	to	Chap.	7.	4-3.3	The	Falkner–Skan	Wedge	Flows	The	most	famous	family	of	boundary-layer	similarity	solutions	was	discovered	by	Falkner	and	Skan	(1931)	and	later	evaluated	numerically	by
Hartree	(1937).	Rather	than	merely	guessing	the	form	of	the	solution	as	we	did	with	the	Blasius	problem,	it	may	be	instructive	to	outline	the	steps	leading	to	this	similarity	transformation.	To	begin,	we	can	eliminate	υ	from	the	momentum	equation	by	solving	the	continuity	equation	for	υ	while	taking	into	account	the	no-slip	requirement	of	a	vanishing
velocity	at	the	wall.	Starting	with	∂	υ/∂	y	=	−	∂	u/∂	x,	we	may	take	advantage	of	the	Leibniz	rule,	and	integrate	in	the	vertical	direction,	(4-85)	with	the	integration	being	carried	out	at	constant	x.	The	problem	now	reduces	to	a	single	integrodifferential	equation	for	u	alone:	(4-86)	Page	178where	the	pressure	gradient	is	replaced	by	the	freestream
velocity	gradient	using	Euler’s	equation,	−	dp/dx	=	ρUdU/dx.	We	now	inquire:	Is	there	any	possibility	of	combining	x	and	y	into	a	single	variable	η(x,	y)	such	that	the	above	equation	becomes	an	ordinary	differential	equation	in	a	function	of	η	only?	If	so,	we	have	achieved	similarity,	but	only	for	certain	special	cases	of	the	freestream	velocity
distribution	U(x).	To	make	further	headway,	it	is	essential	to	generalize	the	Blasius	solution	by	allowing	it	to	accommodate	a	variable	freestream	velocity	via	(4-87)	where	η	=	η(x,	y)	is	dimensionless.	With	careful	chain-rule	differentiation,	we	can	substitute	this	expression	into	the	momentum	Eq.	(4-86).	For	example,	if	u	=	Uf′,	then	(4-88)	and	so	on
with	the	second	derivatives.	A	particularly	appealing	linear	form	in	y,	which	causes	∂2η/∂	y2	to	vanish,	is:	(4-89)	In	fact,	one	may	substitute	this	variable	into	the	momentum	relation	(4-86),	evaluate	the	integral	by	parts	(while	availing	oneself	to	Leibnitz’	rule),	and	rearrange	the	outcome	into:	(4-90)	Similarity	is	achieved	if	each	of	the	two	coefficients
in	this	relation	is	such	that	all	occurrences	of	x	disappear,	thus	leaving	us	only	with	constants.	Based	on	Eq.	(4-90),	this	implies	that	(	or	that	ln	(U)	is	proportional	to	ln	(g),	as	in	the	case	of	g(x)	=	Cxa.	Falkner	and	Skan	(1931)	found	that	similarity	could	be	achieved	by	the	variable	η	=	Cyx	which	is	consistent	with	a	power-law	freestream	velocity
distribution	of	the	form:	(4-91)	The	exponent	m	may	be	termed	the	Falkner–Skan	power-law	parameter.	The	constant	must	make	η	dimensionless	but	is	otherwise	arbitrary.	A	good	choice	is	to	use	thus	leading	to	This	result	is	consistent	with	the	limiting	case	of	m	=	0,	which	restores	the	Blasius	variable	identically	from	Eq.	(4-57).	Accordingly,	we	have
(4-92)	Substituting	this	similarity	variable	into	Eq.	(4-89)	leads	to	the	most	common	form	of	the	Falkner–Skan	equation:	(4-93)	with	the	same	boundary	conditions	obtained	for	a	flat	plate,	(4-94)	The	parameter	β	is	a	measure	of	the	pressure	gradient	dp/dx.	If	β	>	0,	the	pressure	gradient	is	negative	or	favorable,	whereas	β	<	0	denotes	an	unfavorable
pressure	gradient.	Naturally,	β	0	restores	the	“flat	plate”	configuration.	At	the	onset,	we	expect	the	case	of	m	=	−	1	(	β	=	±	∞)	to	be	problematic,	but	it	is	not:	It	turns	out	that	the	case	ofU	=	Kx−1	can	be	judiciously	handled	by	a	different	choice	of	the	constant	C.	4-3.3.1	INVISCID	FLOW	PAST	WEDGES	AND	CORNERS.	The	Falkner–	Skan	solution
illustrates	both	favorable	and	adverse	pressure	gradients	and	is	a	realistic	engineering	flow	pattern.	The	power-law	freestream,	U	=	Kxm,	happens	to	be	the	exact	solution	to	inviscid	flow	past	a	wedge	or	corner	shape.	In	plane	polar	coordinates,	Laplace’s	equation	for	the	stream	function	ψ	(r,	θ),	which	corresponds	to	an	irrotational	motion	(App.	B4),
can	be	written	as	As	shown	in	texts	covering	potential	flow	theory	[e.g.,	White	(2016)],	an	exact	solution	may	be	extracted	in	the	form	of	(4-95)	Page	179This	expression	yields	certain	radial	streamlines	that	can	be	interpreted	as	the	“walls”	of	a	wedge	or	a	corner,	as	shown	in	Fig.	4-15,	depending	on	the	value	of	β	=	2m/(m	1).	The	velocity	along	these
walls	has	the	form	U	=	K	xm,	which	represents	the	freestream	driving	the	boundary	layer	on	the	wall,	with	x	=	0	at	the	tip	of	the	wedge.	The	most	prominent	cases	are:	FIGURE	4-15	Some	examples	of	Falkner–Skan	potential	flows.	These	are	similar	flows,	i.e.,	for	a	given	β,	the	velocity	profiles	all	look	alike	when	scaled	by	U(x)	and	δ(x).	They	may	also
be	used,	with	modest	success,	to	predict	the	behavior	of	nonsimilar	flows.	Equation	(4-93)	can	be	solved	numerically	simply	by	adding	the	term	relations	of	Eq.	(4-63)	for	the	Blasius	equation.	For	example,	one	may	use	to	the	(4-96)	As	before,	we	select	β	and	try	to	find	the	proper	value	of	asymptotically.	that	makes	Although	we	could	easily	resolve	Eq.
(4-93)	with	our	personal	computers,	the	Falkner–	Skan	solutions	have	been	well	tabulated	and	charted	[Evans	(1968)].	The	most	important	results	in	Fig.	4-16	span	the	range	from	the	stagnation	point	(	β	=	m	=	1)	down	through	flatplate	flow	(	β	=	m	=	0)	to	the	separation	point	(	β	=	−0.19884,	m	=	−0.09043).	Figure	4-16	shows	the	velocity	profiles
corresponding	to	which	grow	thicker	as	β	decreases	Page	180and,	for	β	<	0,	become	S-shaped	as	in	Fig.	4-9b	before	separating	(τw	=	0)	for	β	=	−0.19884.	Note	that	separation	corresponds	to	an	expansion	angle	in	Fig.	4-15	of	only	18°.	FIGURE	4-16	(a)	Velocity	profiles	and	(b)	shear-stress	profiles	for	the	Falkner–Skan	equation.	Figure	4-16b	shows
the	shear-stress	profiles	f″(η).	Note	that	shear,	in	accelerated	(favorable)	flows,	falls	away	from	the	wall	value	but	instead	rises	from	the	wall	in	decelerated	(adverse)	flows.	This	is	a	consequence	of	the	momentum	equation	condition	and	is	true	also	in	turbulent	boundary	layers.	We	note	in	passing	that	the	solution	for	and	corresponds	to	the
axisymmetric	stagnation	flow	from	Sec.	38.1.3.	Table	4-6	lists	the	values	of	for	a	variety	of	solutions.	Also	tabulated	are	the	″	proper	initial	conditions	f	(0),	in	addition	to	the	dimensionless	displacement	and	momentum	thicknesses:	TABLE	4-6	Numerical	values	of	the	streamwise	velocity	f′(η)	for	Falkner–Skan	similarity	flows	(4-97)	The	ratio	of	these
two,	the	shape	factor	H,	will	be	especially	useful	in	some	approximate	theories	to	be	later	discussed.	In	keeping	with	our	constant	reminders	that	the	Navier–Stokes	equations	are	nonunique,	the	boundary-layer	equations	also	exhibit	multiple	solutions.	Stewartson	(1954)	points	out	the	following	pathology	of	the	Falkner–Skan	equation	for	negative	β:
1.	For	−	0.19884	≤	β	≤	0,	there	are	at	least	two	solutions	of	Eq.	(4-93)	for	any	given	β,	one	of	which	being	the	type	shown	in	Fig.	4-16a	and	the	second	of	which	showing	always	a	backflow	at	the	wall.	The	two	solution	types	are	identical	at	β	=	−	0.19884	but	are	entirely	different	at	β	=	0.	Page	181	2.	For	β	<	−0.19884,	an	infinity	of	solutions	to	Eq.	(4-
93)	probably	exists	for	any	given	value	of	the	wall	gradient	For	example,	Fig.	4-17b	shows	a	family	of	separating	profiles	with	computed	by	Libby	and	Liu	(1967).	For	β	≈	−5.3,	−6.3,	etc.,	Stewartson	(1954)	has	proved	that	all	solutions	in	this	range	of	β	must	display	a	velocity	overshoot,	that	is,	at	some	point	in	the	boundary	layer.	FIGURE	4-17	The
multiplicity	of	Falkner–Skan	solutions	for	negative	β:	(a)	five	branches	of	solutions	for	negative	β,	as	found	by	Libby	and	Liu	(1967);	(b)	five	separating	profiles	corresponding	to	the	five	heavily	marked	intercepts	in	(a);	(c)	three	overshoot	profiles	without	backflow,	calculated	moving	up	along	branch	2	[After	Steinheuer	(1968)];	(d	)	solution	sets	along
upper	branch	2	as	calculated	by	Steinheuer	(1968),	showing	asymptotic	approach	to	the	wall	jet	solution	found	by	Glauert	(1956).	The	gist	of	these	remarks	is	captured	in	Fig.	4–17a,	where	a	polar	plot	of	β	is	rendered	vs.	for	the	first	five	branches	of	solutions	for	negative	β	found	by	Libby	and	Liu	(1967).	Figure	4-17c	illustrates	some	profiles	for	along
branch	2	as	computed	by	Steinheuer	(1968);	these,	like	the	separating	profiles,	contain	an	overshoot	but	no	backflow.	Libby	and	Liu	(1967)	liken	these	profiles	to	streamwise	blowing	into	a	moving	stream	as	in	the	case	of	a	wall	jet.	Indeed,	as	becomes	very	large	along	branch	2	of	Fig.	4-17a,	β	approaches	22.0	and,	as	pointed	out	by	Steinheuer	(1968),
the	velocity	profile	becomes	identical	to	the	pure	laminar-wall-jet	solution	found	by	Glauert	(1956).	This	effect	is	shown	in	Figs.	4-17c	and	d.	4-3.4	Heat	Transfer	for	the	Falkner–Skan	Flows	If	we	neglect	dissipation	and	assume	constant	wall	and	stream	temperature,	the	flat-plate	analysis	of	Sec.	4-3.2	holds	in	exactly	the	same	form:	(4-98)	where	as
before.	Here	f	(η,	β)	is	the	Falkner–Skan	stream	function—the	output	Y3	from	Eq.	(4-96)—defined	as	(4-99)	Note	that	relative	to	the	Blasius	stream	function	the	“2”	factor	in	Eq.	(4-58)	is	now	divided	by	(m	+	1).	The	solution	is	given	by	Eq.	(4-80),	and	the	local	Nusselt	number	may	be	written	in	the	form	of	(4-100)	Page	182where	A	plot	of	G(Pr,	β)	for
various	values	of	β	is	given	in	Fig.	4-18	and	cataloged	in	Table	4-7.	For	a	given	β,	the	variation	with	Pr	is	nearly	a	power	law,	as	in	Eq.	(4-84).	Three	interesting	cases	include	TABLE	4-7	Numerical	values	of	the	heat-transfer	parameter	G(Pr,	β)	from	Eq.	(4-100)	FIGURE	4-18	Heat-transfer	parameter	for	Falkner–Skan	similarity	flows	with	constant	wall
temperature	and	negligible	dissipation.	(4-101)	Note	that	separation	flow,	where	skin	friction	is	zero,	allows	for	considerable	heat	transfer.	In	fact,	heat	transfer	in	generally	nonsimilar	separated-flow	regions	is	substantial	for	both	laminar	and	turbulent	flows,	e.g.,	along	the	rear	of	bluff	bodies.	Page	183	4-3.5	The	Reynolds	Analogy	as	a	Function	of
Pressure	Gradient	We	saw	in	Sec.	3-8.1.5	that	there	is	a	proportionality	between	friction	and	heat	transfer	in	stagnation	flow.	A	comparable	Reynolds	analogy	holds	in	flat-plate	flow.	If	we	divide	Eq.	(470)	by	Eq.	(4-84),	we	obtain	(4-102)	This	is	a	pure	proportionality,	valid	for	laminar	or	turbulent	flow,	irrespective	of	the	Reynolds	number.	It	is	often
used	as	an	approximation	in	other	(nonsimilar,	non-flat-plate)	configurations,	such	as	duct	flow.	Nonetheless,	Eq.	(4-101)	alerts	us	that	there	is	a	pressure	gradient	effect	that	must	be	judiciously	accounted	for.	Let	us	see	if	the	Reynolds	analogy	holds	for	the	Falkner–Skan	solutions.	The	skin	friction	for	these	flows	is	given	by	(4-103)	and	the	Stanton
number	Ch	is	given	by	Eq.	(3-15)	and	App.	H2.	If	we	adopt	the	usual	powerlaw	approximation	near	a	Prandtl	number	of	unity,	we	can	put	(4-104)	We	find	that	the	ratio	of	skin	friction	to	heat	transfer	for	the	Falkner–Skan	flows	may	be	appropriately	expressed	as	(4-105)	and	the	simple	Reynolds	analogy	will	be	valid	only	if	the	factor	is	unity,	which	is
true	for	β	=	0.	However,	this	“analogy	factor”	varies	strongly	with	β,	as	shown	in	Fig.	4-19.	It	is	zero	at	the	separation	point,	where	Cf	=	0	but	Ch	is	finite,	and	increases	without	bound	as	β	becomes	large.	The	analogy	is	thus	reliable	only	for	modest,	near-zero	pressure	gradients.	It	deteriorates	for	nonsimilar	flows	or	if	the	wall	temperature	varies.
FIGURE	4-19	Variation	of	the	Reynolds	analogy	from	Eq.	(4-105)	with	pressure	gradient	β	for	the	Falkner–Skan	solutions.	4-3.6	The	Flat	Plate	with	Wall	Suction	or	Blowing	The	Blasius	solution	can	be	extended	to	nonzero	wall	velocity,	where	υw	≪	U,	with	either	positive	(blowing)	or	negative	(suction)	speed.	The	streamwise	wall	velocity,	uw	=	0,
satisfies	the	no-slip	requirement.	This	model	has	practical	application	to	many	problems	involving	mass	transfer,	drying,	ablation,	transpiration	cooling,	wall	blowing,	propellant	burning,	and	boundary-layer	control.	For	similarity,	only	a	certain	variation	υw(x)	is	allowed.	From	Eq.	(459),	at	η	=	0,	the	wall	velocity	may	be	written	as	Therefore,	suction
and	blowing	can	be	simulated	by	a	nonzero	value	of	the	Blasius	stream	function,	f	(0),	and	υw	must	vary	as	x−1/2.	We	solve	the	Blasius	Eq.	(4-60)	with	(4-106)	The	results	will	vary	with	the	suction-blowing	parameter,	υw*,	where	(4-107)	Page	184The	corresponding	momentum	problem	was	studied	by	Schlichting	and	Bussmann	(1943),	with	heat-
transfer	results	added	by	Hartnett	and	Eckert	(1957).	Figure	4-20	illustrates	the	basic	results	for	different	values	of	υw	and	Pr.	Clearly,	the	velocity	profiles	in	Fig.	4-20a	are	strongly	affected	by	υw*.	Suction	leads	to	appreciable	boundary-layer	thinning	while	greatly	increasing	the	wall	slope	(i.e.,	friction	and	heat	transfer).	On	the	one	hand,	the
suction	profiles	have	a	strong	negative	curvature,	like	a	favorable	gradient,	and	this	stability	causes	a	delay	in	transition	(see	Fig.	5-12).	On	the	other	hand,	blowing	thickens	the	boundary	layer	and	makes	the	profile	S-shaped,	less	stable,	and	prone	to	transition	to	turbulence	(cf.	Fig.	5-12).	At	a	finite	value	of	the	solution	yields	∂	u/∂	y	=	0	at	y	=	0,	with
u	=	0	for	all	finite	y.	The	boundary	layer	is	said	to	be	“blown	off”	by	the	wall	injection	effect,	which	suppresses	both	heat	transfer	and	friction.	The	boundary-layer	approximations	fail,	of	course,	for	this	extreme	case.	Figure	4-20b	displays	the	heat	transfer	versus	the	suction-blowing	parameter.	The	effect	of	the	Prandtl	number	is	seen	to	be	slight,	at
least	for	gases.	The	dash-dot	lines	in	Fig.	4-20b	also	represent	the	skin	friction	Cf/2,	especially	that	the	Reynolds	analogy	becomes	exact	when	Pr	=	1	in	flat-plate	flow.Page	185	FIGURE	4-20	Flat-plate	flow	with	suction	or	blowing:	(a)	velocity	profiles;	(b)	local	heattransfer	rates	[After	Hartnett	and	Eckert	(1957).]	4-3.7	Flow	Toward	a	Point	Sink
Figure	4-15	reminds	us	that	the	limiting	case	of	β	=	+	∞	at	m	=	−	1	corresponds	to	flow	toward	a	point	sink.	However,	the	Falkner–Skan	approach	becomes	unsuitable	because	the	similarity	variable	in	Eq.	(4-92)	vanishes	for	m	=	−	1.	The	remedy	is	to	redefine	the	similarity	variable	in	this	case.	In	fact,	for	the	point-sink	coordinates	in	Fig.	4-21a,	it	is
appropriate	to	take	FIGURE	4-21	Boundary-layer	similar	solution	for	a	point	sink:	(a)	geometry;	(b)	solution.	(4-108)	Subsequent	comparison	to	Eq.	(4-90)	reveals	that	similarity	can	be	achieved	if	η	is	proportional	to	y/x.	We,	therefore,	use	(4-109)	Substitution	into	Eq.	(4-89)	yields	a	third-order	differential	equation	for	flow	into	a	convergent	channel
with	three	boundary	conditions:	(4-110)	It	is	gratifying	that	an	exact	solution	may	be	extracted	for	this	problem,	namely,	(4-111)	where	the	constant	can	be	verified	that	square-root	relation:	A	plot	of	this	relation	is	given	in	Fig.	4-21b,	where	it	at	η	≈	3.4.	This	enables	us	to	deduce	the	corresponding	inverse	(4-112)	The	minus	sign	under	the	radical	is	a
mere	reminder	that	U	is	opposite	to	x,	as	shown	in	Fig.	4-21a.	Interestingly,	the	sink-flow	profile	in	Fig.	4-21b	reproduces	the	Jeffery–Hamel	wedgeflow	profiles	of	Sec.	3-8.3.1	for	large	negative	αRe	(cf.	profile	for	αRe	=	−	100	in	Fig.	3-41).	Note,	however,	that	η	is	defined	quite	differently	for	the	Jeffery–Hamel	motion.	4-4	FREE-SHEAR	FLOWS	Free-
shear	layers	are	unaffected	by	walls	as	they	can	develop	and	spread	in	an	open	ambient	fluid.	They	possess	velocity	gradients,	created	by	some	upstream	mechanism	that	they	try	to	smooth	out	by	viscous	diffusion	in	the	presence	of	convective	deceleration.	Three	examples	are	(1)	the	free-shear	layer	between	parallel	moving	streams,	(2)	a	jet,	and	(3)
the	wake	behind	a	body	immersed	in	a	stream.	Let	the	dominant	free-shear	velocity	be	u	in	the	x	direction.	If	the	Reynolds	number	is	large,	the	boundary-layer	approximations	will	hold	with	υ	≪	u,	∂	u/∂	x	≪	∂	u/∂	y,	and	∂p/	∂y≈0.	Furthermore,	since	there	are	no	confining	walls,	dp/dx	≈	0,	and	so	plane	free-shear	flows	satisfy	the	flat-plate	equations	(4-
113)	except	that	there	are	no	walls	to	enforce	a	no-slip	condition.Page	186	Just	downstream	of	the	disturbance	that	causes	the	velocity	gradients	(e.g.,	the	meeting	point	of	the	two	parallel	streams,	the	jet	exit	and	the	rear	of	the	immersed	body),	the	flow	will	be	developing	and	nonsimilar.	Further	downstream,	the	flow	will	be	similar	and	the	velocity
profiles	will	all	look	alike	when	suitably	scaled.	Here,	we	discuss	only	the	similar	solutions	for	the	shear	layer,	the	jet,	and	the	wake.	4-4.1	The	Free-Shear	Layer	Between	Two	Different	Streams	Figure	4-22a	shows	two	parallel	uniform	streams,	U1	(upper)	and	U2	(lower),	meeting	at	x	=	0.	As	we	move	downstream,	the	discontinuity	between	U1	and
U2	is	smoothed	out	by	viscosity	into	an	S-shaped	free-shear	layer	between	them.	The	simplest	application	would	be	for	U2	=	0,	such	as	a	plane	airflow	emerging	from	a	slot	into	ambient	air	at	rest.	Lock	(1951)	generalized	this	physical	setting	into	two	different	fluids	with	physical	properties	(ρ1,	μ1)	and	(ρ2,	μ2),	respectively—also	shown	in	Fig.	4-22a.
He	defined	a	Blasius-type	similarity	variable	for	each	stream	using	FIGURE	4-22	Velocity	distribution	between	two	parallel	streams	with	dissimilar	properties:	(a)	geometry;	(b)	velocities	at	the	interface	(U2	=	0);	(c)	representative	velocity	profiles.	[After	Lock	(1951),	by	permission	of	The	Clarendon	Press,	Oxford.]	(4-114)	Page	187Note	that	U1,	not
Uj,	is	specified	in	both	variables.	Substitution	into	Eqs.	(4-114)	yields	a	Blasius-type	equation	for	each	layer:	(4-115)	As	for	the	boundary	conditions,	three	types	may	be	considered.	First,	one	may	impose	the	asymptotic	value	of	the	two	stream	velocities	far	away,	where	U1	and	U2	are	recovered	above	and	below	the	free-shear	layer.	This	condition
translates	into	(4-116)	Second,	there	should	be	kinematic	equality,	u1	=	u2	and	υ1	=	υ2,	at	the	interface,	where	ηj	=	0:	(4-117)	Third,	there	should	be	equality	of	shear	stress	at	the	interface:	(4-118)	This	last	condition	stems	from	the	equality	write	which	enables	us	to	Since	we	are	neglecting	mass	transfer	between	the	two	fluids,	the	most	practical
cases	correspond	to	k	=	1	(identical	fluids)	or	k	≫	1	for	a	gas	flowing	over	a	liquid.	For	the	air–	water	interface,	k	≈	60,000	or	k1/2	≈	245.	Some	solutions	computed	by	Lock	(1951)	for	different	values	of	k	are	presented	in	Fig.	422c.	As	k	increases,	the	lower	layer	moves	more	slowly.	The	air–water	case,	with	k	=	60,000,	provides	a	good	physical
picture	of	the	slow	“wind-driven”	motion	of	the	surface	layer	in	a	lake	or	an	ocean.	The	interfacial	velocity	when	U2	=	0	is	given	in	Fig.	4-22b	as	a	function	of	k.	The	classic	case	of	k	=	1	and	U2	=	0	in	Fig.	4-22c	has	two	interesting	facets.	First,	it	is	asymmetric.	The	interfacial	velocity	is	greater	than	0.5U1	because	the	two	layers	have	different
convective	deceleration.	Second,	the	asymptotic	value	which	represents	a	flat	plate	at	negative	infinity	with	its	boundary	layer	“blown	off”	as	in	Fig.	420a.	4-4.2	The	Plane	Laminar	Jet	Consider	a	plane	jet	emerging	into	a	still	(identical)	fluid	from	a	(two-dimensional)	slot	at	x	=	0,	as	shown	in	Fig.	4-23.	Since	the	jet	spreads	at	constant	pressure	and
there	are	no	bounding	walls,	it	must	satisfy	Eqs.	(4-113)	while	maintaining	a	constant	momentum	flux	across	any	axial	station:	FIGURE	4-23	Definition	sketch	for	a	two-dimensional	laminar	free	jet.	[After	Schlichting	(1933a).]	(4-119)	Page	188which	is	the	zero-drag,	zero-freestream	version	of	Eq.	(4-5)	for	a	constant-pressure	control	volume.
Schlichting	(1933a)	shows	that	if	boundary-layer	approximations	are	valid,	the	jet	entrainment	spreads	as	the	cubic	root	of	x,	with	the	proper	stream	function	being	(4-120)	The	corresponding	velocity	components	may	be	written	as	(4-121)	When	these	expressions	are	substituted	into	Eq.	(4-113),	one	gets,	after	some	algebra:	(4-122)	The	boundary
conditions	for	the	plane	laminar	jet	may	be	associated	with	symmetry	about	the	x	axis	(i.e.,	υ	=	0	and	∂	u/∂	y	=	0	at	y	=	0),	as	well	as	a	quiescent	fluid	with	u	=	0	at	y	→	∞.	These	conditions	translate	into	(4-123)	With	all	homogeneous	boundary	conditions,	it	looks	as	though	we	have	no	driving	force	for	the	equation.	Upon	further	reflection,	it	may	be
seen	that	the	driving	potential	is	the	momentum	flux	J,	analogously	to	the	Jeffery–Hamel	wedge	flows	of	Chap.	3.	Equation	(4-122)	contains	the	same	two	nonlinearities	as	the	Falkner–Skan	equation	(493).	In	this	case,	however,	Schlichting	(1933a)	is	able	to	obtain	a	strikingly	simple,	yet	exact,	analytic	solution:	(4-124)	Here,	the	jet	velocity	profile	has
the	symmetrical	which	is	reminiscent	of	a	Gaussian	probability	distribution.	The	constant	a	is	determined	by	evaluating	the	momentum	flux	J	from	Eq.	(4-119):	(4-125)	Since	sech(0)	=	1,	the	maximum	centerline	velocity	can	be	calculated	to	be	(4-126)	Clearly,	the	jet	spreads	while	its	centerline	speed	drops	off	as	x−1/3.	The	corresponding	velocity
distribution	may	be	given	by	(4-127)	We	may	define	the	width	of	the	jet	as	twice	the	distance	y	to	where	u	=	0.01umax.	Noting	that	sech2	3	≈	0.01,	we	have	(4-128)	We	thus	realize	that	the	jet	spreads	as	x2/3.	As	for	the	mass	flow	rate	across	any	vertical	plane,	it	is	given	by	(4-129)	which	is	seen	to	increase	with	x1/3	as	the	jet	entrains	ambient	fluid	by
dragging	it	along.	This	result	is	correct	at	large	x	but	implies	falsely	that	at	x	=	0,	which	is	the	slot	where	the	jet	issues.	The	reason	is	that	the	boundary-layer	approximations	fail	if	the	Reynolds	number	is	small,	and	the	appropriate	Reynolds	number	per	unit	depth	is	Since	the	solution	deteriorates	for	small	values	of	ρJ	x/μ2,	we	cannot	ascertain	the
details	of	the	flow	near	the	jet	outlet	using	boundary-layer	theory.	Since	jet	velocity	profiles	are	S-shaped	with	an	inflection	point,	they	are	unstable	and	undergo	transition	to	turbulence	early—at	a	Reynolds	number	of	about	30,	based	on	exit	slot	width	and	mean	slot	velocity.	Although	there	Page	189is	further	analysis	of	laminar	jets	in	the	literature
[Pai	(1954)],	jets	are	more	likely	to	be	turbulent.	Textbooks	on	turbulent-jet	analysis	and	experiments	include	those	by	Abramovich	(1963),	Schetz	(1980),	and	Morris	et	al.	(2002).	The	analysis	of	axisymmetric	(round)	jets	and	wakes	will	be	discussed	in	Sec.	410.	4-4.3	The	Plane	Laminar	Wake:	Far-Field	Approximation	A	wake	is	the	defect	in	stream
velocity	behind	an	immersed	body,	as	sketched	in	Fig.	4-24.	A	slender	plane	body	with	zero	lift,	such	as	the	airfoil	parallel	to	the	stream	in	Fig.	4-24,	produces	a	smooth	wake	with	a	velocity	defect	u	1	that	decays	monotonically	downstream.	A	blunt	body,	such	as	a	cylinder,	has	a	wake	that	is	distorted	by	an	alternating	shed	vortex	structure,	such	as
the	von	Kármán	vortex	street—the	picture	in	Fig.	4-24	corresponds	to	a	time-averaged	wake.	FIGURE	4-24	Flow	in	the	wake	of	a	body	immersed	in	a	stream.	Downstream	of	the	body	in	Fig.	4-24,	the	wake	remains	nonsimilar	during	its	development.	About	three	body-lengths	downstream,	the	wake	develops	into	a	self-similar	profile.	Here,	we	make
only	a	simple	far-field	approximation	for	a	developed	wake	by	assuming	that	the	velocity	defect	is	very	small,	specifically	(4-130)	In	this	case,	the	convective	acceleration	can	be	linearized	in	conformance	with	the	Oseen	approximation	[Sec.	3-9.4].	The	momentum	Eq.	(4-113)	simplifies	into	(4-131)	The	resulting	linear,	parabolic,	heat-conduction	type
equation	can	be	solved	straightforwardly.	We	get	(4-132)	where	B	is	a	constant.	In	the	far	field,	then,	the	wake	exhibits	a	Gaussian	velocity	distribution	with	a	centerline	value	that	decreases	as	x−1/2.	The	constant	B	can	be	evaluated	from	the	condition	that	the	body	drag	force	F	per	unit	depth	must	balance	the	momentum	flux	defect	in	the	wake:	(4-
133)	Meanwhile,	this	force	can	be	related	to	the	body	drag	coefficient	using	By	equating	this	expression	to	Eq.	(4-133)	and	solving	for	B,	the	wake	velocity	may	be	written	in	the	form	(4-134)	Page	190where	ReL	=	U0	L/ν	denotes	the	body	Reynolds	number.	The	wake	defect	is	thus	proportional	to	the	body	drag	coefficient.	For	a	flat	plate	wetted	on
both	sides,	from	Eq.	(4-71),	and	the	centerline	velocity	defect	becomes	(4-135)	a	result	given	by	Tollmien	(1931)	and	valid	for	x	>	3L.	A	complete	review	of	laminar	wakes,	including	near-field	and	three-dimensional	geometries	and	compressible	flows,	is	given	in	the	monograph	by	Berger	(1971).	Like	jets,	wakes	are	unstable	and	more	likely	in	practice
to	be	turbulent	than	laminar.	4-5	OTHER	ANALYTIC	TWO-DIMENSIONAL	SOLUTIONS	It	is	clear	that	the	similarity	solutions	of	Secs.	4-3	and	4-4	are	very	special,	in	that	their	profile	shapes	remain	invariant	as	we	move	downstream.	It	is	more	likely	for	typical	flows	to	be	nonsimilar,	thus	changing	from	adverse	to	favorable	gradients	and	perhaps
back	again.	For	example,	the	freestream	near	a	cylinder,	which	has	a	favorable	gradient	near	the	nose,	changes	continuously	to	an	adverse	gradient	(with	separation)	as	we	move	toward	the	rear.	No	similarity	technique	can	handle	such	a	flow.	However,	in	this	personal-computer	era,	any	practical	laminar	freestream	distribution	can	be	computed
swiftly	and	accurately.	In	hindsight,	three	basic	approaches	have	been	used	to	model	nonsimilar	boundary	layers:	1.	Analytic	continuation	by	series	expansion,	e.g.,	Howarth	(1938),	Görtler	(1957),	and	Meksyn	(1961).	2.	Approximate	integral	methods—an	extension	of	Sec.	4-1.1.	An	impressive	number	of	these	techniques	are	discussed	by	Rosenhead
(1963).	We	will	focus	here	on	the	simple	and	accurate	laminar-flow	correlation	of	Thwaites	(1949).	3.	Numerical	modeling	on	a	digital	computer.	Scores	of	these	numerical	techniques,	which	rely	on	finite-difference	and	finite-element	methods,	are	reported	in	the	literature	[Schetz	and	Bowersox	(2011),	Cebeci	and	Cousteix	(1998)].	Although	integral
and	numerical	methods	can,	with	proper	care,	handle	any	new	problem,	two	classic	solutions	are	worth	describing.	4-5.1	Linearly	Decelerated	Howarth	Flow	A	simple	decelerating	nonsimilar	freestream	distribution	is	considered	by	Howarth	(1938),	namely,	(4-136)	This	profile	serves	to	illustrate	the	behavior	of	adverse	gradients	and	laminar-
boundary-layer	separation.	Howarth	expands	the	stream	function	into	a	power	series	in	x	>	L	using	coefficients	that	are	Blasius-type	functions	of	He	retains	seven	terms	and	plots	the	velocity	profiles	shown	in	Fig.	4-25.	Note	that	the	curve	for	x/L	=	0	returns	the	Blasius	profile,	downstream	of	which	the	profiles	become	increasingly	S-shaped	with
separation	occurring	at	x/L	≈	0.125.	FIGURE	4-25	Velocity	profiles	from	a	series	expansion	of	a	linearly	decelerated	flow,	U(x)	=	U0(1	−	x/L).	[After	Howarth	(1938).]	Page	191The	series-expansion	approach	is	obsolete	now,	but	even	the	most	accurate	numerical	solution	for	boundary	layers	becomes	invalid	at	separation	and	beyond.	No	matter	how
the	external	potential	flow	U(x)	varies,	the	wall	shear	stress	at	the	separation	point	comes	in	normally	to	zero,	that	is,	∂	τw/∂	n	=	0.	This	is	known	as	the	Goldstein	singularity,	after	Goldstein	(1948),	who	showed	that,	in	boundary-layer	theory,	the	wall	shear	stress	has	square-root	behavior	near	separation:	(4-137)	Though	interesting	mathematically,
this	behavior	is	unrealistic	physically	and	is	a	fundamental	limitation	of	boundary-layer	theory.	The	dilemma	is	resolved	by	Sychev	(1972),	who	shows	that	a	free-streamline	potential	theory	[Milne–Thomson	(1968)],	augmented	by	a	rescaled	boundary-layer	approximation	in	the	immediate	vicinity	of	separation,	removes	the	singularity.	The	wall	shear
stress	then	varies	smoothly	through	zero.	In	the	separated	region,	higher	order	theory	and,	indeed,	the	full	Navier–Stokes	equations	should	replace	boundarylayer	approximations.	The	Sychev–Smith	theory	is	most	appropriate	for	bluff-body	flows,	where	the	free	streamline	produces	an	adverse	pressure	gradient	just	sufficient	to	cause	flow	separation
[cf.	Chap.	14,	Schlichting	and	Gersten	(2017)].	4-5.2	Flat	Plate	with	Uniform	Wall	Suction	Another	series	solution	of	an	important	case	corresponds	to	the	boundary-layer	flow	past	a	flat	plate	with	uniform	suction,	as	depicted	in	Fig.	4-26	[Iglisch	(1944)].	Since	wall	suction	is	a	practical	approach	to	delay	boundary-layer	transition,	Iglisch	solves	the
boundary-layer	Eqs.	(4-113)	at	constant	pressure,	with	∂	U/∂	x	=	0,	and	a	wall-suction	boundary	condition:	FIGURE	4-26	Velocity	profile	and	drag	coefficient	of	a	flat	plate	with	uniform	suction.	[After	Iglisch	(1994).]	(4-138)	The	flow	is	nonsimilar,	and	the	velocity	profiles	in	Fig.	4-26	gradually	change	from	a	nearBlasius	shape	at	the	leading	edge	to	the
asymptotic	exponential	profile	of	Eq.	(3-158)	far	downstream.	The	asymptotic	condition	is	reached	at	about	If	the	suction	rate	has	a	typical	value	of	in	air	at	22°C	with	U∞	=	10	m/s,	this	corresponds	to	a	distance	of	x	=	6	m.	But	the	third	chart	in	Fig.	4-26	shows	that	increasing	suction	raises	the	plate	drag,	possibly	even	above	the	turbulent-flow	drag
that	we	are	trying	to	avoid	with	suction.	The	reader	may	show	as	an	exercise	(from	a	control	volume	similar	to	Fig.	4-1)	that	wall	suction	increases	the	drag	coefficient	on	the	plate	by	absorbing	additional	tangential	momentum	through	the	wall:	(4-139)	Here,	Cf	refers	to	the	local	viscous	shear,	Iglisch’s	drag	computations	are	shown	in	Fig.	426.	The
dashed	line	corresponds	to	optimum	suction,	the	locus	of	points	of	minimum	suction	required	to	maintain	laminar	flow,	according	to	the	transition	theory	of	Chap.	5	[see	also	Wuest	in	Lachmann	(1961)].	4-5.3	Other	Classical	Analytic	Solutions	There	are	quite	a	few	other	published	classical	solutions	of	boundary-layer	equations	for	special	profiles:	1.
2.	3.	4.	Tani	(1949):	Görtler	(1957):	Curle	(1958):	Terrill	(1960):	Two	of	them	are	experiments	used	for	comparative	analysis:	5.	Hiemenz	(1911):	Flow	past	a	circular	cylinder	6.	Schubauer	(1935):	Flow	past	a	slender	elliptical	cylinder	All	of	these	laminar	flows	are	driven	to	separation	and	can	thus	be	used	as	effective	test	cases	for	alternative
methods.	Page	192	4-6	APPROXIMATE	INTEGRAL	METHODS	The	control-volume	approach	of	Sec.	4-1	can	yield	highly	accurate	estimates	if	exact	velocity	and	temperature	distributions	are	used.	However,	it	becomes	approximate	when	using	intuitive	or	rationally	conjectured	profiles.	While	a	variety	of	integral	methods	are	available	[Rosenhead
(1963)],	we	limit	our	attention	here	to	the	Thwaites’	method.	4-6.1	The	Boundary-Layer	Integral	Equations	All	integral	methods	use	partially	integrated	forms	of	the	continuity,	momentum,	and	energy	equations	which,	for	two-dimensional	incompressible	flow,	lead	to	Eqs.	(4-50).	Continuity	is	eliminated	during	the	derivation,	so	that	the	two	basic
equations	are	(1)	the	momentum	integral	relation	[Kármán	(1921)]	and	(2)	the	thermal-energy	integral	relation	[Frankl	(1934)].	Some	workers	also	use	a	third,	called	the	mechanical-energy	integral	relation	[Leibenson	(1935)].	The	mechanical-energy	equation	is	the	x-momentum	equation	multiplied	by	u;	i.e.,	it	simply	replaces	forces	by	the	Page
193rate	of	work	done	by	those	forces.	Although	it	is	not	a	fundamental	relation,	it	can	be	useful	as	a	correlation	tool,	especially	for	turbulent	boundary	layers.	We	may	derive	the	integral	relations	by	direct	integration,	in	the	y	direction,	of	the	boundary-layer	equations,	repeated	here	for	convenience:	(4-50a)	(4-50b)	(4-50c)	We	have	neglected
buoyancy	and	used	τ	and	q	to	represent	the	shear	stress	and	heat	flux	because,	in	this	manner,	the	equations	will	remain	valid	for	turbulent	boundary	layers.	In	the	laminar	case,	we	simply	take	τ	=	μ∂	u/∂	y	and	q	=	−	k	∂	T/∂	y.	4-6.2	The	Momentum-Integral	Relation	To	obtain	the	momentum-integral	relation,	we	first	multiply	continuity	by	u	−	U	and
subtract	the	outcome	from	the	momentum	equation.	We	get	(4-140)	We	allow	for	unsteady	flow	and	the	possibility	of	a	porous	wall	with	normal	velocity	υw(x)	(defined	positive	for	injection).	We	then	integrate	from	the	wall	to	infinity,	noting	that	τ	vanishes	at	infinity	in	the	boundary-layer	approximation.	The	result	is	(4-141)	This	is	a	fairly	general	form
of	the	momentum-integral	relation,	often	called	the	Kármán	integral	relation	after	Theodore	von	Kármán,	who	first	suggested	this	approach	[von	Kármán	(1921)].	Dividing	through	by	U2,	we	have	Moreover,	by	extracting	U(x)	out	of	the	y	directed	integrals,	using	∂	U2	=	2U	∂	U,	and	expanding,	we	get	As	might	be	expected,	some	of	the	terms	are
equivalent	to	the	displacement	and	momentum	thicknesses,	Eqs.	(4-4)	and	(4-6).	These	enable	us	to	simplify	the	momentum-integral	relation	into	(4-142)	For	steady	flow	with	an	impermeable	wall,	Eq.	(4-142)	reduces	to	(4-143)	which	is	the	most	popular	form	of	the	Kármán	integral	relation.	As	mentioned	earlier,	the	shape	factor	H	always	exceeds
unity,	as	per	Fig.	4-4,	and,	for	laminar	flow,	varies	between	2.0	at	the	stagnation	point	to	about	3.5	at	separation.	In	turbulent	flow,	1.3	≤	H	≤	2.5.	Page	194	4-6.3	The	Thermal-Energy	Integral	Relation	The	thermal-energy	integral	is	most	easily	derived	by	first	multiplying	the	momentum	Eq.	(450b)	by	u	and	adding	this	to	the	thermal-energy	Eq.	(4-
50c).	The	result	is	(4-144)	where	is	the	total,	or	stagnation,	enthalpy	of	the	flow—neglecting	naturally.	This	equation	will	have	important	consequences	in	laminar	compressible	flow	of	gases	(Chap.	7).	Presently,	our	interest	lies	in	integrating	this	relation	from	zero	to	infinity,	while	keeping	it	general	enough	for	porous	walls	and	unsteady	flows.	The
result	is	(4-145)	This	general	form	of	the	thermal-energy	integral	relation	was	first	derived	by	Frankl	(1934).	For	steady	flow	with	impermeable	walls	and	negligible	dissipation,	we	are	left	with	(4-146)	which	is	valid	for	any	low-speed	laminar	or	turbulent	boundary	layer.	This	expression	appeared	earlier	in	our	flat-plate	analysis	as	Eq.	(4-28).	4-6.4	The
Mechanical-Energy	Integral	Relation	To	derive	the	mechanical-energy	integral	relation,	we	multiply	continuity	by	u2	−	U2	and	momentum	by	2u,	subtract,	and	integrate	as	before	from	the	wall	to	infinity.	The	result	is	(4-147)	The	integral	on	the	left-hand	side	is	often	called	the	dissipation	integral:	(4-148)	On	the	right-hand	side,	we	observe	the
emergence	of	the	momentum	thickness,	the	displacement	thickness,	and	a	third	integral	related	to	the	so-called	kinetic-energy	thickness	(also	referred	to	as	the	dissipation	thickness):	(4-149)	As	usual,	division	by	U3	leads	to	From	this	expansion,	it	can	be	readily	seen	how	Eq.	(4-147)	can	be	rewritten	as	(4-150)	This	compact	form	represents	the
mechanical-energy	integral	relation,	first	derived	by	Leibenson	(1935),	for	both	laminar	and	turbulent	flows.	Although	it	has	been	used	under	laminar	conditions,	it	has	proved	to	be	more	essential	in	modeling	turbulent	motions,	where	an	extra	correlation	can	be	viewed	as	a	“welcome	addition”	to	models	with	uncertain	parameters.	4-6.5	One-
Parameter	Integral	Methods	Although	the	three	integral	formulations	derived	above	are	exact,	they	are	typically	used	in	conjunction	with	an	approximate	method	that	relies	either	on:	(1)	guessed	velocity	and	temperature	profiles	or	(2)	empirical	correlations	among	the	integral	parameters.Page	195	For	momentum	analysis,	based	on	Eq.	(4-143),	one
can	approximate	u	using	a	oneparameter	family	of	velocity	profiles:	(4-151)	where	P	is	a	suitable	dimensionless	parameter.	From	such	a	profile,	we	could	then	compute	{θ,	δ*,	H,	τw}	and	substitute	the	resulting	expressions	into	Eq.	(4-143)	to	obtain	a	first-order	differential	equation	for,	say,	δ(x).	Integral	methods	were	dominated	for	decades	by	the
intuitive,	guessed-profile	approach,	often	referred	to	as	the	Kármán–Pohlhausen	approach,	after	a	seminal	paper	by	Pohlhausen	(1921)	and	a	concurrent	paper	by	Kármán	(1921).	In	short,	Pohlhausen	proposed	a	fourthorder	polynomial	of	the	form	(4-152)	where	the	Pohlhausen	parameter	varies	with	the	local	pressure	gradient,	and	ξ	refers	to	the
fraction	of	the	distance	from	the	wall	to	the	99	percent	edge	of	the	boundary	layer.	It	can	also	be	expressed	as	the	ratio	of	the	Blasius	similarity	variable,	and	its	edge	value,	We	are	careful	to	use	ξ	instead	of	η	to	avoid	confusion	with	the	Blasius	variable	when	derivatives	are	taken	with	respect	to	ξ.	Equation	(4152)	fits	five	boundary	conditions	and,
when	substituted	into	the	momentum-integral	relation	(4-143),	produces	a	differential	equation	that	is	easy	to	solve.	Unfortunately,	it	is	not	very	accurate,	as	detailed	in	Sec.	4-1.	There	have	been	several	other	methods	that	rely	on	profile	assumptions,	some	involving	multiple	parameters	[Rosenhead	(1963)].	In	what	follows,	a	correlation	by	Thwaites
(1949)	is	presented,	which	is	sufficiently	accurate	for	laminar	flow.	4-6.6	The	Correlation	Method	of	Thwaites	Thwaites	(1949)	modified	and	improved	an	idea	introduced	by	Holstein	and	Bohlen	(1940),	who	cleverly	rewrote	the	momentum-integral	Eq.	(4-143)	in	terms	of	an	effective	parameter	λ,	(4-153)	Their	simple	but	inspired	idea	was	to	multiply
the	momentum-integral	relation,	Eq.	(4-143),	by	Uθ/ν,	with	the	result	being	(4-154)	Now	H	and	the	left-hand	side	of	this	equation	are	dimensionless	boundary-layer	functions	and	thus,	by	design,	are	correlated	reasonably	well	by	a	single	parameter	(λ	in	this	case).	Following	Holstein	and	Bohlen	(1940),	we	have	(4-155)	Recalling	that	Eq.	(4-154)	may
be	rewritten	as	where	the	presence	of	λ	is	evident.	Rearranging,	we	get	(4-156)	Whereas	earlier	workers	would	have	proposed	a	family	of	profiles	to	evaluate	the	parametric	functions	in	Eq.	(4-156),	such	as	Pohlhausen’s	polynomials,	Thwaites	(1949)	considered	the	entire	collection	of	known	analytic	and	experimental	results	to	determine	if	they	could
be	approximated	by	a	set	of	average	one-parameter	functions.	As	shown	in	Fig.	4-27,	he	discovered	an	excellent	linear	correlation	for	the	function	F,	namely,	FIGURE	4-27	Empirical	correlation	of	the	boundary-layer	function	in	Eq.	(4-156).	[After	Thwaites	(1949).]	(4-157)	Moreover,	if	F	=	a	−	bλ	is	inserted	into	Eq.	(4-156),	we	get	a	closed-form
solution	that	the	reader	may	verify	as	an	exercise:	(4-158)	Page	196If	x0	is	a	stagnation	point,	we	must	set	C	=	0	to	avoid	an	infinite	momentum	thickness	where	U	=	0.	Subsequently,	Thwaites	is	able	to	show	that	θ(x)	is	predicted	very	accurately	(within	±	3	percent),	for	all	types	of	laminar	boundary	layers,	by	the	simple	quadrature	(4-159)	Having
found	θ	from	this	relation,	one	is	able	to	evaluate	along	with	the	skin	friction	and	displacement	thickness	from	the	one-parameter	correlations,	(4-160)	Thwaites’	correlations	for	S(λ)	and	H(λ)	are	provided	in	Table	4-8	and	plotted	in	Fig.	4-28.	A	simple	and	accurate	curve	fit	to	the	shear	function,	shown	in	Fig.	4-28b,	is	TABLE	4-8	Shear	and	shape
functions	correlated	by	Thwaites	(1949)	FIGURE	4-28	The	laminar	boundary-layer	correlated	functions	by	Thwaites	(1949):	(a)	shape	factor;	(b)	shear	stress	with	curve	fits.	(4-161)	Being	unable	to	construct	a	comparably	simple	formula	for	the	shape-factor	function	H(λ),	White	(2006)	offers:	(4-162)	where	The	fit	in	Fig.	4-28a	is	adequate,	though
laborious.Page	197	The	accuracy	of	the	Thwaites	method	is	about	±	5	percent	for	favorable	or	mild	adverse	gradients	but	can	be	as	much	as	±	15	percent	or	more	near	the	separation	point.	Nevertheless,	since	the	method	is	an	average	of	several	solutions,	it	can	be	regarded	as	a	practical	one-	parameter	tool.	If	more	accuracy	is	desired,	a	numerical
solution	is	recommended.	4-6.7	Application	to	the	Howarth	Decelerating	Flow	To	illustrate	the	simplicity	of	Thwaites’	method,	we	apply	it	to	the	Howarth	linearly	decelerating	flow	of	Eq.	(4-136)	and	Fig.	4-25,	with	dU/dx	=	−	U0/L	=	const.	The	momentum	thickness	is	computed,	approximately,	from	Eq.	(4-159):	from	which,	by	definition,	(4-163)	With
λ(x)	given	by	this	approximate	expression,	we	can	compute	the	wall	shear	τw(x)	from	the	function	S(λ)	in	Table	4-8	or	Fig.	4-28b.	As	for	the	separation	point,	it	can	be	predicted	from	and	so,	This	value	falls	within	3	percent	of	the	precise	finite-difference	result	of	xsep	=	0.120L.	Further,	if	U(x)	is	complicated	algebraically,	it	may	be	necessary	to	carry
out	the	integral	of	U5	in	Eq.	(4-159)	numerically—which	is	still	much	simpler	than	a	full-blown	numerical	simulation.Page	198	4-6.8	Application	to	Laminar	Flow	Past	a	Circular	Cylinder	Both	the	accuracy	and	the	dilemma	of	a	bluff-body	boundary-layer	calculation	are	illustrated	by	the	circular	cylinder.	In	terms	of	the	dimensionless	arc	length	x*	=
x/a,	where	a	is	the	radius,	the	potential-flow	velocity	distribution	is	(4-164)	from	which	we	can	easily	generate	boundary-layer	solutions	of	any	type	(integral,	series,	or	digital	computer).	Calculations	of	this	type	have	been	made.	Separation	is	predicted	at	an	angle	x*	=	ϕ	=	104.5°	in	numerical	results	by	Terrill	(1960),	which	we	might	(mistakenly)
think	would	be	reproduced	in	an	experimental	laminar	flow	over	a	cylinder.	Unfortunately,	the	broad	wake	caused	by	bluff-body	separation	is	a	first-order	effect,	i.e.,	it	is	so	different	from	potential	flow	predictions	(e.g.,	Figs.	1-5	and	1-6)	that	it	alters	U(x)	everywhere,	including	the	stagnation	point.	For	example,	the	experiment	of	Hiemenz	(1911)	for
a	cylinder	at	a	Reynolds	number	of	Rea	=	U∞a/ν	=	9500	can	be	fitted	by	(4-165)	which	is	quite	different	from	potential	flow.	Even	the	stagnation	velocity	gradient	(1.814)	is	9.3	percent	less	than	the	potential-flow	value	(2.0),	and	the	maximum	velocity	(1.595U∞)	occurs	at	ϕ	=	71.2°,	instead	of	2.0U∞	at	ϕ	=	90°.	The	two	distributions	are	illustrated	in
Fig.	4-29a,	where	it	is	clear	that	the	potential	flow	is	not	suitable	for	boundary-layer	calculation.	Once	the	actual	U(x)	is	known,	the	various	theories	can	be	used	and	compared,	as	demonstrated	in	Fig.	4-29b.	Interestingly,	the	finite-difference	method	of	Smith	and	Clutter	(1963)	places	ϕsep	at	80°,	whereas	Thwaites’	integral	method,	Eq.	(4-159),
predicts	78.5°	and	a	Howarth–Tifford	series	(including	19	terms)	predicts	83°.	All	three	are	in	reasonable	agreement	with	the	Hiemenz	(1911)	experimental	observation	of	ϕsep	≈	80.5°.Page	199	FIGURE	4-29	Comparison	of	potential-flow	and	actual-flow	computations	for	a	circular	cylinder:	(a)	potential	and	actual	velocity	distributions;	(b)	potential-
flow	and	actual-flow	skin	friction.	It	can	thus	be	seen	that	all	laminar-boundary-layer	estimations	hinge	upon	knowing	the	correct	U(x)	accurately.	It	is	presently	a	very	active	area	of	research	to	develop	coupled	methods	in	which	a	separating	boundary	layer	interacts	with	and	strongly	modifies	the	external	inviscid	flow.	4-6.9	Laminar-Separation-Point
Prediction	One	test	of	the	general	effectiveness	of	Thwaites’	theory	is	to	see	how	well	Eq.	(4-159)	predicts	laminar	separation	for	a	variety	of	U(x)	freestream	velocity	distributions.	This	can	be	accomplished	by	applying	Eq.	(4-159)	to	the	distribution,	computing	θ(x),	and	noting	the	position	where	Some	results	are	given	in	Table	4-9	for	11	different
flows	with	adverse	pressure	gradients.	It	is	gratifying	that	the	separation	position	error	is	less	than	4	percent,	although	this	success	is	tempered	by	our	previous	observation	that	large-scale	separation	alters	rather	substantially	the	external	velocity	and	pressure	distributions.	TABLE	4-9	Laminar-separation-point	prediction	by	Thwaites’	method	4-7
NUMERICAL	SOLUTIONS	The	integral	methods	discussed	in	Sec.	4-6	are	easy	to	use	but	limited	in	accuracy.	The	similarity	solutions	of	Sec.	4-3	are	accurate	but	limited	in	applicability.	If	one	is	faced	with	a	heavy-duty	study	of	nonsimilar	boundary	layers	and	needs	more	precision,	then	a	numerical	model	is	suggested.	For	convenience,	let	us	repeat
the	two-dimensional,	steady,	laminar,	boundary-layer	equations	that	we	wish	to	solve:	(4-56a)	(4-56b)	These	equations	are	parabolic	in	x,	so	the	numerical	models	are	all	of	the	downstreammarching	type.	The	usual	inputs	for	any	method	are	(1)	known	upstream	profiles	u(0,	y)	and	υ(0,	y),	(2)	known	freestream	velocity	U(x),	and	(3)	known	wall
conditions	u(x,	0)	=	0	and	υ(x,	0)	=	υw(x).	The	laminar-boundary-layer	equations	are	parabolic	or	“marching”	in	character	and	thus	relatively	easy	to	model	with	CFD.	The	literature	contains	scores	of	numerical	models,	many	of	which	are	summarized	in	three	boundary-layer	texts:	Schetz	and	Bowersox	(2011),	Cebeci	and	Cousteix	(1998),	and
Schlichting	and	Gersten	(2017).	The	first	two	of	these	texts	include	FORTRAN	codes	for	various	boundary-layer	models.	Moreover,	Schetz’	work	has	been	extended,	as	sponsored	by	the	National	Science	Foundation,	in	the	form	of	Internet	Boundary	Layer	Applets,	by	Devenport	and	Page	200Schetz	(2002).	These	excellent	Applets	are	JAVA	codes	that
include	laminar	and	turbulent	flows,	both	incompressible	and	compressible.	With	such	resources	available,	the	present	text	will	not	attempt	to	become	a	CFD	monograph.	We	will	simply	present	a	simple,	direct	boundary-layer	model	that	is	effective	and	useful.	The	reader	may	wish	to	learn	from	this	simple	method	and	then	advance	to	more	elaborate
codes.	Two	types	of	marching	strategies	exist:	explicit	and	implicit.	In	the	explicit	scheme,	the	downstream	profiles	u(x	+	Δx,	y)	and	υ(x	+	Δx,	y)	are	calculated	immediately	from	the	known	upstream	profiles	u(x,	y)	and	υ(x,	y)	by	direct	application	of	an	algebraic	model	of	Eqs.	(456a)–(4-56b).	Explicit	models	are	simple	but	become	unstable	numerically
unless	a	very	small	step	size	Δx	is	used.	An	implicit	method	is	also	an	algebraic	model	of	Eqs.	(4-56a)–(4-56b),	where	all	points	on	the	downstream	profile	u(x	+	Δx)	are	solved	simultaneously	by	either	iteration	or	matrix	inversion.	The	computation	time	per	step	Δx	can	be	larger	than	for	explicit	schemes,	but	there	is	no	numerical	instability.	The
methods	we	will	illustrate	are	finite-difference	schemes,	which	model	derivatives	by	differences	between	nodal	points	on	a	rectangular	(x,	y)	mesh.	There	are	also	schemes	that	are	based	on	the	finite-element	method	[Beer	(2001)	or	Löhner	(2001)],	which	is	quite	different	in	principle—simulating	whole	fields	or	“elements”	of	flow	bounded	by	mesh
points.	4-7.1	An	Explicit	Finite-Difference	Model	for	Plane	Flow	For	both	of	our	methods,	we	use	the	rectangular	finite-difference	mesh	shown	in	Fig.	4-30.	Subscripts	are	convenient:	um,n	denotes	the	velocity	u	at	mesh	point	(m,	n),	located	at	Thus	(m,	n)	=	(1,	1)	locates	the	origin,	(x,	y)	=	(0,	0).	The	step	sizes	Δx	and	Δy	need	not	be	equal.	We	also
locate	the	vertical	velocity	υm,n	and	(later)	temperature	Tm,n	at	the	same	mesh	points.	All	values	at	station	m	are	assumed	known	or	“previous,”	as	we	use	them	to	march	downstream	and	predict	the	“next”	local	values	at	(m	+	1).	Let	the	total	mesh	be	M	×	N	large,	where	m	=	M	is	the	exit,	n	=	N	is	the	freestream,	m	=	1	is	the	inlet,	and	n	=	1	is	the



wall.	FIGURE	4-30	Finite-difference	mesh	for	a	two-dimensional	boundary	layer.	Let	us	begin	by	writing	a	finite-difference	model	of	the	momentum	Eq.	(4-56b),	representing	level	n	of	the	mesh:	(4-166)	Now,	moving	from	left	to	right,	let	us	describe	each	term.	The	first	term	uses	a	forward	difference	to	model	∂	u/∂	x.	The	second	term	uses	a	central
difference	to	represent	∂	u/∂	y,	thus	keeping	the	model	at	level	“n.”	The	third	term	is	the	pressure	gradient,	using	the	form	and	writing	it	as	a	forward	difference—note	that	Um+1	is	known	because	U(x)	is	the	freestream	velocity.	Finally,	the	fourth	term	is	a	central-difference	model	of	∂2u/∂	y2.Page	201	All	terms	center	about	level	“n,”	which	is	good
practice	for	numerical	accuracy.	The	only	unknown	velocity	in	the	model	is	um+1,n,	which	we	may	solve	for	and	write	as	follows:	(4-167)	The	right-hand	terms	in	Eq.	(4-167)	are	all	known	from	the	“previous”	station.	We	can	solve	for	um+1,	n	immediately,	i.e.,	the	model	is	explicit.	However,	algebraic	recurrence	relations	such	as	Eq.	(4-167)	require,
for	numerical	stability,	that	all	coefficients	in	the	previous	um	be	positive.	In	this	case,	and	β	<	α.	The	restraints	limit	both	step	sizes	in	the	mesh:	(4-168)	We	need	the	absolute	value	on	υmax	because	υ	is	positive	in	adverse	gradients	but	may	be	negative	in	favorable	gradients.	Usually	umin	occurs	near	the	wall	and	υmax	near	the	freestream.	During
this	explicit	computation,	we	have	to	monitor	α(	y)	and	β(	y)	to	make	sure	that	Eqs.	(4-168)	are	satisfied.	With	um+1,n	known	from	Eq.	(4-167),	we	find	υm+1,n	by	modeling	the	continuity	Eq.	(456a).	The	simplest	way	would	be	a	forward	difference	for	both	terms:	We	start	with	n	=	2	to	compute	υm+1,2	because	is	known.	However,	numerical	accuracy
will	be	poor.	Moving	∂υ/∂	y	up	to	a	central	difference	at	level	n	is	self-defeating	because	we	skip	the	value	we	want,	υm+1,n.	Wu	(1961)	suggests	moving	∂	u/∂	x	down	to	level	by	using	an	average	value:	We	use	this	expression	instead	in	the	continuity	model	and	solve	explicitly	for	the	next	vertical	velocity:	(4-169)	There	is	no	instability	in	this	relation
other	than	that	already	required	by	Eqs.	(4-168).	We	begin	at	n	=	2	and	move	upward.	Equations	(4-167)	and	(4-169)	constitute	a	satisfactory,	explicit,	laminar,	boundary-layer	model	which	may	be	readily	programmed	on	a	personal	computer.	Since	we	are	“marching,”	there	is	really	no	need	to	use	the	“m”	subscript,	e.g.,	to	dimension	u(1000,	50)	and
υ(1000,	50)	for	1000	downstream	steps.	One	can	merely	denote	station	m	as	up(50)	and	υp(50)	for	“previous”	and	station	m	+	1	as	un(50)	and	υn(50)	for	“next,”	keep	the	results	long	enough	to	print	them,	reinitialize	up(n)	=	un(n)	and	υp(n)	=	υn(n),	and	repeat.	During	the	computation,	one	should	monitor	the	stability	conditions	(4-168)	and	check	that
the	outer	values	um,N−1	and	um,N,	etc.,	merge	smoothly	with	the	freestream	velocity	Um,	since	the	boundary-layer	thickness	is	a	priori	unknown.	4-7.1.1	APPLICATION	TO	HOWARTH	LINEARLY	DECELERATING	FLOW.	For	illustration,	Eqs.	(4-167)	and	(4-169)	are	programmed	to	solve	the	Howarth	problem	with	U	=	U0(1	−	x/L)	from	x	=	0	until
separation.	Arbitrary	values	can	be	taken	for	U0,	L,	and	ν,	since	the	results	will	be	nondimensionalized.	Figure	4-31	shows	the	computed	values	of	normalized	skin	friction	Cf/Cf	(0)	compared	with	the	Howarth	series	solution,	and	Thwaites’	method	using	S(λ)	when	λ	is	given	by	Eq.	(4-163).	We	see	that	the	computer	solution	equals	the	Howarth	series
for	x/L	≤	0.1	and	then	is	more	accurate	near	separation,	xsep/L	≈	0.1.	Thwaites’	method	is	quite	good	(±5	percent)	over	the	entire	range.	The	explicit	computer	method	required	3000	steps,	with	Δx	being	extremely	restricted	by	Eqs.	(4-168)	near	separation.	FIGURE	4-31	Comparison	of	finite-difference,	integral,	and	series	solutions	for	wall	friction	in
the	Howarth	linearly	decelerating	flow	given	by	Eq.	(4-136).	4-7.2	An	Implicit	Finite-Difference	Model	In	an	implicit	model,	more	of	the	“next”	terms	are	used	to	approximate	the	derivatives,	resulting	in	simultaneous	algebraic	equations.	In	the	present	application,	we	model	the	viscous	or	second-order	derivative	term	in	the	momentum	equation	at	the
next	station,	m	+	1,	using	Page	202By	replacing	the	“previous”	second	derivative	in	the	explicit	model	with	this	expression,	the	result	is	that	each	nth-level	equation	has	three	unknowns:	(4-170)	where	α	and	β	have	the	same	meaning	as	in	Eq.	(4-167).	Now,	we	must	solve	simultaneously	for	the	um+1,n—the	method	is	implicit.	The	benefit	is	that	the
results	are	unconditionally	stable,	regardless	of	the	step	sizes	Δx	and	Δy.	Nonetheless,	it	is	a	good	habit	to	select	Δy	small	enough	so	that	at	least	20	points	fall	within	the	boundary	layer,	and	Δx	should	be	small	enough	that	changes	in	um,n	from	station	to	station	remain	small,	say,	less	than	5	percent.	One	way	to	solve	Eq.	(4-170)	is	by	Gauss–Seidel
iteration:	After	the	dominant	term	um+1,n	is	computed,	um+1,n±1	is	moved	over,	and	the	right-hand	side	is	swept	repeatedly	until	the	values	of	u	do	not	change.	Convergence	is	not	guaranteed	unless	Δx	and	Δy	are	relatively	small.	One	may	also	obtain	a	direct	solution	by	Gauss	elimination	or	matrix	inversion.	4-7.2.1	INVERSION	OF	A
TRIDIAGONAL	MATRIX.	Assuming	that	n	=	1	coincides	with	the	wall	and	n	=	N	corresponds	to	the	freestream,	Eqs.	(4-170)	represent	N	−	2	equations,	each	with	three	unknowns:	The	matrix	is	thus	tridiagonal.	Such	matrices	are	easy	to	invert	using	a	tridiagonal	matrix	algorithm	(	TDMA)	[Sec.	4.2-7,	Patankar	(1980)].	It	works	because	there	are	only
two	unknowns	at	the	bottom,	n	=	2,	where	un=1	=	0	(no	slip),	and	only	two	unknowns	at	the	top,	n	=	N,	where	uN	=	U(x).	We	can	begin	at	the	bottom	and	eliminate	one	variable	at	a	time	until	we	reach	the	top,	where	uN−1	is	immediately	recovered.	We	then	work	our	way	back	to	the	bottom	(“back	substitution”),	picking	up	un	in	terms	of	Un+1	until
the	final	value,	u2,	is	secured.	The	TDMA	is	outlined	as	follows.	Dropping	the	“m”	subscripts	as	superfluous,	Eq.	(4170)	may	be	written,	at	any	n,	as	where	Cn	denotes	the	entire	right-hand	side	of	Eq.	(4-170).	The	desired	back-substitution	recurrence	relation	has	the	form	(4-171)	Page	203We	first	calculate	Pn	and	Qn,	starting	at	the	bottom,	where	u1
=	0,	by	computing	(4-172)	We	then	evaluate	the	remaining	values	of	Pn	and	Qn	using	the	recurrence	relations:	(4-173)	At	the	top,	since	uN	=	U,	the	value	of	the	velocity	can	be	readily	deduced:	(4-174)	where	U	is	the	freestream	velocity	at	that	station.	With	uN−1,	Pn	,	and	Qn	known,	we	can	work	our	way	downward	using	Eq.	(4-171)	until	we	reach
the	final	unknown,	u2.	The	algorithm	works	extremely	well	for	a	well-behaved	matrix	such	as	Eq.	(4-170).	As	shown	in	Fig.	4-31,	the	implicit	method	was	also	applied	to	the	Howarth	distribution	using	Δx/L	=	0.001,	thus	leading	to	results	that	are	as	accurate	as	the	explicit	method.	Not	only	were	the	run	times	associated	with	the	implicit	method
shorter	than	those	of	the	explicit	method,	there	were	no	instabilities	and	no	special	need	to	decrease	Δx	near	separation.	Finally,	the	method	was	run	for	a	circular	cylinder	with	the	Hiemenz	experimental	velocity	distribution	[Eq.	(4-162)].	Resulting	boundary-layer	profiles	are	shown	in	Fig.	4-32	at	equally	spaced	angular	increments	of	Δθ	=	10°,	as
measured	from	the	stagnation	point.	Separation	was	predicted	at	θ	=	81°	(see	Fig.	4-29b)	and	the	nominal	Reynolds	number	was	taken	as	to	show	the	actual	boundary-layer	thickness,	which	is	about	1	percent	of	the	radius	of	the	cylinder.	In	the	favorable	gradient	for	θ	up	to	60°,	the	profiles	are	strongly	curved	and	have	increasing	Page	204wall	shear
stress.	From	60°	onward,	as	the	freestream	levels	off	and	begins	to	decelerate,	the	profiles	become	thicker	and	then	S-shaped,	thus	leading	to	early	separation.	FIGURE	4-32	Laminar	boundary	layers	on	a	cylinder	computed	by	the	implicit	numerical	method	of	Eqs.	(4-169)	and	(4-170).	The	freestream	velocity	is	given	by	Eq.	(4165).	4-8	THERMAL-
BOUNDARY-LAYER	CALCULATIONS	The	previous	three	sections	were	devoted	to	velocity	calculations,	because	the	assumption	of	incompressible	flow	with	constant	viscosity	uncouples	the	velocity	and	enables	it	to	be	calculated	independently	of	the	temperature.	Afterward,	the	temperature	can	be	obtained	from	the	thermal-energy	equation	(4-50c)
and	the	known	velocity	solution.	Let	us	now	review	some	of	the	methods	that	enable	us	to	determine	the	temperature	distribution	under	fairly	arbitrary	conditions.	Almost	all	incompressible	flow	analyses	assume	that	dissipation	is	negligible	and	focus	on	the	simplified	thermal-energy	equation	(4-175a)	(4-175b)	Note	that	it	is	not	necessary	to	integrate
beyond	the	thermal	boundary	layer	given	that	T	≈	Te	for	y	>	δT.	Moreover,	due	to	the	linearity	of	the	thermal-energy	equation,	if	two	solutions	T1(x,	y)	and	T2(x,	y)	are	obtained	for	a	given	U(x),	then	their	sum	T1	+	T2	is	also	a	solution.	This,	of	course,	is	not	true	of	two	velocity	solutions	u1	and	u2.	As	with	momentum	analyses,	three	basic	approaches
may	be	considered:	1.	Series	expansions	[Meksyn	(1961)],	which	are	now	obsolete.	2.	Integral-energy	methods—13	of	these	are	discussed	in	an	interesting	review	by	Spalding	and	Pun	(1962).	We	focus	here	on	Thwaites’	method.	3.	Numerical	methods—many	have	been	proposed,	including	well-developed	user-friendly	computer	codes	[Tannehill	et	al.
(1997)].	We	will	apply	the	same	primitive-variable	technique	of	Sec.	4-7.1	to	the	present	heat-transfer	problem.	Finite	differences	are	suggested	when	there	are	arbitrary	variations	of	U(x),	Te(x),	and	Tw(x).	4-8.1	One-Parameter	Integral	Method:	Variable	U(x),	Constant	(Tw	−	Te)	One	integral	approach	for	estimating	the	amount	of	heat	transfer	is	to
guess	both	velocity	and	temperature	profiles	and	substitute	them	into	Eq.	(4-175b).	However,	favorable	agreement	with	full-blown	solutions	can	be	achieved	by	a	simple	laminar-correlation	scheme	that	mirrors	Thwaites’	momentum	method	described	in	Sec.	4-6.6.	Consider	any	thickness	measure	of	a	thermal	boundary	layer,	Δ,	such	as	the	enthalpy
thickness	from	Eq.	(4-29).	Eckert	(1942)	theorizes	that	the	rate	of	growth	of	such	a	thickness	must	depend	only	on	local	stream	parameters	and	fluid	properties:	If	the	temperature	difference	(Tw	−	Te)	is	constant,	it	would	have	no	effect,	since	every	term	in	the	linear	Eq.	(4-175a)	is	proportional	to	T.	By	dimensional	analysis,	we	can	rewrite	the	above
expression	as	(4-176)	Note	the	close	resemblance	of	this	relation	to	the	Holstein–Bohlen	formulation,	Eq.	(4-156).	If	one	chooses	Δ	as	the	enthalpy	thickness	δh,	a	substantial	amount	of	integration	is	required,	thus	leading	to	excessive	charts	and	formulas.	An	elegant	simplification	of	this	procedure	is	proposed	by	Smith	and	Spalding	(1958).	With	an
eye	toward	direct	computation	of	the	heat	flux,	they	suggest	using	instead	the	so-called	conduction	thickness	(4-177)	(4-178)	Page	205	where	numerical	values	can	be	selected	from	the	Falkner–Skan	solutions	for	U(x)	=	Cxm.	In	terms	of	m	and	the	heat-transfer	parameter	G(Pr,	β)	from	Eq.	(4-100),	our	suitable	parameters	become	(4-179)	Figure	4-33
shows	a	typical	plot	of	Eq.	(4-178),	using	these	relations	for	Pr	=	1.	We	can	share	Smith	and	Spalding’s	delight	that	the	curve	is	nearly	linear	over	the	wide	range	of	−	0.18	≤	β	≤	+2.0.	Being	true	for	all	Prandtl	numbers,	Smith	and	Spalding	propose	a	general	approximation	FIGURE	4-33	The	correlation	of	Eq.	(4-178)	from	the	Falkner–Skan	solutions
(Table	4-7)	compared	with	the	linear	approximation	proposed	by	Smith	and	Spalding	(1958).	(4-180)	where	a	and	b	are	provided	in	Table	4-10.	Equation	(4-180)	is	the	precise	analog	of	Thwaites’	linear	fit,	Eq.	(4-157),	with	the	same	exact	analytic	solution,	TABLE	4-10	Constants	a(Pr)	and	b(Pr)	for	use	inEq.	(4-182)	(4-181)	Page	206where,	again,	C	=	0
if	x0	if	is	the	stagnation	point.	Since	δc	is	directly	related	to	qw,	we	may	readily	convert	Eq.	(4-181)	to	a	Nusselt	number	relation	based	on	the	local	heat	conductance	a	reference	length	L,	and	a	velocity	U0:	(4-182)	This	is	an	accurate	and	remarkably	simple	expression,	involving	only	a	single	quadrature	of	the	velocity	distribution.	From	Table	4-10,
the	terms	a(Pr)	and	b(Pr)	can	be	approximated	in	the	range	0.1	≤	Pr	≤	10.0	by	the	power	laws	(4-183)	For	air,	the	most	common	case,	we	have	a−1/2	=	0.296	and	b	=	2.88	(Pr	=	0.72).	4-8.2	A	Finite-Difference	Method:	Explicit	or	Implicit	The	finite-difference	momentum	method	outlined	in	Sec.	4-7.1	may	be	readily	extended	to	temperature
calculations.	By	defining	the	temperature	at	each	mesh	point,	Tm,n,	we	may	write	the	thermal-energy	equation	in	the	difference	form	where	um,n	and	υm,	n	are	presumed	known	already	from	the	momentum	model	of	Sec.	4-7.1.	All	differences	are	centered	about	level	“n.”	We	can	rearrange	this	into	an	explicit	model	for	the	downstream	temperature:
(4-184)	where	The	stability	of	this	explicit	model	is	similar	to	the	momentum	formulation,	that	is,	γ	<	1/2	and	β	<	γ;	the	step	size	is	further	limited	by	(4-185)	If	Pr	<	1,	this	condition	on	Δx	is	more	restrictive	than	Eq.	(4-168).	Equation	(4-184)	is	to	be	combined	with	Eqs.	(4-167)	and	(4-169)	to	form	a	complete	numerical	model	that	is	capable	of
capturing	explicitly	the	laminar	boundary-layer	velocity	and	temperature.	An	implicit	model	can	be	constructed,	following	Eq.	(4-170),	by	using	a	downstream	central-difference	model	for	the	conduction	term:	The	result	is	a	set	of	simultaneous	equations	for	the	new	temperatures:	(4-186)	Note	the	strong	resemblance	to	the	implicit	momentum	model
of	Eq.	(4-170).	Since	γ	and	β	involve	um,n	and	υm,n,	Eq.	(4-186)	must	be	combined	with	Eqs.	(4-169)	and	(4-170)	to	achieve	closure.	Equation	(4-186)	can	also	be	solved	by	the	TDMA	algorithm	described	in	Sec.	4-7.2.1,	Eqs.	(4-171)	to	(4-174),	with	several	modifications.	Since	the	computation	is	coupled	with	the	momentum	TDMA,	let	us	just	rewrite
all	the	recurrence	relations	with	the	new	notation,	as	these	terms	must	be	added	to	the	momentum	analysis:	(4-187a)	(4-187b)	(4-187c)	Page	207	(4-187d)	(4-187e)	where	Te	stands	for	the	edge	or	freestream	temperature.	The	procedure	is	as	follows:	We	calculate	the	Rn	and	Sn	values	from	the	bottom	up,	and	then	deduce	the	temperature	with	Eq.	(4-
187b)	from	the	top,	TN−1	down	to	T2.	As	with	the	momentum	analysis,	the	algorithm	works	well,	and	the	results	will	be	accurate	provided	that	the	temperature	changes	between	steps	Δx	and	Δy	remain	smaller	than	a	few	percent.	4-8.3	Experimental	Thermal	Boundary	Layer:	The	Circular	Cylinder	Heat	transfer	from	a	circular	cylinder	has	been	the
subject	of	many	experiments	because	of	its	relevance	to	the	design	of	heat	exchangers.	Our	focus	is	on	the	local	Nusselt	number	in	the	laminar	boundary	layer	on	the	front	of	a	cylinder,	as	measured	by	Schmidt	and	Wenner	(1941)	as	well	as	Giedt	(1949).	Here,	the	freestream	velocity	near	the	nose	can	be	approximated	by	(4-188)	where	R	and	U0
represent	the	radius	of	the	cylinder	and	the	approach	velocity.	The	maximum	velocity	is	U/U0	=	1.49	at	x/R	=	1.23	(ϕ	=	71°).	The	temperature	difference	(Tw	−	Te)	is	constant,	so	that	the	integral	method	of	Smith	and	Spalding	in	Eq.	(4-182)	may	be	used.	Figure	4-34	compares	the	Smith–Spalding	formula	and	our	implicit	finite-difference	technique
[Eq.	(4-186)],	with	the	local	heat-transfer	data.	Both	theories	stand	in	good	agreement	with	Schmidt	and	Wenner’s	low	Reynolds	number	data,	with	boundary-layer	separation	occurring	at	ϕ	≈	81°.	However,	Giedt’s	measurements	at	ReD	=	140,000	are	about	10	percent	higher.	In	fact,	there	is	a	systematic	increase	in	heat	transfer	with	the	Reynolds
number	which,	Page	208at	first	glance,	seems	to	defy	the	contention	of	Sec.	4-2	that	laminar	boundary	layers	should	scale	directly	with	Kestin	et	al.	(1961)	are	able	to	trace	this	behavior	to	turbulence	or	noise	in	the	stream	approaching	the	cylinder.	Specifically,	turbulence	intensifies	with	the	Reynolds	number	and	causes	streamwise	vortices	in	the
boundary	layer	to	enhance	the	heat	transfer.	A	review	of	such	freestream	turbulence	effects	is	furnished	by	Zukauskas	and	Ziukzda	(1985)	as	well	as	Barrett	and	Hollingsworth	(2003),	who	focus	on	flat-plate	flows.	FIGURE	4-34	Comparison	of	theory	and	experiment	for	local	heat	transfer	in	airflow	(Pr	=	0.72)	past	a	cylinder,	constant	(Tw	−	Te).	4-8.4
Variable	Wall	Temperature:	Superposition	of	Indicial	Solutions	Our	previous	analyses	have	been	for	a	constant	driving-temperature	difference	(Tw	−	Te),	which	is	a	common	design	assumption.	For	variable	ΔT,	our	previous	formulations	are	no	longer	capable	of	relating	Nu	to	the	local	temperature	difference.	For	example,	if	Tw	drops	as	we	move
downstream,	qw	will	change	sign	before	(Tw	−	Te),	because	the	fluid	in	the	local	boundary	layer	has	been	warmed	by	the	hotter	upstream	wall.	We	will	demonstrate	this	effect	with	an	example.	Since	the	thermal-energy	equation	is	linear,	a	possible	approach	to	handle	a	variable	(Tw	−	Te)	is	to	use	superposition	of	“indicial”	or	step-wall-change
formulas	for	a	particular	U(x).	Let	us	illustrate	this	procedure	with	the	common	case	of	a	flat	plate	with	variable	ΔT(x).	We	recall	that	in	Eq.	(4-37),	we	have	presented	a	solution	to	the	problem	defined	in	Fig.	4-6	for	heat	transfer	with	a	discontinuity	in	wall	temperature	at	x	=	x0.	The	heat	transfer	downstream	of	the	discontinuity	was	found	to	be	(4-
189)	is	the	local	heat-transfer	coefficient.	Imagine	now	that	Tw	−	Te	changes	continuously	with	x,	so	that	a	continuous	series	of	starting	problems	at	successive	x0	can	be	constructed.	If	d	(Tw	−	Te)	is	the	change	that	occurs	between	x0	and	x0	+	dx0,	the	wall	temperature	at	any	x	can	be	estimated	using	x0	as	a	dummy	variable	and	superimposing	all
these	infinitesimal	shifts:	(4-190)	the	integral	being	evaluated	with	x	held	constant.	Suppose	further,	for	generality,	that	Tw	−	Te	changes	discontinuously	at	a	certain	number	of	points	x0(i)	by	the	amount	ΔTi.	Then,	we	must	add	on	to	our	previous	solution	a	summation	of	these	discrete	starting	solutions.	The	complete	solution	for	arbitrarily	variable
wall	temperature	is,	therefore,	(4-191)	We	must	remember	that	the	indicial	solution	h(x0,	x)	must	be	appropriate	for	the	particular	velocity	distribution	U(x)	of	the	problem.	Let	us	now	apply	this	theorem	to	the	flat	plate	with	a	polynomial	distribution	of	Tw	−	Te,	such	as	(4-192)	In	the	absence	of	discontinuities,	Eq.	(4-190)	applies:	The	integrals	can	be
readily	evaluated	and	expressed	in	terms	of	gamma	functions,	specifically	(4-193)	All	of	the	gamma	functions	can	be	determined	numerically	from	the	three	known	values:	Γ(1/3)	=	2.6789385,	Γ(2/3)	=	1.3541179,	and	Γ(1)	=	1,	in	conjunction	with	the	recurrence	relation	Γ(1+k)	=	kΓ(k).	The	first	five	terms	in	the	square	brackets	from	Eq.	(4-193)	yield
(4-194)	Page	209This	behavior	is	substantially	different	from	qw	being	proportional	to	the	local	to	illustrate	how	drastically	the	results	differ	from	what	our	intuition	may	be	telling	us,	consider	the	linear	distribution	(4-195)	From	Eq.	(4-194),	the	Nusselt	number	based	on	ΔT0	is	(4-196)	It	clearly	exhibits	strong	effects	due	to	the	linear	contribution.	For
the	rising	temperature	difference,	1	+	x/L,	the	heat	transfer	at	the	trailing	edge	is	31	percent	greater	than	what	one	may	expect	from	the	local	difference	of	2ΔT0.	For	the	falling	case,	1	−	x/L,	the	heat	transfer	actually	changes	sign	at	the	trailing	edge,	and	the	effect	is	not	negligible,	being	61	percent	of	the	leading-edge	heat	transfer.	These	results
are	sketched	in	Fig.	4-35.	FIGURE	4-35	Local	heat	transfer	with	a	linearly	varying	wall	temperature	on	a	flat	plate,	Eq.	(4-196):	(a,	c)	falling	temperature	difference;	(b,	d)	rising	temperature	difference.	The	finite-difference	method	of	Sec.	4-8.2,	which	is	valid	for	any	U(x)	and	ΔT(x),	was	applied	to	this	particular	problem	of	falling	The	corresponding
temperature	profiles	are	given	in	Fig.	4-36,	thus	helping	to	illustrate	the	warming	of	the	local	fluid	by	the	hot	upstream	wall.	FIGURE	4-36	Finite-difference	solution	(Sec.	4-8.2)	for	temperature	profiles	in	flat-plate	flow	with	a	linearly	decreasing	wall	temperature.	The	wall	heat	transfer	changes	sign	at	x/L	=	0.62.	Page	210	4-9	DEVELOPING	INLET
FLOW	IN	DUCTS	The	developing	laminar	flow	in	the	entrance	of	a	duct	has	captured	the	imaginations	of	scores	of	researchers.	Extensive	reviews	are	given	by	Schmidt	and	Zeldin	(1969)	as	well	as	Shah	and	London	(1978).	The	entrance-flow	geometry	for	a	pipe	of	radius	a	is	shown	in	Fig.	4-37.	In	a	wellrounded	entrance,	the	velocity	profile	at	x	=	0	is
nearly	uniform,	and	this	assumption	is	common	in	theoretical	studies.	A	boundary	layer	begins	to	develop	at	the	entrance	with	an	initial	behavior	that	resembles	the	Blasius	flat-plate	solution	as	long	as	δ	≤	a.	However,	due	to	continuity	requirements,	deceleration	near	the	wall	causes	the	“inviscidcore”	center	flow	to	speed	up	(favorable	gradient),
thus	thinning	the	boundary	layer	more	appreciably	than	predicted	by	the	Blasius	estimate	[Eq.	(4-67)].	Some	distance	downstream,	the	shear	layers	meet,	and	the	duct	becomes	dominated	by	boundary-layer	motion.	Shortly	thereafter,	at	x	=	xL,	the	flow	is	essentially	developed	into	the	Poiseuille	paraboloid.	We	term	the	region	0	≤	x	≤	xL	the	entrance
region.	Of	particular	engineering	interest	are	(1)	the	excess	pressure	drop	compared	to	Poiseuille	flow	and	(2)	the	entrance	length	xL/D	to	reach	a	fully	developed	state.	Similar	considerations	occur	in	turbulent	entrance	flow,	where	the	initial	boundary	layers	are	likely	to	be	laminar	and	then	undergo	transition	to	turbulence	before	merging
downstream.	FIGURE	4-37	Laminar	flow	in	the	entrance	of	a	duct.	Here,	the	excess	pressure	drop	can	be	attributed	to	both	increased	shear	in	the	boundary	layers	at	entry	and	the	acceleration	of	the	core	flow.	Let	the	inlet	pressure	at	x	=	0	be	p0	and	let	be	the	shear	stress	in	the	developed	Poiseuille	flow	region,	where	A	control-volume	momentum
analysis	of	the	region	between	x	=	0	and	any	x	≤	xL	yields	the	following	balance:	This	result	may	be	written	in	dimensionless	form	as	an	“apparent”	friction:	(4-197)	Here,	CfP	=	16/ReD	is	the	Poiseuille	friction	factor	from	Eq.	(3-39),	with	D	=	2a	being	the	pipe	diameter.	The	term	K	denotes	the	excess	pressure	drop	due	to	the	entrance	region,	where
the	2/3	contribution	represents	the	pressure	drop	necessary	to	accelerate	a	uniform	flow	into	a	Poiseuille	paraboloid.	The	integral	term	in	K	is	the	excess-shear	contribution,	approximately	0.65.	Note	that,	for	a	long	pipe,	x	≫	D	the	term	Cf	P(4x/D)	dominates	the	total	friction	loss.	If	we	extend	Eq.	(4-197)	into	the	entrance	region,	K	=	K(x)	increases
from	zero	at	x	=	0	to	an	asymptotic	constant	value	K∞	in	the	developed	region.	Figure	4-38	shows	the	finitedifference	computations	of	Schmidt	and	Zeldin	(1969)	for	K(x)	in	pipes	and	between	parallel	plates.	Note	that	there	is	only	a	slight	Reynolds	number	effect,	verifying	the	boundary-layer	character	of	the	entrance	flow.	Although	K∞	varies
between	1.31	and	1.40	for	pipe-flow	computations	in	Fig.	4-38,	the	experiments	reviewed	by	Shah	(1978)	suggest	a	more	realistic	value	of	K∞	≈	1.25.	FIGURE	4-38	Pressure-drop	parameter	K	[Eq.	(4-197)]	in	the	entrance	of	a	duct	for	laminar	flow.	From	finite-difference	solutions	of	the	full	Navier–Stokes	equations	by	Schmidt	and	Zeldin	(1969).	The
overall	friction	for	any	section	of	the	pipe	correlates	with	a	Graetz-type	variable	ζ	=	(x/D)/ReD.	Shah	(1978)	proposes	an	interpolation	formula	that	is	valid	within	±	2	percent	for	many	duct	shapes:	(4-198)	where	CfP,	K∞,	and	c	correspond	to	the	particular	geometry	in	Table	4-11.	The	noncircular	sections	use	the	hydraulic	diameter	Dh	and	ReDh.
TABLE	4-11	Constants	to	be	used	in	Eq.	(4-198)	The	“entrance	length”	xL	can	be	defined	in	various	ways.	Figure	4-38	shows	that	development	could	be	considered	to	occur	when	K	approaches	its	final	value	K∞	at	(x/D)/ReD	≈	0.08	as	an	upper	bound.	A	lower	bound	can	occur	when	the	shear	layers	“meet”	in	accordance	with	boundary-layer	entrance
theory.	If	we	are	to	rely	on	the	Page	211Blasius	theory	from	Eq.	(4-67),	we	can	set	the	merging	point	at	since	cBlasius	≈	4.91.	This	is	far	too	low	because	the	accelerating	core	thins	the	shear	layer.	Shah	and	London	(1978)	define	xL	as	the	point	where	the	developing	centerline	velocity	reaches	99	percent	of	the	Poiseuille	value	u	max	and	recommend
the	following	correlation	for	the	entrance	length:	(4-199)	The	entrance	length	does	not	vanish	as	Re	approaches	zero.	It	still	takes	about	0.6	diameters	for	a	uniform,	non-inertial	creeping	flow	to	morph	into	a	parabolic	profile.	Page	212	4-10	ROTATIONALLY	SYMMETRIC	BOUNDARY	LAYERS	So	far,	all	of	our	boundary-layer	solutions	have	been
focused	on	planar	motions.	Let	us	now	consider	the	rotationally	symmetric	case,	as	a	preliminary	to	more	general	three-dimensional	boundary	layers.	By	rotationally	symmetric,	we	mean	flow	in	cylindrical	polar	coordinates	(r,	θ,	z),	where	none	of	the	variables	(υr,	υθ,	υz,	p,	T)	depend	on	θ.	The	circumferential	component	υθ(r,	z)	is	called	the	swirl
velocity.	If	υθ	=	0	everywhere,	the	flow	reduces	to	the	case	of	axisymmetric	flow,	where	the	streamlines	remain	in	meridian	planes.	We	have	already	considered	several	rotationally	symmetric	flows	in	Chap.	3:	pipe	flow	(including	uniform	swirl),	Couette	flow	between	rotating	cylinders,	Taylor-Culick	flow	in	spinning	porous	cylinders,	axisymmetric
stagnation	flow,	and	flow	near	an	infinite	rotating	disk.	The	boundary-layer	equations	under	rotational	symmetry	were	first	given	by	Mangler	(1945)	in	the	form	we	use	today.	Mangler	chose	the	curvilinear	coordinates	(x,	y,	θ)	with	corresponding	velocity	components	(u,	υ,	w)	shown	in	Fig.	4-39.	The	boundary-layer	equations	then	become	FIGURE	4-
39	Coordinate	system	for	rotationally	symmetric	flow,	Eqs.	(4-200a)–(4-200d	).	(4-200a)	(4-200b)	(4-200c)	(4-200d)	Here	r0(x)	is	the	local	surface	radius,	measured	from	the	axis	(not	the	radius	of	curvature	of	the	surface).	The	derivation	further	assumes	that	r0	is	much	larger	than	the	boundary-layer	thickness	δ	so	that	variations	in	r0	through	the
boundary	layer	can	be	neglected.	At	the	edge	of	the	boundary	layer,	the	freestream	velocity	is	U(x)	and	the	swirl	is	W(x),	which	can	be	related	to	the	pressure	by	the	potential-flow	relations	(4-201)	The	boundary	conditions	can	include,	for	generality,	a	porous	surface	rotating	about	its	axis	at	angular	speed	Ω(t):	(4-202)	As	with	two-dimensional
boundary-layer	problems,	we	neglect	the	normal	pressure	gradient	in	the	y	direction.	4-10.1	Axisymmetric	Boundary	Layers:	Similarity	Solutions	A	much	simpler	special	case	is	that	of	steady	axisymmetric	flow	(w	=	0)	for	which	a	great	deal	of	work	has	been	reported.	Equations	(4-200a)–(4-200d	)	reduce	to	Page	213	(4-203)	with	Assuming	that	the
body	shape	r0(x)	is	known,	a	family	of	similarity	solutions	to	Eqs.	(4-203)	may	be	found	if	the	freestream	velocity	is	of	the	power-law	form	(4-204)	These	correspond	to	potential	flow	at	zero	angle	of	attack	past	a	cone	of	half-angle	ϕ.	An	extensive	discussion	is	given	by	Evans	(1968),	and	the	half-angles	which	relate	to	different	values	of	n,	are	organized
in	Table	4-12.	It	is	not	a	simple	relation,	such	as	the	Falkner–Skan	plane	wedge	flows,	where	ϕwedge	=	mπ/(1	+	m).	TABLE	4-12	Variation	of	the	cone	half-angle	ϕ	with	the	velocity	parameter	n	The	proper	similarity	variables	for	these	cone	flows	are	(4-205)	Backward	substitution	in	Eqs.	(4-203)	leads	to	a	third-order,	ordinary	differential	equation	(4-
206)	with	The	resulting	expression	is	identical	to	the	Falkner–Skan	relation,	Eq.	(4-93),	except	that	the	equivalent	value	of	β	is	different.	If	we	equate	the	two	parameters,	we	find	that	any	given	cone	flow	is	equivalent	mathematically	to	a	certain	wedge	flow:	(4-207)	As	such,	cone	flows	with	U	=	Cxn	will	possess	identical	properties	to	wedge	flows	with
both	types	can	be	determined	from	the	Falkner–Skan	solution.	Note	that	C	and	x	for	the	cone	are	not	the	same	as	C′	and	x′	for	the	wedge,	i.e.,	the	pressure	gradients	are	quite	different	for	the	two	flows.	The	equivalence	is	only	through	the	similarity	solutions,	e.g.,	the	solution	for	axisymmetric	stagnation	flow	(n	=	1)	can	be	taken	directly	from	the
known	similar	solution	for	a	90°	wedge	(m	=	1/3).	In	fact,	the	cone-wedge	equivalence	is	not	accidental.	Mangler	(1948)	deduces	an	extraordinary	transformation,	(4-208)	Page	214	where	L	is	a	reference	length,	which	converts	Eqs.	(4-203)	directly	into	an	equivalent	planeboundary-layer	flow	[Eqs.	(4-56a)–(4-56b)].	The	advantage	is	that	plane-flow
methods	may	be	used	for	but	in	turn	the	transformed	pressure	gradient	U′(x′)	may	result	in	a	complicated	function.	Sometimes	the	Mangler	transformation	is	highly	effective.	Consider	the	cone	of	Eq.	(4-205),	where	r0	=	x	sin	ϕ.	The	transformation	through	Eqs.	(4-208)	predicts	x′	=	(const)x3.	Thus,	U	=	C	xn	for	the	cone	is	equivalent	to	plane	flow	with
as	shown	in	Eq.	(4-207).	Since	the	Falkner–Skan	results	are	well	established,	no	new	calculations	are	needed	for	cone	flow	analysis.	4-10.2	A	Thwaites-Type	Method	for	Axisymmetric	Flow	We	may	bypass	the	Mangler	transformation	and	convert	Eqs.	(4-203)	directly	into	integral	form.	The	derivation	follows	the	procedure	described	in	Sec.	4-6.2	for
plane	flow;	we	get	(4-209)	The	only	difference	from	plane	flow	is	the	term	involving	dr0/dx,	which	is	prescribed	by	the	surface	geometry.	As	usual,	the	derivation	assumes	that	δ	≪	r0.	For	steady	axisymmetric	flow	with	an	impermeable	wall,	this	reduces	to	(4-210)	By	exact	analogy	with	Eq.	(4-155)	for	plane	flow,	we	regroup	this	relation	in	terms	of	the
Thwaites	or	Holstein–Bohlen	parameter,	The	result	is	(4-211)	where	S(λ)	and	H(λ)	have	the	same	meanings	and	correlations	as	in	plane	flow	[Sec.	4-6.6].	Again,	by	analogy	with	plane	flow’s	Eq.	(4-159),	we	can	integrate	Eq.	(4-211)	directly	to	find:	(4-212)	with	separation	again	assumed	to	occur	at	λ	=	−0.09.	This	expression	was	developed	by	Rott	and
Crabtree	(1952).	If	r0	is	constant	or	much	larger	than	x,	Eq.	(4-212)	reduces	to	the	Thwaites’	plane-flow	method.	The	expected	accuracy	is	±	5	percent.	4-10.3	Axisymmetric	Finite-Difference	Methods	Since	the	main	difference	between	plane	and	axisymmetric	boundary	layers	is	the	presence	of	r0(x)	in	the	continuity	Eq.	(4-203),	very	little	modification
is	needed	to	the	numerical	techniques	described	in	Sec.	4-7.	For	axisymmetric	flow,	both	the	explicit	x-momentum	model,	Eq.	(4-167),	and	its	implicit	sibling,	Eq.	(4-170),	remain	valid,	along	with	the	stability	constraints	on	the	explicit	model	[Eqs.	(4-168)].	Only	the	continuity	relation	Eq.	(4-169)	must	be	changed	by	introducing	r0(x),	which	we	denote
as	rm.	This	minor	modification	can	be	accommodated	by	taking	(4-213)	This	relation	is	used	to	compute	the	next	column	of	vertical	velocities	once	the	new	um+1,n	are	known	from	either	the	explicit	or	implicit	models.	4–10.4	Application	to	Flow	Past	a	Sphere	Consider	a	sphere	of	radius	a	immersed	in	a	stream	of	velocity	U0.	If	ϕ	is	the	angle
measured	from	the	nose,	the	potential-flow	surface-velocity	distribution	is	[White	(2016),	Sec.	8.8,	Eq.	(8.87)]	(4-214)	We	may	test	this	theoretical	freestream	distribution	against	our	two	methods:	(1)	the	Rott–	Crabtree	modification	of	Thwaites’	method,	prescribed	by	Eq.	(4-212);	and	(2)	a	finitedifference	method,	based	on	Eqs.	(4-170)	and	(4-213).
Page	215The	results	for	predicted	skin	friction	are	shown	in	Fig.	4-40.	The	Rott–Crabtree	method	predicts	separation	at	ϕ	=	103.6°,	and	the	most	exact	finite-difference	computation	yields	ϕsep	=	105.5°.	FIGURE	4-40	Comparison	of	the	Rott–Crabtree	(1952)	integral	method	and	a	finite-difference	computation	for	skin	friction	in	sphere	flow.	As	in	the
flow	past	a	cylinder	problem,	potential	flow	calculations	are	not	reliable	here	because	of	first-order	flow-separation	effects.	The	actual	velocity	distribution	measured	by	Fage	(1936)	at	Rea	≈	200,000	fits	the	curve	(4-215)	This	relation	drops	off	much	faster	than	the	potential	flow	estimate,	reaching	a	maximum	of	U/U0	=	1.274	at	x/a	=	1.291	(ϕ	=
74°),	whereas	the	potential	flow	has	a	maximum	of	U/U0	=	1.5	at	ϕ	=	90°.	Figure	4-40	also	compares	the	two	methods	for	this	experimental	U(x)	distribution.	Again	the	two	sets	of	results	are	acceptably	close—the	separation	angles	are	81.1°	for	the	Rott–	Crabtree	method	and	82.4°	for	the	(nearly	exact)	finite-difference	computations.	The	numerical
method	used	was	implicit,	based	on	a	step	size	of	Δθ	=	0.5°.	4-10.5	Thick	Axisymmetric	Boundary	Layers	This	section	has	so	far	considered	only	“thin”	boundary	layers,	where	δ	≪	r0.	If	a	cylindrical	body	is	long	enough,	however,	there	must	be	some	point	downstream	where	this	assumption	fails,	and	the	boundary-layer	thickness	becomes	of	the	order
of	the	body	diameter	or	greater.	A	long	towed	cable	is	an	important	practical	example.	The	main	effect	of	a	thick	axisymmetric	boundary	layer	is	that	the	cylindrical	geometry	must	be	taken	into	account;	hence,	the	term	transverse-curvature	effect	is	often	used	to	describe	these	flows.	We	now	consider	the	problem	of	the	axisymmetric	laminar
boundary	layer	along	an	extremely	long	cylinder	of	constant	radius	a.	The	pressure	gradient	is	negligible	(U	=	U0	≈	const)	and	the	boundary-layer	approximations	apply	Page	216if	the	square	root	of	the	Reynolds	number	Rex	is	large.	Using	the	“wall”	coordinate	y	=	r	−	a,	dy	=	dr,	the	axisymmetric	boundary-layer	equations	become	(4-216a)	(4-216b)
Note	that	if	y	≪	a	these	equations	reduce	to	the	flat-plate	equations,	so	that	the	boundary	layer	on	a	short	cylinder	follows	the	Blasius	solution.	There	have	been	many	studies	of	this	problem,	notably	by	Glauert	and	Lighthill	(1955),	who	manage	to	produce	an	approximate	solution	that	applies	over	an	extensive	range	of	cylinder	lengths,	i.e.,	from	short
to	very	long	cylinders.	They	also	point	out	that,	for	δ	≫	a,	the	convective	acceleration	becomes	negligible	and	the	momentum	Eq.	(4-216b)	can	be	solved	for	the	velocity	directly:	(4-217)	Interestingly,	this	solution	remains	valid	for	both	laminar	and	turbulent	regimes	along	a	very	long	cylinder.	Glauert	and	Lighthill	then	extend	their	expression	with	the
shear-related	parameter	α(x)	=	μU0/	(aτw)	to	obtain	the	approximate	profiles	(4-218)	In	this	context,	the	steady	cylindrical	momentum	integral	relation	becomes	(4-219)	This	integral	can	be	evaluated	using	u	from	Eq.	(4-218)	to	retrieve	an	algebraic	expression	for	the	local	shear	α(x).	One	gets:	(4-220)	So,	by	computing	the	exponential	integral
numerically,	Eq.	(4-220)	can	be	used	to	relate	α(x)	to	the	long-cylinder	parameter,	(4-221)	With	ξ(α)	known	from	Eq.	(4-221),	Glauert	and	Lighthill	are	able	to	tabulate	shear,	drag,	and	thickness	parameters,	which	are	plotted	in	Fig.	4-41.	Note	that,	for	a	“very	long”	cylinder	with	ξ	>	100,	the	skin	friction	and	drag	approach	the	asymptotic	result	of
Conversely,	for	ξ	<	0.01,	the	Blasius	solution	is	recovered.	FIGURE	4-41	Boundary-layer	parameters	for	steady	laminar	flow	past	the	outside	of	an	extremely	long	cylinder.	Computed	from	the	theory	of	Glauert	and	Lighthill	(1955).	Although	the	results	shown	in	Fig.	4-41	are	approximate,	they	remain	accurate	when	compared	to	finite-difference
computations.	In	fact,	Eqs.	(4-216a)–(4-216b)	are	parabolic	and	easily	amenable	to	the	numerical	techniques	of	Sec.	4-7.	Page	217	4-10.6	The	Narrow	Axisymmetric	Jet	If	a	round	jet	emerges	from	a	circular	hole	with	sufficient	momentum,	it	remains	narrow	and	grows	slowly,	the	radial	change	∂/∂	r	being	much	larger	than	the	axial	change	∂/∂	x.
Schlichting	(1933a)	found	a	solution	for	a	narrow	jet	that	satisfies	the	axisymmetric	boundary-layer	equations,	particularly,	(4-222a)	(4-222b)	Schlichting	reasoned	that	the	jet	thickness	grew	linearly,	so	that	the	proper	similarity	variable	was	r/x.	He	defined	a	stream	function	(4-223)	from	which	the	axisymmetric	velocity	components	may	be	deduced
as	(4-224)	Substitution	into	the	axial	momentum	equation	(4-222b)	leads	to	the	following	third-order	nonlinear	differential	equation:	(4-225)	Since	the	outcome	is	devoid	of	x	and	r,	a	similarity	solution	has	been	achieved.	As	for	the	boundary	conditions,	they	translate	into	Here	too,	Schlichting	(1933a)	is	able	to	identify	an	exact	solution	of	the	form	(4-
226)	where	the	constant	C	must	be	prescribed	by	the	momentum	of	the	jet,	analogously	to	the	plane	jet	of	Sec.	4-4.2:	(4-227)	With	C	in	hand,	the	axial	jet	velocity	can	be	retrieved	from	Eq.	(4-224),	namely,	(4-228)	The	term	in	parentheses	represents	the	jet	profile,	which	differs	from	the	(sech2)	shape	of	the	plane	jet	[Eq.	(4-124)].	The	jet	centerline
velocity	drops	off	as	x−1	and	the	mass	flow	rate	across	any	axial	section	of	the	jet	can	be	determined	from	(4-229)	Clearly,	the	mass	flow	rate	increases	with	x	irrespective	of	the	jet	momentum	J;	the	latter	only	affects	the	width	of	the	jet	through	C.	Figure	4-42	displays	the	jet	streamlines	associated	with	Eq.	(4-226)	for	C	=	1	and	4.	We	note	that	the	C
=	1	case	is	not	“narrow,”	which	weakens	the	boundary-layer	approximation.	However,	the	case	of	C	≤	4	leads	to	a	narrow	jet	with	∂/∂	r	≫	∂/∂	x	and	a	Reynolds	number	of	J/(	ρν2)	>	250,	based	on	Eq.	(4-227).	FIGURE	4-42	Streamlines	of	a	round	jet	for	two	cases,	from	the	boundary-layer	theory	of	Eq.	(4-226).	4-10.7	Axisymmetric	Wakes	The	plane
wake	discussed	in	Sec.	4-4.3	uses	an	Oseen-type	linearization	of	the	convective	acceleration.	We	refer	back	to	Fig.	4-24	for	the	wake	geometry,	where	the	wake	velocity	defect	u1	=	(U0	−	u)	is	assumed	to	be	small.	For	axisymmetric	flow,	the	momentum	Eq.	(4222b)	can	be	reduced	to	(4-230)	As	we	have	seen	before	in	Eq.	(4-132),	the	solution	is	a
Gaussian	wake-velocity	distribution	of	the	form,	(4-231)	Page	218where	C	is	a	constant	related	to	the	drag	force	on	the	body,	viz.	where	L	corresponds	to	a	body	reference	length.	The	wake	defect	velocity	becomes	(4-232)	These	similar	profiles	occur	in	the	far-field	wake,	at	least	three	body-lengths	downstream	of	the	trailing	edge.	Figure	4-43	displays
five	typical	wake-velocity	profiles	based	on	Eq.	(4-232),	thus	illustrating	the	decay	of	the	centerline	velocity	defect	and	the	spreading	of	the	wake.	For	further	details	on	laminar	wakes,	the	reader	is	referred	to	Berger	(1971).	FIGURE	4-43	Velocity	profiles	illustrating	the	decay	of	a	round	wake	from	Eq.	(4-232).	Units	on	x	and	r	are	arbitrary.	Page	219
4-11	THREE-DIMENSIONAL	LAMINAR	BOUNDARY	LAYERS	This	text	is	primarily	concerned	with	two-dimensional	boundary	layers—including	axisymmetric	flows,	which	can	readily	be	interpreted	using	two-dimensional	concepts.	However,	many	real-world	problems	are	three-dimensional:	swept	finite	wings,	corners,	turbine	blades,	slender	bodies	at
an	angle	of	attack,	spinning	projectiles,	curved	ducts,	and	wing–body	junctions.	The	theory	of	laminar	three-dimensional	boundary	layers	is	well	developed	but	limited	to	unseparated	flows.	Flow	separation	in	three-dimensional	space	leads	to	a	complex	topological	problem	[Tobak	and	Peake	(1982),	Wang	(1997)].	Progress	in	modeling	turbulent	three-
dimensional	flows	has	been	slow	because	of	the	lack	of	detailed	data.	Nonetheless,	there	have	been	several	reviews	of	three-dimensional	boundary-layer	physics,	mainly,	in	the	context	of	turbulent	flows:	Eichelbrenner	(1973),	Cebeci	(1984),	Cousteix	(1986),	and	Bradshaw	(1987).	In	general,	the	boundary	layer	can	develop	over	an	arbitrarily	curved
surface	S,	as	in	Fig.	4-4.	We	may	choose	orthogonal	curvilinear	coordinates	(x1,	x2,	x3)	with	x3	everywhere	perpendicular	to	S.	The	boundary-layer	velocities	are	(u1,	u2	,	u3).	We	consider	two	freestream	velocity	components,	U1	and	U2	while	assuming	that	the	boundary	layer	is	thin,	so	that	u3	≪	u1	,	u2.	In	orthogonal	coordinates,	the	element	of	arc
length	ds	is	related	to	(x1,	x2,	x3)	through	stretching	or	scaling	factors	h1,	h2	and	h3,	which	are	detailed	in	Sec.	2-7.	Accordingly,	we	have	(4-233)	However,	since	x3	is	everywhere	normal	to	the	wall,	we	can	take	h3	≡	1	everywhere.	If	the	scaling	factors	are	not	known,	they	can	be	determined	by	relating	(x1,	x2,	x3)	to	any	convenient	Cartesian	system
(x,	y,	z),	using	(4-234)	with	exactly	similar	expressions	for	h2	and	h3.	Again,	we	are	choosing	the	particular	case	of	h3	≡	1.	In	these	coordinates,	the	incompressible	continuity	equation	becomes	(4-235)	which	is	still	exact.	In	the	boundary-layer	approximation,	the	third	term	may	be	equated	to	∂	u3/∂	x3.	As	hoped	for,	a	thin	boundary	layer	enables	us	to
neglect	the	normal	pressure	gradient	∂	p/∂	x3.	The	remaining	boundary-layer	momentum	equations	become	(4-236)	where	The	boundary-layer	thermal-energy	equation	can	be	written	in	terms	of	the	total	enthalpy,	(4-237)	Page	220where	α	=	k/(	ρcp).	From	this	equation,	we	note	that	in	steady	flow	with	Pr	=	1,	the	total	enthalpy	H	is	constant
everywhere	in	the	boundary	layer	if	the	wall	is	insulated,	i.e.,	Crocco’s	relation	is	not	affected	by	three	dimensionality.	The	pressure	gradients	in	Eqs.	(4-236)	must	be	matched	to	the	freestream	velocity,	which	has	two	components	U1(x1,	x2,	t)	and	U2(x1,	x2,	t).	The	proper	matching	is	given	by	Euler’s	relations	for	inviscid	flow	(4-238)	Finally,	the
boundary	conditions,	including	a	porous	wall,	are	(4-239)	As	for	the	shear	stress,	two	components	must	be	considered	in	a	three-dimensional	boundary	layer,	namely,	(4-240)	These	expressions	continue	to	hold	at	the	wall	where,	generally	speaking,	the	resultant	wall	shear	may	not	be	in	the	same	direction	as	the	resultant	freestream	velocity.	4-11.1
Cartesian	Coordinates:	Secondary	Flow	and	Skewing	In	Cartesian	coordinates,	h1	=	h2	=	1	and	we	may	choose	y	as	normal	to	the	wall.	The	boundary-layer	continuity	and	momentum	equations,	for	steady	flow	with	constant	density	and	viscosity,	become	(4-241)	where	U(x,	z)	and	W(x,	z)	are	the	freestream	velocity	components.	These	equations,	like
their	curvilinear	counterparts	in	Eqs.	(4-236),	are	parabolic	in	(x,	z)	and	can	be	marched	downstream	from	known	initial	values,	if	U	and	W	are	known.	The	initial	conditions	are	not	limited	to	a	single	“entrance,”	x	=	0,	but	extend	along	the	sides	of	the	computational	field.	Such	side	conditions,	for	example,	(x,	y,	z)	=	(x,	y,	0)	and	(x,	y,	L),	are	often	not
well	known	or	well	modeled.	Dwyer	(1981)	takes	care	to	point	out	that	the	“region	of	influence”	of	a	point	in	a	three-dimensional	boundary	layer	is	affected	by	both	convection	and	diffusion,	especially	strong	when	there	is	large	crossflow	convection,	as	in	a	spinning	rocket.	Suppose	that	U	is	locally	aligned	with	the	mainstream	direction.	Then	w(x,	y,
z)	is	called	the	crossflow	or	secondary	flow	and	is	strongly	dependent	on	the	curvature	of	the	main	streamlines	and	the	associated	crossflow	pressure	gradients.	Two	different	types	of	motions	are	shown	in	Fig.	4-45.	In	Fig.	4-45a,	the	crossflow	is	unidirectional,	implying	a	uniformly	positive	crossflow	pressure	gradient,	similar	to	the	rotating	disk	flow
υr(z)	in	Fig.	3-35.	An	effective	vectorial	visualization	of	this	three-dimensional	motion	is	through	a	hodograph	of	w	vs.	u,	as	in	Fig.	4-45c.	Johnston	(1960)	suggests	that	a	triangular	hodograph	shape	is	suitable	for	many	unidirectional	crossflows.	Thus,	if	we	model	the	main	flow	U	by,	say,	a	twodimensional	velocity	profile	and	correlate	W	with	U
through	the	hodograph,	we	may	approximate	such	problems	with	integral	methods.	FIGURE	4-44	Orthogonal	coordinate	system	for	a	three-dimensional	boundary	layer.	FIGURE	4-45	Unidirectional	and	bidirectional	skewing	in	three-dimensional	pressure-driven	boundary	layers:	(a)	unidirectional	skewing;	(b)	bidirectional	skewing;	(c)	unidirectional
hodograph;	(d)	bidirectional	hodograph.	A	second	type	of	crossflow	is	bidirectional,	as	shown	in	Fig.	4-45b.	This	could	be	caused,	for	example,	by	a	reversal	in	outer	streamline	curvature.	The	associated	hodograph,	Fig.	445d,	is	S-shaped,	which	causes	the	triangular	approximation	to	fail.	Since	such	a	shape	is	not	well	correlated	with	the	outer	stream
conditions,	integral	analysis	can	also	suffer.Page	221	Note	that,	in	Figs.	4-45c	and	d,	the	surface	streamline	appears	at	an	angle	β	with	respect	to	the	main	freestream.	As	such,	it	can	be	related	to	the	surface	shear	stresses	by	(4-242)	In	our	numerical	solution	for	the	rotating	disk,	Table	3-5,	the	surface	streamline	lay	at	an	angle	of	β	=	39.6°	compared
to	purely	circumferential	“mainstream”	motion.	4-11.2	Flat-Plate	Flow	with	a	Parabolic	Freestream	A	simple	example	of	secondary	motion	was	given	by	Loos	(1955),	who	envisioned	a	sharp	flat	plate	immersed	in	a	freestream	that	moves	in	parabolic	curves	across	the	plate,	as	shown	in	Fig.	4-46.	The	velocity	components	are§	FIGURE	4-46	Definition
sketch	for	parabolic	flow	over	a	flat	plate.	Here,	a	is	the	initial	slope,	and	b	is	the	curvature	of	the	outer	streamlines,	as	we	can	confirm	from	the	geometric	relation	(4-243)	As	shown	in	Fig.	4-46,	z0	is	where	the	streamline	intercepts	the	plate’s	leading	edge	(x	=	0),	a	=	tanϕ0	is	the	leading-edge	streamline	slope,	and	streamline	represents	the
curvature	of	the	parabolic	streamlines.	A	good	choice	of	coordinates	here	is	the	Cartesian	system	(x,	y,	z)	with	(u,	υ,	w)	velocities.	For	this	parabolic	freestream,	Eqs.	(4-241)	reduce	to	(4-244)	Page	222since	the	flow	is	everywhere	independent	of	z.	The	boundary	conditions	are	(4-245)	By	way	of	confirmation,	it	can	be	seen	that	Eq.	(4-244)	restores	the
Blasius	model	for	b	=	0,	because	its	−	bU2	term	captures	the	curvature	effect	that	is	responsible	for	inducing	the	secondary	motion.	Even	if	a	≠	0,	the	solution	will	still	be	a	Blasius	motion	along	the	slanted	straight	lines	corresponding	to	dz/dx	=	a	=	tan	ϕ0.	In	other	words,	the	flow	along	a	flat	plate	is	not	affected	by	the	direction	with	which	the
freestream	crosses	the	leading	edge.	An	exact	solution	to	this	problem	can	be	obtained	using	a	Blasius-type	similarity	variable,	from	which	the	velocities	can	be	related	to	three	characteristic	functions	f,	g,	and	h:	(4-246)	Substitution	into	Eqs.	(4-244)	yields	three	ordinary	differential	equations	(4-246a)	(4-246b)	(4-246c)	(4-248)	Equation	(4-247a)	is	the
Blasius	equation	for	two-dimensional	flat-plate	flow.	Equation	(4247b)	can	be	integrated	to	give	(4-249)	This	is	again	the	Blasius	solution	for	that	portion	of	the	spanwise	flow	w	not	associated	with	curvature—another	verification	of	the	independence	principle.	Finally,	with	f(η)	known,	Eq.	(4-247c),	which	is	linear,	can	be	readily	solved.	Sowerby	(1954)
computes	a	preemptive	numerical	solution	to	complete	the	problem.	To	illustrate	the	behavior	of	the	secondary	motion,	we	can	resolve	the	flow	into	velocity	components	parallel	and	normal	to	the	outer	streamlines	(see	Fig.	4-46).	We	get	(4-250)	Here,	un	is	positive	if	directed	toward	the	center	of	curvature	of	the	streamlines.	Since	the	secondary	flow
is	always	toward	the	center	of	curvature.	Figure	4-47	depicts	a	numerical	example	for	a	=	+1,	bx	=	+2,	where	the	resultant	freestream	velocity	is	It	is	seen	that	the	secondary	flow	is	substantial,	with	a	maximum	of	64	percent	of	U0.	The	streamwise	component	us	Page	223has	an	overshoot,	another	aspect	of	curving	boundary	layers.	The	angle	of
deviation	of	the	resultant	velocity	from	the	outer	streamline	is	also	substantial,	being	38°	at	the	wall.	The	equivalent	wall	angle	for	a	rotating	disk	(Chap.	3)	is	39.6°.	FIGURE	4-47	Laminar-boundary-layer	solution	for	parabolic	flow	over	a	flat	plate	for	a	=	+1,	bx	=	+2:	(a)	velocity	components;	(b)	deviation	from	external	streamlines.	[After	Sowerby
(1954).]	4-11.3	Boundary	Layer	on	a	Yawed	Infinite	Cylinder	The	practical	problem	of	designing	swept-back	wings	for	aircraft	has	led	to	the	need	for	analysis	of	flow	over	a	body	whose	leading	edge	is	not	normal	to	the	oncoming	stream.	It	is	known	that	fluid	in	the	boundary	layer	near	the	trailing	edge	moves	outward	along	the	wing	axis	toward	the
rearward	part	of	the	wing.	This	is	another	example	of	secondary	flow.	For	finite-span	swept	(possibly	tapered)	wings,	no	similarity	relations	can	be	obtained.	Analysis	is	possible	only	through	computer	simulations.	However,	some	illumination	is	possible	if	we	assume	an	infinite-span	wing	of	constant	cross	section,	as	sketched	in	Fig.	448.	This	flow	is
three-dimensional,	but	its	velocities	are	independent	of	the	spanwise	coordinate	z.	It	is	convenient	to	split	the	freestream	into	components	U(x)	and	W(x)	normal	and	parallel	to	the	leading	edge,	respectively.	Since	the	velocities	do	not	vary	with	z,	the	boundary-layer	Eqs.	(4-235)	and	(4-236)	reduce	to	FIGURE	4-48	Coordinate	system	for	a	yawed
infinite	cylinder.	(4-251a)	(4-251b)	(4-251c)	The	boundary	conditions	consist	of	no	slip	at	the	wall	and	velocity	matching	in	the	freestream:	(4-252)	These	equations	were	first	deduced	by	Prandtl	(1945b)	in	a	pioneering	attempt	to	model	three-dimensional	boundary	layers.	Because	Eqs.	(4-251a)	(4-251b)	are	independent	of	w,	they	can	be	solved	for	u
and	υ	in	a	two-dimensional-type	analysis.	The	splitting	of	u	and	υ	from	w	conforms	to	the	independence	principle,	first	noted	by	Prandtl	(1945b).	If	separation	occurs,	it	is	due	to	adverse	gradients	in	the	normal	component	U(x).	The	separation	“line”	is	illustrated	in	the	two	particular	examples	computed	in	Fig.	4-49.	Using	approximate	two-dimensional
methods,	Wild	(1949)	computed	the	flow	over	a	45°	yawed	6:1	elliptical	cylinder	at	α	=	7°,	and	Sears	(1948)	computed	the	case	of	U	=	C(x	−	x3).	In	both	configurations,	the	surface	streamline	turns	asymptotically	toward	the	separation	line.	Such	spanwise	surface	motion	occurs	for	finite	wings	also,	and	it	is	customary	to	provide	chordwise	boundary-
layer	“fences”	on	swept	wings	to	avoid	loss	of	aileron	effectiveness	from	this	crossflow.	FIGURE	4-49	Two	examples	of	outer	potential	flow	and	limiting	surface	streamlines	for	separating	flow	over	an	infinite	yawed	cylinder:	(a)	elliptical	cylinder	(1:6),	ϕ	=	45°	[after	Wild	(1949)];	(b)	U	=	C(x	−	x3),	W	=	W0	[after	Sears	(1948).]	Another	interesting
example	of	three-dimensional	boundary	layers	is	the	corner	flow	between	intersecting	bodies.	Even	the	limiting	case	of	intersecting	sharp	flat	plates	still	requires	three	independent	velocity	components.	In	his	study	of	flat-plate	corners,	Gersten	(1959)	predicts	the	three-dimensional	friction	drag	to	be	lower	than	in	the	case	of	two	independent	plates
of	the	same	area:	(4-253)	Page	224where	α	is	the	corner	angle.	Gersten	reports	C(90°)	≈	5.76.	Experimental	measurements	on	flat-plate	corners	are	typically	taken	under	turbulent-flow	conditions	[Nakayama	and	Rahai	(1984)].	Further,	in	his	study	of	the	flow	along	the	roots	of	an	airfoil	cascade,	Gersten	points	out	that	the	dual	resistance	of	the	walls
causes	the	low-momentum	corner	flow	to	separate	almost	immediately	in	adverse	gradients,	as	illustrated	in	Fig.	4-50.	Also	shown	is	a	separation	zone	which	forms	in	the	front	of	such	round-nosed	junctions	and,	as	nose	bluntness	increases,	grows	into	a	horseshoe-shaped	“junction	vortex.”	FIGURE	4-50	Separation	regions	in	corner	flow	between
airfoils.	[After	Gersten	(1959).]	4-11.4	Separation	Geometry	in	Three-Dimensional	Flow	Two-dimensional	separation	has	a	simple	geometry,	as	in	Fig.	4-9b.	The	entire	boundarylayer	motion	breaks	away	at	the	point	of	zero	wall	shear	stress	and,	having	no	way	to	diverge	left	or	right,	has	to	divert	itself	up	and	over	the	resulting	separation	bubble	or
wake.	The	ability	to	separate	in	three	dimensions	leads	to	more	freedom	and	breakaway	options.	For	example,	the	surface	streamlines	in	Fig.	4-49	move	tangentially	toward	the	separation	line	while	the	outer	flow	climbs	up	and	over	the	bubble.	According	to	active	research	in	the	mathematical	topology	of	three-dimensional	separation	zones	[Tobak
and	Peake	(1982),	Wang	(1997)],	four	different	points	in	separation	can	be	distinguished:	1.	A	nodal	point,	where	an	infinite	number	of	surface	streamlines	(“skin-friction	lines”)	merge	tangentially	to	the	separation	line.	2.	A	saddle	point,	where	only	two	surface	streamlines	intersect	and	all	others	divert	to	either	side.	3.	A	focus,	or	spiral	node,	which
forms	near	a	saddle	point	and	around	which	an	infinite	number	of	surface	streamlines	swirl.	4.	A	three-dimensional	singular	point,	not	on	the	wall,	where	the	velocity	is	zero,	but	serving	as	the	center	for	a	horseshoe	vortex.Page	225	A	classic	example	is	the	boundary-layer	motion	on	the	wall	near	a	round-nosed	obstacle	in	Fig.	4-51,	as	studied	by
Johnston	(1960).	Because	the	obstacle	creates	an	adverse	gradient	on	the	wall	in	front	of	it,	the	flow	must	separate,	and	the	resulting	bubble	wraps	itself	around	the	obstacle	in	a	U-shaped	junction	or	horseshoe	vortex.	In	the	Tobak–Peake	notation,	the	point	S	in	Fig.	4-51	denotes	a	nodal	point	of	separation.	Inside	the	bubble,	on	the	center	plane
between	S	and	the	obstacle,	a	three-dimensional	singular	point	occurs	where	the	vortex	center	forms.	In	the	rear	of	such	obstacles	(not	shown),	a	nodal	attachment	point	and	twin	foci	may	also	form.	Baker	(1979)	reports	experiments	on	the	laminar	horseshoe	vortex.	Since	most	practical	applications	(turbomachinery	blade	roots,	wing-body	junctions,
control	surfaces	on	ships)	correspond	to	high	Reynolds	numbers,	research	on	turbulent	junction	vortices	continues	[Menna	and	Pierce	(1988)].	FIGURE	4-51	Three-dimensional	separation	in	flat-plate	flow	against	a	cylindrical	obstacle.	[After	Johnston	(1960).]	Another	example	of	laminar	three-dimensional	separation	is	the	flow	past	a	round-nosed
body	at	an	angle	of	attack,	sketched	in	Fig.	4-52	and	first	described	by	Legendre	(1965).	In	the	Tobak–Peake	(1981)	notation,	point	A	constitutes	a	nodal	attachment	point,	point	S	defines	a	saddle	point,	and	point	F	(always	near	S)	specifies	the	focus	of	separation.	In	Fig.	4-52,	instead	of	forming	a	bubble	or	streamwise	vortex,	the	separated	flow
breaks	away	from	the	surface	in	what	Wang	(1997)	calls	a	tornado-like	vortex.	This	behavior	stands	in	contrast	to	the	“open”	or	nonbubble	separation	on	a	prolate	spheroid,	where	flow	from	upstream	may	enter	the	separated	region.	Though	experimentation	has	been	the	key	to	such	complex	flow	descriptions,	mega-mesh	CFD	models	can	now
simulate	three-dimensional	flow	separation.	FIGURE	4-52	Three-dimensional	separation	on	a	round-nosed	body	at	an	angle	of	attack,	first	described	by	Legendre	(1965).	Points	A,	S,	and	F	represent	a	nodal	attachment	point,	a	saddle	point,	and	a	focus	of	separation	point,	respectively.	Page	226	4-12	UNSTEADY	BOUNDARY	LAYERS:	SEPARATION
ANXIETY	Unsteady	flows	are	typically	associated	with	(1)	start-up	of	a	flow	or	(2)	periodic	flow.	Chapter	3	presented	some	exact	unsteady	Navier–Stokes	solutions:	in	Sec.	3-4,	pipe	flow	with	a	pressure	gradient	suddenly	applied	(start-up	flow)	or	oscillating	(periodic	flow).	Section	3-5	illustrated	Stokes’	solutions	for	a	suddenly	accelerated	plate	(start-
up	flow)	and	an	oscillating	plate	(periodic	flow).	None	of	these	examples	encountered	flow	separation,	but	many	unsteady	boundary	layers	do	separate.	4-12.1	Start-Up	Flows	Consider	the	start-up	motion	that	occurs	when	a	cylinder	at	rest	suddenly	begins	to	move	at	speed	U.	An	interesting	sequence	ensues,	as	in	Fig.	4-53.	Initially	[Fig.	4-53a],	the
flow	is	inviscid	and	matches	the	classical	potential-flow	pattern	of	Fig.	1-4.	At	Ut/R	≈	0.35	the	shear	stress	vanishes	at	the	rear	stagnation	point	and	separation	begins	[Fig.	4-53b].	However,	boundary-layer	theory	predicts	no	Goldstein-type	singularity	at	this	time.	Later,	at	about	Ut/R	≈	1.5,	a	large	standing	double-vortex	layer	forms	[Fig.	4-53c].
Much	later,	the	alternating	Kármán	vortex	street	forms,	as	the	final	flow	pattern,	with	separation	occurring	on	the	front	of	the	cylinder	at	about	81°	from	the	front	stagnation	point	[Fig.	4-53d].	FIGURE	4-53	Start-up	of	viscous	flow	past	a	cylinder	accelerated	from	rest:	(a)	Initial	flow	is	nearly	inviscid,	resembling	Fig.	1-4;	(b)	later,	separation	begins
on	the	rear	surface;	(c)	still	later,	separation	extends	up	the	rear	surface	in	a	symmetric	vortex	pattern;	(d	)	finally,	the	double	vortex	becomes	unstable,	leading	to	an	alternating	Kármán	vortex	street,	with	the	separation	point	on	the	front	of	the	body.	The	profound	flow-pattern	changes	in	Fig.	4-53	prompt	the	questions:	(1)	how	is	separation	defined
in	unsteady	flow	and	(2)	can	boundary-layer	theory	still	be	useful?	In	the	1950s,	Moore,	Rott,	and	Sears	[in	Moore	(1958)]	independently	proposed	that	unsteady	separation	is	signaled	by	a	singular	point	[xs(t),	ys(t)]	in	the	flow	where	the	velocity	relative	to	the	moving	point	s,	the	shear	stress,	and	the	vorticity	all	vanish:	This	is	now	known	as	the	MRS
criterion	and	is	the	unsteady	version	of	the	Goldstein	steadyflow	singularity,	Eq.	(4-137).	The	point	s	need	not	be	at	the	wall,	and	there	need	not	be	any	reverse	flow.	Later,	in	the	1980s,	the	exact	behavior	of	the	boundary	layer	on	the	impulsively	started	cylinder	of	Fig.	4-53,	became	controversial,	as	discussed	in	the	monographs	by	Cebeci	(1982)	and
Telionis	(1981).	Van	Dommelen	and	Shen	(1981,	1982)	give	a	good	explanation	in	a	careful	numerical	study.	Using	Lagrangian	coordinates	and	a	fine	mesh,	they	calculate	a	non-Goldstein	singularity,	at	about	111°	from	the	front,	in	the	form	of	a	nearly	inviscid	“peel-off”	of	a	vorticity	layer	from	the	wall.	The	wall	shear	stress	is	not	necessarily	zero	at
this	point.	In	Van	Dommelen’s	words,	“the	boundary	layer	is	ejected	away	from	the	wall	after	a	finite	time”	of	order	Ut/R	≈	1.5.	Thus,	boundary-layer	theory	is	also	fundamentally	limited	in	unsteady	separated	flow	[Koumoutsakos	and	Leonard	(1995),	Haller	(2004)].	4-12.2	Periodic	Flows:	Acoustic	Streaming	The	second	important	type	of	unsteady
viscous	flow	is	an	oscillatory	boundary	layer.	An	illustrative	case	occurs	when	a	cylindrical	body	of	length	L	oscillates	in	a	fluid	at	rest,	with	a	small	oscillatory	amplitude,	A	≪	L.	If,	in	steady	freestream	flow,	the	body	has	the	potential	flow	distribution	U0(x),	the	oscillating	body	will	create	a	potential	flow	that	is	given	by	Page	227Thus,	the	boundary
layer	is	driven	by	an	oscillating	freestream,	much	like	the	flat	wall	in	Stokes’	second	problem,	Sec.	3-5.1.	For	a	circular	cylinder	oscillating	at	high	frequency,	Schlichting	(1932)	provides	a	solution	in	series	form.	The	first-order	solution	is	identical	to	Eq.	(3-149)	for	Stokes’	second	problem:	The	second-order	solution	u1(x,	t)	turns	out	to	have	a	finite,
non-vanishing	value	in	the	freestream	This	term	occurs	because	the	convective	acceleration	terms,	such	as	u0(∂	u0	/∂	x),	have	a	nonzero	mean	value	when	they	oscillate.	The	term	u1(x,	∞)	is	thus	called	acoustic	streaming,	a	motion	toward	decreasing	the	freestream	velocity	U0(x),	created	by	the	body	oscillation.	Schlichting’s	solution	explains	the
formation	of	dust	patterns	in	a	Kundt	tube	when	standing	waves	occur,	as	first	studied	by	Lord	Rayleigh	in	1883.	Figure	4-54	shows	Schlichting’s	sketches	of	acoustic	streaming	caused	by	an	oscillating	cylinder.	This	concept	of	periodic	motions	causing	nonzero	mean	convective	terms	will	be	very	important	in	flow	stability	(Chap.	5)	and	turbulent	flow
(Chap.	6).	Further	studies	of	unsteady	viscous	flows	are	given	in	the	monograph	by	Telionis	(1981).	FIGURE	4-54	Streamlines	for	acoustic	streaming	in	the	outer	flow	about	an	oscillating	circular	cylinder.	[After	Schlichting	(1932).]	4-13	FREE-CONVECTION	BOUNDARY	LAYERS	Although	we	have	included	body	forces	in	the	derivation	of	the	basic
equations,	we	have	not	yet	considered	any	solutions	of	flow	with	buoyancy	effects.	The	purpose	of	this	section	is	to	discuss	some	examples	of	natural-convection	boundary	layers.	There	are	many	practical	cases	of	buoyant	flow	in	both	engineering	(heat	exchangers,	computer	chips,	fires,	and	plumes)	and	geophysics	(ocean	and	atmosphere).	For
further	reading,	see	the	monographs	by	Jaluria	(1980)	and	by	Kakaç	et	al.	(1985).	4-13.1	Velocity	Scales:	The	Grashof	Number	We	consider	purely	buoyant	flows,	i.e.,	with	no	superimposed	freestream	or	“forced”	motion.	With	no	stream	velocity	U∞	as	a	reference,	we	must	scale	the	flow	velocities	with	the	body	force.	We	further	restrict	ourselves	to
single-phase	flows,	thus	excluding	problems	associated	with	condensation	and	melting.Page	228	If	a	fluid	contains	density	differences	Δρ,	arising	from	temperature	or	concentration	differences,	a	gravitational	body	force	gΔρ	will	drive	the	motion.	For	example,	in	flow	next	to	a	hot	vertical	wall,	the	average	buoyant	force	in	the	near-wall	layers	will	be
g(ρ∞	−	ρw)/2.	If	the	lighter	fluid	rises,	from	rest,	a	distance	L,	it	will	(approximately)	lose	potential	energy	and	gain	kinetic	energy	or	motion.	We	thus	maintain	a	crude	energy	balance	(4-254)	The	quantity	V	is	the	appropriate	velocity	scale	for	free	convection.	In	this	vein,	an	equivalent	Reynolds	number	squared	can	be	defined	for	buoyant	flows:	(4-
255)	This	new	parameter	Gr,	the	Grashof	number,	takes	the	place	of	the	Reynolds	number	(squared)	in	free	convection.	In	the	common	case	of	buoyancy	caused	by	temperature	differences,	Δρ	can	be	related	to	ΔT	through	the	coefficient	of	thermal	expansion	β	and	a	linear	approximation:	(4-256)	By	comparing	the	relative	sizes	of	Grashof	and
Reynolds	numbers,	we	may	determine	when	free-convection	effects	are	important:	For	a	given	size	and	temperature	difference,	the	fluid	buoyancy	parameter	(gβ/ν2)	determines	the	strength	of	the	Grashof	number.	According	to	the	values	given	in	Table	4-13,	viscous	oils	have	poor	buoyancy,	gases	have	moderate	to	good	levels,	and	light	liquids	and
liquid	metals	have	high	buoyancy	potential.	TABLE	4-13	Buoyancy	parameter	of	various	fluids	at	20°C	and	1	atm	earth	gravity	4-13.2	Two-Dimensional	Steady-Free	Convection	Let	us	now	reconsider	the	boundary-layer	equations	from	Eqs.	(4-50a)–(4-50c)	for	steady	flow	with	constant	properties	and	nonnegligible	buoyancy:	(4-257)	Page	229where	α	=
k/(	ρcp)	is	the	(constant)	thermal	diffusivity.	Note	that	we	have	neglected	dissipation.	We	have	also	assumed	no	forced	motion	and	dropped	the	external	pressure	gradient	UdU/dx.	Since	buoyancy	is	proportional	to	gx,	the	component	of	gravity	parallel	to	the	solid	boundary,	it	may	be	important	to	account	for	geometric	changes	in	gx	if	the	surface	is
curved	or	inclined.	The	usual	boundary	conditions	consist	of	no	slip	or	temperature	jumps	at	the	wall	and	a	fluid	at	rest	under	ambient	temperature	at	infinity:	(4-258)	There	are	many	analyses	of	these	equations	in	the	literature	for	various	geometric	flow	configurations	and	applications.	An	excellent	treatment,	both	broad	and	deep,	is	given	by
Gebhart	et	al.	(1988).	4-13.3	Free	Convection	along	a	Vertical	Isothermal	Plate	For	a	vertical	plate	with	gx	=	g,	let	us	assume	constant	Tw.	If	we	ignore	the	anomalous	case	of	water	near	freezing,	where	β	may	be	negative,	all	common	fluids	have	low	density	at	a	hot	wall.	Buoyant	motion	and	free	convection	are	both	upward	along	a	hot	vertical	plate,
and	the	leading	edge	x	=	0	starts	at	the	bottom.	For	a	cold	plate,	buoyancy	is	downward	and	x	=	0	is	located	at	the	top	of	the	plate.	The	coordinate	y	is	normal	to	the	plate.	Since	the	local	Grashof	number	Grx	plays	the	role	of	in	buoyant	motion,	we	can	guess	(correctly)	that	the	boundary-layer	thickness	δ/x	will	be	proportional	to	.	Indeed,	the	“scale
analysis”	in	the	text	by	Bejan	(1994)	predicts	that	δ	will	be	proportional	to	x1/4.	For	vertical	plate	flow,	velocity	and	thickness	scales	are	prescribed	by	Schmidt	et	al.	(1930)	in	an	assortment	of	similarity	variables:	(4-259)	The	reader	can	verify	that	u	and	υ	satisfy	continuity	and	that	these	variables	will	reduce	momentum	and	energy	relations	to	the
two	coupled	nonlinear	ordinary	differential	equations	(4-260)	subject	to	the	boundary	conditions	(4-261)	Note	that	Eqs.	(4-260)	are	coupled	and	must	be	solved	simultaneously,	which	is	always	the	case	in	free-convection	problems.	Since	no	analytic	solution	is	known,	numerical	integration	is	necessary.	There	are	two	unknown	initial	values	at	the	wall.
One	must	find	the	proper	values	of	and	which	cause	the	velocity	and	temperature	to	vanish	for	large	η.	The	original	approximate	solutions	given	by	Pohlhausen	in	1930	are	improved	in	the	digital-computer	solutions	provided	by	Ostrach	(1953)	and	others.	Some	accurate	initial	values	are	listed	in	Table	4-14.	Velocity	and	temperature	profiles	are
shown	in	Fig.	4-55	for	various	Prandtl	numbers.	Except	for	Pr	≪	1,	the	velocity	layers	are	thicker	than	the	temperature	layers.	These	theoretical	profiles	stand	in	good	agreement	with	experimental	laminar	free-convection	data	on	vertical	surfaces.	TABLE	4-14	Computed	parameters	from	Eqs.	(4-260)	for	free	convection	on	a	vertical	isothermal	plate
Page	230	FIGURE	4-55	(a)	Velocity	and	(b)	temperature	profiles	for	free	convection	on	a	vertical	plate.	Computed	by	Ostrach	(1953)	from	the	differential	Eqs.	(4-260)	of	Pohlhausen.	The	most	important	results	of	the	analysis	are	the	dimensionless	heat-transfer	rates,	or	Nusselt	numbers:	(4-262)	From	the	definition	of	Θ,	we	have	where	Grx	is	the	local
Grashof	number	defined	in	Eq.	(4-259).	Since	qw	varies	as	x−1/4,	it	follows	that	the	two	Nusselt	numbers	are	related	simply	by	Some	numerical	values	of	are	listed	in	Table	4-14.	For	gases	with	Pr	near	unity,	a	simple	power	law	is	sufficient.	One	gets	(4-263)	where	Rax	is	called	the	Rayleigh	number	of	the	flow.	Meanwhile,	Churchill	and	Usagi	(1972)
propose	the	following	curve-fit	formula	which	is	valid	within	±	0.5	percent	accuracy	over	the	entire	range	of	Prandtl	numbers:	(4-264)	This	formula	is	limited	to	isothermal	walls	and	the	laminar	free-convection	flow	regime,	with	105	<	Rax	<	109.	It	predicts	Nux	varying	as	for	very	small	Pr	for	very	large	Pr,	which	can	be	proved	asymptotically.	The
stability	and	transition	of	free-convection	flows	are	reviewed	by	Gebhart	and	Majahan	(1982)	as	well	as	Gebhart	et	al.	(1988).	Boundary-layer	instability	begins	for	Grashof	numbers	as	low	as	400,	and	fully	turbulent	flow	generally	develops	by	Grx	≈	109.	The	local	Nusselt	numbers	in	turbulent	flow	then	vary	approximately	as	Grx1/3.	Although	the	local
heat	flux	may	change	sharply	during	transition,	the	overall	heat	transfer	rate	increases	gradually	and	is	well	represented	by	the	curve-fit	correlation	of	Churchill	and	Chu	(1975):	(4-265)	which	is	valid	for	isothermal	walls	regardless	of	the	Prandtl	number.	The	related	problem	of	laminar	free	convection	on	a	vertical	surface	with	uniform	heat	flux	was
solved	by	Sparrow	and	Gregg	(1956).	Their	computational	results	for	the	local	heat	transfer	are	fitted	by	Churchill	and	Ozoe	(1973)	into	the	formula	(4-266)	The	quantity	is	termed	the	modified	or	“heat-flux”	Grashof	number.	For	overall	heat	transfer	in	both	laminar	and	turbulent	flow,	Churchill	and	Chu	(1975)	propose	the	curve-fit:	(4-267)	Page
231Interestingly,	this	correlation	uses	the	traditional	rather	than	the	modified	Grashof	number	and,	therefore,	must	be	iterated	with	the	relation	since	the	temperature	difference	varies	over	the	surface.	4-13.4	Other	Geometries	If	a	plane	surface	in	free	convection	is	inclined	from	the	vertical	by	an	angle	ϕ,	the	first-order	theoretical	effect	is	to
decrease	the	gravitational	force	(per	unit	mass)	from	g	to	g	cosϕ.	The	second-order	effect	depends	on	whether	the	lateral	buoyancy	component	is	toward	or	away	from	the	plate	surface.	In	the	latter	case,	the	flow	tends	to	separate	away	from	the	plate.	The	overall	conclusion	of	many	experiments	[Gebhart	et	al.	(1988,	Sec.	5.2)]	is	that,	if	|ϕ|	≤	60°,	the
heat	transfer	may	be	computed	by	evaluating	the	vertical-surface	formulas	at	the	effective	Grashof	number	of	Grxcos	ϕ.	The	laminar-flow	solution	for	a	vertical	cylinder	is	given	by	Sparrow	and	Gregg	(1956).	The	heat	transfer	is	increased	if	the	boundary	layer	becomes	thick	compared	to	the	radius	of	the	cylinder.	The	appropriate	parameter	here	is
and	an	approximate	correction	relates	the	overall	heat	transfer	to	a	vertical	plate	of	the	same	length	using	(4-268)	where	the	plate	Nusselt	number	is	taken	from	Eq.	(4-265).	Perhaps	the	most	practical	shape	is	the	horizontal	cylinder,	which	occurs	so	often	in	heatexchanger	design.	The	first	theory	is	by	Hermann	(1936),	who	uses	the	boundary-layer
Eqs.	(4-257)	with	gravity	varying	as	gx	=	g	sin	(x/R).	Moreover,	Kuehn	and	Goldstein	(1980)	have	reported	fully	elliptic	Navier–Stokes	computations	for	this	case.	Their	computed	and	experimental	isotherms	for	RaD	=	105	are	shown	in	Fig.	4-56.	Note	that,	unlike	forced	motion	past	a	cylinder,	there	is	no	separation	at	the	rear	of	the	body.	Rather,	the
flow	at	the	rear	gradually	spreads	and	turns	to	form	a	plume	above	the	cylinder.	At	lower	Rayleigh	numbers,	RaD	<	104	[Kuehn	and	Goldstein	(1980)],	the	entire	flow	resembles	a	plume	near	a	hot	“source”	and	is	much	larger	in	extent	than	the	body	radius.	FIGURE	4-56	Comparison	of	isotherms	in	free	convection	near	a	heated	horizontal	cylinder
showing	(a)	both	experimental	and	fully	elliptic	Navier–Stokes	computations	(mirrored	right	and	left);	[from	Kuehn	and	Goldstein	(1980),	courtesy	of	the	authors.]	(b)	independent	computations	using	a	finite-volume	Navier-Stokes	solver	with	a	zoomed-out	view	in	(c)	[replicated	by	G.	Sharma	and	J.	Majdalani].	Along	similar	lines,	free-convection	heat
transfer	on	a	horizontal	cylinder	can	be	approximated	by	a	vertical	plate	of	length	πD/2,	the	“length	of	travel”	of	a	particle	in	the	boundary	layer.	Churchill	and	Chu	(1975)	recommend	the	following	general	curve-fit	for	cylinders:	(4-269)	Note	the	similarity	to	Eq.	(4-256)	for	a	vertical	plate.	A	more	accurate	regime-specific	correlation	is	recommended
by	Goldstein	et	al.	(2019),	namely,	(4-270)	(4-271)	This	correlation	turns	into	a	blending	function	within	the	intermediate	or	transitional	106	<	RaD	<	109	range,	specifically,	For	further	studies	of	buoyant	free-	or	mixed-convection	flows,	see	Gebhart	et	al.	(1988).	Page	232	SUMMARY	This	chapter	reviews	in	some	detail	the	many	different	types	of
laminar-boundary-layer	flows,	with	emphasis	upon	both	velocity	and	temperature	distributions.	The	simple	integral	momentum	and	energy	analyses	of	Sec.	4-1	lead	into	the	full	boundary-layer	equations	of	Sec.	4-2.	A	variety	of	similarity	solutions	are	discussed	in	Sec.	4-3,	followed	by	free-shear	flows	(mixing	layers,	jets,	and	wakes)	in	Sec.	4-4	and	a
few	nonsimilar	flows	in	Sec.	4-5.	Among	the	similarity	solutions,	a	strong	emphasis	is	placed	on	the	Blasius	equation	and	the	various	analytical	and	numerical	methods	that	can	be	used	to	solve	it.	Methods	of	analysis	for	general	boundary-layer	motions	are	introduced	in	Sec.	4-6,	with	a	focus	on	integral	techniques,	such	as	Kármán’s	momentum-
integral	approach	and	Thwaites’	one-parameter	technique;	these	are	then	augmented	in	Sec.	4-7	with	finite-difference	methods	that	are	suitable	for	boundary-layer	treatment.	In	this	process,	a	simplification	of	Kármán’s	momentum-integral	approach	is	provided	along	with	an	explanation	of	the	paradoxical	behavior	of	Pohlhausen’s	polynomial
approximations,	which	has	intrigued	the	fluid	mechanics	community	for	over	100	years.	Thermal	boundary	layers	are	analyzed	in	Sec.	4-8	by	both	integral	and	finite-difference	methods.	Section	4-9	provides	a	brief	treatment	of	flow	in	the	inlets	of	ducts,	and	Sec.	4-10	presents	a	variety	of	axisymmetric	boundary-layer	solutions	for	round	jets	and
wakes.	The	chapter	ends	with	discussions	of	three-dimensional	boundary	layers	(Sec.	4-11),	unsteady	boundary	layers	(Sec.	4-12),	and	free-convection	flows	(Sec.	4-13).	We	should	emphasize	that	laminar	flows	inevitably	break	down	at	some	critical	Reynolds	number	and	that	the	ensuing	motion	will	be	turbulent	(Chap.	6).	In	this	vein,	Chap.	5	will
examine	the	stability	and	transition	of	laminar	flows	and	the	techniques	used	to	predict	the	onset	of	instability.	So	why	should	we	dwell	on	laminar	flows,	when	turbulence	is	so	often	the	actual	state	of	affairs?	The	answer	is	simple:	laminar	theory	is	far	more	advanced	than	turbulent-boundary-layer	theory,	and	the	many	phenomena	that	we	have	just
described—	similarity,	momentum	balance,	separation,	favorable	gradients,	free	convection,	threedimensional	flow—are	representative	of	the	general	behavior	of	boundary	layers.	For	this	reason,	the	tools	that	we	have	learned	in	this	chapter	will	better	prepare	us	to	explore	the	world	of	turbulence.	Often	the	only	differences	between	laminar	and
turbulent-flow	correlations	will	be	seen	in	the	numerical	values	of	their	coefficients	and	exponents.	PROBLEMS	4-1.	Repeat	the	momentum-integral	analysis	of	the	flat	plate	in	Sec.	4-1	for	Pohlhausen’s	cubic	polynomial	profile	where	δ(x)	is	the	boundary-layer	or	disturbance	thickness	as	pictured	in	Fig.	P4-1.	Is	this	profile	any	more	(or	less)	realistic
than	the	approximation	of	Eq.	(4-11)?	For	the	above	profile,	compute	Answers:	(a)	0.646,	(b)	1.740,	(c)	4.64,	(d	)	0.646,	(e)	1.293	Figure	P4.1	4-2.	Repeat	the	integral	heat-transfer	analysis	of	Sec.	4-1.7	by	replacing	Eq.	(4-30)	by	the	quartic	temperature	profile	approximation	What	boundary	conditions	does	this	profile	satisfy?	Compare	your	results
with	Eqs.	(4-32)	and	(4-33).	4-3.	Schlichting	(1979,	p.	206)	points	out	that	the	simple	flat-plate	velocity	profile	approximation	gives	much	better	accuracy	for	Cf,	θ,	and	δ*	(±2	percent)	than	Pohlhausen’s	parabolic	profile	Page	233	Verify	this	statement	by	computing	Cf	.	Does	Schlichting’s	sine-wave	shape	satisfy	any	additional	boundary	conditions
compared	to	Pohlhausen’s	parabolic	profile?	4-4.	Air	at	20°C	and	1	atm	flows	past	a	smooth	flat	plate	as	in	Fig.	P4-4.	A	pitot	stagnation	tube,	placed	2	mm	from	the	wall,	develops	a	water	manometer	head	h	=	21	mm.	Use	this	information	with	the	Blasius	solution,	Table	4-3,	to	estimate	the	position	x	of	the	pitot	tube.	Check	to	see	if	the	flow	is	laminar.
Figure	P4.4	4-5.	In	the	unheated-starting-length	analysis	that	led	to	Eq.	(4-37),	a	term	(ζ3/5)	is	neglected	in	the	integral-energy	equation.	Without	neglecting	this	term,	solve	the	differential	equation	numerically	(e.g.,	with	Runge–Kutta)	for	1	<	x	<	5,	x0	=	1	and	the	special	case	of	Pr	=	1.	Compare	your	numerical	results	with	Eq.	(4-37).	4-6.	Develop	a
numerical	solution	(e.g.,	using	Runge-Kutta	integration),	and	Eqs.	(463),	that	will	iterate	the	Blasius	equation	from	an	initial	guess	and	converge	to	the	exact	value	4-7.	Consider	a	long	flat	plate	emerging	from	a	wall	at	velocity	U	as	in	Fig.	P4-7.	There	is	no	freestream.	Show	that	the	Blasius	Eq.	(4-60)	holds	for	this	case,	with	f	(0)	=	0,	f	′(0)	=	1,	and
Solve	the	equation	numerically	and	show	that	Cf	≈	0.444/R	ex1/2.	Also	evaluate	υ(∞)	and	discuss.	[Hint:	Note	that	f″(0)	is	negative.]	Figure	P4.7	4-8.	Develop	a	numerical	solution	(e.g.,	using	Runge–Kutta	integration),	and	Eqs.	(4-	96),	which	will	iterate	the	Falkner–Skan	Eq.	(4-93),	for	any	fixed	value	of	β	≠	0,	from	an	initial	guess	for	f″(0)	to	the
precise	value	of	f″(0)	within	a	user-defined	error	tolerance.	Compare	your	results	with	Fig.	4-16.	4-9.	The	Blasius	Eq.	(4-60)	must	be	iterated	to	find	the	value	of	f″(0),	which	causes	f′(∞)	to	equal	1.0.	Töpfer	(1912)	and	then	Weyl	(1942),	Parlange	et	al.	(1981),	Panton	(1996),	and	Fazio	(2019)	suggest	the	following	to	avoid	iteration:	Define	(a)	Show	that



the	function	F	also	satisfies	the	Blasius	equation.	(b)	If	we	arbitrarily	set	an	initial	condition	F″(0)	=	1.0,	explain	how	α	can	be	found	without	iteration.	(c)	Even	with	α	found,	explain	why	the	solution	for	F	is	difficult	to	align	with	Table	4-3.	(d	)	If	an	integration	(not	required	of	you)	then	yields	what	is	the	proper	value	of	α?	(e)	Show	that	the	value	of	α
from	part	(d)	leads	to	the	result	Page	234	4-10.	The	quantity	(δ*/τw)(dp/dx)	is	called	Clauser’s	parameter.	It	compares	an	external	pressure	gradient	to	wall	friction	and	is	very	useful	for	turbulent	boundary	layers	(Chap.	6).	(a)	Show	that	this	parameter	is	a	constant	for	a	given	laminar	Falkner–	Skan	wedge-flow	boundary	layer.	(b)	What	value	does
this	parameter	have	at	the	separation	condition?	Answers:	(a)	4-11.	(b)	positive	infinity.	If,	instead	of	Eq.	(4-92),	we	choose	the	Falkner–Skan	similarity	variable	the	Falkner–Skan	equation	becomes	subject	to	the	same	boundary	conditions	Eq.	(4-94).	Examine	this	relation	for	the	special	case	of	U	=	−	K/x	and	show	that	a	closed-form	solution	may	be
obtained.	Answer:	4-12.	A	thin	equilateral	triangle	plate	is	immersed	parallel	to	a	12	m/s	stream	of	air	at	20°C	and	1	atm,	as	in	Fig.	P4-12.	Assuming	laminar	flow,	estimate	the	drag	of	this	plate	(in	N).	Figure	P4.12	4-13.	Flow	straighteners	consist	of	arrays	of	narrow	ducts	placed	in	a	flow	to	remove	swirl	and	other	transverse	(secondary)	velocities.
One	element	can	be	idealized	as	a	square	box	with	thin	sides	as	in	Fig.	P4-13.	Using	laminar	flat-plate	theory,	derive	a	formula	for	the	pressure	drop	ΔP	across	an	N	×	N	bundle	of	such	boxes.	Figure	P4.13	4-14.	Develop	a	numerical	solution	for	the	Blasius	equation	with	wall	suction	or	blowing,	for	a	particular	value	υw*	≠	0,	and	compare	your	results
with	Fig.	4-20.	4-15.	Derive	a	relation	for	the	skin-friction	coefficient	Cf	as	a	function	of	the	local	Reynolds	number	Rex	for	boundary-layer	flow	toward	a	point	sink,	Eq.	(4-111).	Compare	your	result	with	the	stagnation	flow	solution	with	a	strong	favorable	gradient.	4-16.	Develop	a	numerical	solution	for	a	laminar	mixing	layer	between	parallel	streams,
for	a	particular	value	of	k,	and	compare	with	Fig.	4-17.	4-17.	Air	at	20°C	and	1	atm	issues	from	a	narrow	slot	and	forms	a	two-dimensional	laminar	jet.	At	50	cm	downstream	of	the	slot,	the	maximum	velocity	is	20	cm/s.	Estimate,	at	this	position,	(a)	the	jet	width,	(b)	the	jet	mass	flow	per	unit	depth,	and	(c)	an	appropriate	Reynolds	number	for	the	jet.
Answers:	(a)	0.09	m,	(b)	0.0072	kg/(m	·	s),	(c)	1200	Page	235	4.18.	Air	at	20°C	and	1	atm	flows	at	1	m/s	past	a	slender	two-dimensional	body,	of	length	L	=	30	cm,	whose	drag	coefficient	is	0.05	based	on	a	“plan”	area	(bL).	Assuming	laminar	flow	at	a	point	3	m	downstream	of	the	trailing	edge,	estimate	(a)	the	maximum	wake	velocity	defect	(in	m/s),	(b)
the	“one	percent”	wake	thickness	(in	m),	and	(c)	the	wake-thickness	Reynolds	number.	Answers:	(a)	0.32	m/s,	(b)	0.029	m,	(c)	600	4-19.	Derive	the	steady-flow	version	of	the	momentum-integral	relation,	Eq.	(4-142)	or	its	equivalent,	including	wall	suction	or	blowing,	by	making	a	mass	and	force	balance	on	the	differential	boundary-layer	control
volume	shown	in	Fig.	P4-19.	Figure	P4.19	4-20.	Solve	the	integral	relation	Eq.	(4-142),	with	υw	≠	0	and	a	velocity	profile	given	by	Eq.	(4-11),	by	assuming	that	both	δ	and	1/υw	are	proportional	to	x1/2.	Compare	the	computed	wall	friction	with	Fig.	4-20b	for	Pr	=	1,	assuming	that	4-21.	Improve	Prob.	4-20	by	developing	a	parametric	polynomial	velocity
profile	which	accounts	for	blowing	and	suction	in	the	manner	of	Fig.	4-20a.	Match	your	profile	at	the	wall	to	the	boundary-layer	equations.	Hint:	At	y	=	0,	although	the	no-slip	condition	still	holds,	with	u	=	0,	blowing	or	suction	require	satisfying	an	additional	relation	at	the	wall,	namely	4-22.	Modify	Prob.	4-20	by	using	the	same	profile	Eq.	(4-11)	but
letting	the	suction	or	blowing	υw	be	constant.	Solve	for	Cf	(x)	and	δ(x),	and	compare	the	asymptotic	results	with	Fig.	4-26	and	Eq.	(3-158).	4-23.	Apply	the	method	of	Thwaites,	Sec.	4-6.6,	to	boundary-layer	flow	on	a	cylinder,	using	either	the	inviscid	Eq.	(4-164)	or	measured	Eq.	(4-165)	freestream	velocity	distributions.	Compare	the	computed	local
wall	friction	with	Fig.	4-29b.	4-24.	Apply	the	Thwaites’	integral	method	to	one	of	the	laminar-flow	test	cases	in	Table	4-9	(for	best	results	have	each	member	of	the	class	take	a	different	case).	Compute	and	plot	the	local	friction	distribution	and	compare	the	predicted	separation	point	with	Table	4-9.	4-25.	Consider	a	two-dimensional	flat-walled	diffuser,
as	in	Fig.	P4-25.	Assume	incompressible	flow	with	a	one-dimensional	freestream	velocity	U(x)	and	entrance	velocity	U0(x).	The	entrance	height	is	W	and	the	constant	depth	into	the	paper	is	b.	Using	Thwaites’	method,	(a)	find	an	expression	for	the	angle	θ	at	which	separation	will	occur	at	x	=	L.	(b)	What	is	the	value	of	θ	if	L	=	1.5W?	Figure	P4.25
Answers:	Page	236	4-26.	Apply	the	explicit	finite-difference	model,	Sec.	4-7.1,	to	boundary-layer	flow	on	a	cylinder,	using	either	the	inviscid,	Eq.	(4-164),	or	measured,	Eq.	(4-165),	freestream	velocity	distributions.	Compare	the	computed	local	wall	friction	with	Fig.	4-29b.	4-27.	Modify	Prob.	4-26	by	instead	using	the	implicit	finite-difference	model	of
Sec.	47.2.	4-28.	Investigate	the	use	of	the	Crank–Nicolson	(1947)	method	for	computer	analysis	of	a	laminar	boundary	layer.	What	are	its	numerical	advantages	and	disadvantages?	4-29.	Apply	the	explicit	finite-difference	method	of	Sec.	4-7.1	to	one	of	the	laminarflow	test	cases	in	Table	4-9	(for	best	results	have	each	member	of	the	class	take	a
different	case).	Compute	and	plot	the	local	friction	distribution	and	compare	the	predicted	separation	point	with	Table	4-9.	4-30.	Sherman	(1990)	gives	a	CFD	solution	for	laminar	flow	due	to	a	freestream	U0	approaching	a	parabolic	cylinder,	as	in	Fig.	P4-30.	The	cylinder	surface	is	defined	by	y/R	=	(2x/R)1/2,	where	R	is	the	cylinder	nose	radius.	The
arc	length	S	along	the	surface	is	defined	by	where	ζ	=	y/R.	From	potential	theory,	the	surface	2	1/2	velocity	is	U	=	U0ζ/(1	+	ζ	)	.	(a)	Show	that	the	surface	velocity	approaches	the	stream	velocity	U0	as	one	moves	up	the	surface.	(b)	Using	Thwaites’	method,	estimate	the	distance	s/R	along	the	surface	where	τθ/(	μU)	is	within	10	percent	of	the	flat-plate
value	of	0.22.	Figure	P4.30	4-31.	Apply	the	Smith	and	Spalding	thermal-integral	method	of	Eq.	(4-182)	for	Pr	=	1	to	the	Howarth	velocity	distribution,	Eq.	(4-136),	with	constant	wall	temperature,	computing	the	local	heat-transfer	rate	up	to	the	point	of	separation.	Also	compute	the	Reynolds	analogy	factor,	and	relate	this	to	Fig.	4-19.	4-32.	Modify
Prob.	4-31	by	using	instead	the	explicit	or	implicit	finite-difference	method	of	Sec.	4-8.2.	4-33.	Apply	the	Smith	and	Spalding	thermal-integral	method	of	Eq.	(4-182)	for	Pr	=	0.72	to	flow	past	an	isothermal	circular	cylinder,	Eq.	(4-188),	and	compare	your	results	with	Fig.	4-30.	4-34.	In	Eq.	(4-165)	for	near	the	front	of	the	cylinder.	For	air	at	20°C	and	1
atm,	this	corresponds	approximately	to	a	=	5	cm	and	U∞	=	2.85	m/s.	Using	the	Falkner–Skan	theory,	Tables	4-6	and	4-7,	and	a	temperature	difference	Tw	−	T∞	=	12°C,	estimate	(a)	the	momentum	thickness	in	mm	and	(b)	the	heat-transfer	rate	in	W/m2	at	the	front	of	this	cylinder.	Answers:	(a)	θ	=	0.11	mm,	(b)	410	W/m2	4-35.	For	a	flat	plate,	U	=
U0,	and	a	wall	temperature	distribution	use	the	superposition	method	of	Sec.	4-8.4	to	compute	the	value	of	x	at	which	the	local	heat	transfer	qw	changes	sign.	Answer:	0.768	4-36.	Modify	Prob.	4-35	by	using	instead	the	explicit	or	implicit	finite-difference	method	of	Sec.	4-8.2.	4-37.	Carry	out	an	integral	analysis	of	laminar	flow	in	the	entrance	between
impermeable	parallel	plates	a	distance	2H	apart,	analogous	to	Fig.	4-37	[Sparrow	(1955)].	At	any	x,	let	the	velocity	profile	consist	of	(a)	a	potential	core	U(x)	that	satisfies	Bernoulli’s	equation	and	(b)	a	parabolic	boundary-layer	profile,	extending	out	to	distance	δ	≤	H.	Use	The	flow	enters	with	a	flat	profile	U	=	U0.	Apply	the	steady-flow	momentum-
integral	relation	(4-141),	along	with	mass	conservation	across	the	entire	channel,	to	compute	δ(x)	and	U(x).	Find	the	entrance	length	xe.	Answer:	4-38.	For	potential	freestream	flow	past	a	sphere,	use	the	Rott–Crabtree	integral	method,	Eq.	(4-212),	to	compute	the	point	of	laminar-boundary-layer	separation.	Compare	with	Fig.	4-40.Page	237	4-39.	In
the	spirit	of	Eq.	(4-167)	for	two-dimensional	flow,	develop	an	explicit	finite-	difference	model	for	the	thick	axisymmetric	flow	momentum	relation,	Eq.	(4-216b).	Use	the	same	mesh	as	shown	in	Fig.	4-30,	with	yn	as	the	radial	coordinate,	but	do	not	analyze	the	axisymmetric	continuity	Eq.	(4-216a).	Do	the	parameters	α	and	β	still	appear?	Note	that	there
is	no	pressure	gradient,	Um+1	=	Um.	4-40.	Air	at	20°C	and	1	atm	issues	from	a	circular	hole	and	forms	a	round	laminar	jet.	At	20	cm	downstream	of	the	hole,	the	maximum	velocity	is	35	cm/s.	Estimate,	at	this	position,	(a)	the	“one	percent”	jet	thickness,	(b)	the	jet	mass	flow,	and	(c)	an	appropriate	Reynolds	number	for	the	jet.	Answers:	(a)	0.05	m,	(b)
9.05	×	10−5	kg/s,	(c)	1160	4-41.	Air	at	20°C	and	1	atm	flows	at	1	m/s	past	a	slender	body	of	revolution,	of	length	L	=	15	cm,	whose	drag	coefficient	is	0.008	based	on	area	L2.	Assuming	laminar	flow	at	a	point	3	m	downstream	of	the	trailing	edge,	estimate	(a)	the	maximum	wake	velocity	defect	(in	cm/s),	(b)	the	“one	percent”	wake	thickness	(in	cm),
and	(c)	the	wakethickness	Reynolds	number.	Answers:	(a)	16	cm/s,	(b)	58	cm,	(c)	610	4-42.	Given	a	streamlined	airfoil	as	pictured	in	Fig.	P4-42a,	axial	velocity	profiles	may	be	measured	at	both	the	upstream	and	downstream	sections	labeled	1	and	2	using	a	streamline-bounded	control	volume	(i.e.,	one	that	forms	a	streamtube).	Assuming	equal
pressure	around	the	control	volume	and	symmetry	with	respect	to	the	midsection	plane,	determine	(a)	the	half	height	of	the	upstream	station,	H,	and	(b)	the	drag	coefficient	on	this	airfoil	if	the	vertical	dimension	at	the	downstream	station	is	Y	=	φc,	where	c	is	the	cord.	The	downstream	velocity	is	given	by	Hint:	You	may	take	advantage	of	symmetry
by	selecting	a	control	volume	as	pictured	in	Fig.	P4-42b.	Answers:	(a)	H	=	(π	−	1)Y/π,	(b)	φ(8	−	π)/(2π)	Figure	P4.42a	Figure	P4.42b	4-43.	Consider	the	steady,	incompressible,	and	two-dimensional	flow	past	a	circular	cylinder	of	diameter	d,	as	pictured	in	Fig.	P4-43.	The	upstream	velocity	U	may	be	taken	to	be	uniform	while	the	downstream	velocity
may	be	set	to	be	where	both	U	and	d	are	known.	Calculate	(a)	δ	and	(b)	the	drag	coefficient	CD.	Answers:	(a)	δ	=	πd/2,	(b)	CD	=	4θ/d	=	4	−	π	Figure	P4.43	Page	238	4-44.	The	rotating-disk	laminar	boundary	layer	of	Sec.	3-8.2	is	fully	three-dimensional.	By	changing	the	frame	of	reference	of	υθ	so	that	it	is	zero	at	the	wall	(i.e.,	subtracting	υθ	from	rω),
plot	the	results	of	Table	3-5	in	the	form	of	a	hodograph,	with	υθ	as	the	“streamwise”	flow.	Find	the	angle	β	and	compare	the	results	with	Fig.	4-45c.	4-45.	Verify	that	the	similarity	variables	of	Eq.	(4-259)	do	indeed	lead	to	the	coupled	ordinary	differential	Eqs.	(4-260).	4-46.	Develop	a	numerical	solution	for	the	vertical	free-convection	Eqs.	(4-260)	and
(4-	261).	Take	any	Prandtl	number	not	listed	in	Table	4-14	(such	as	Pr	=	8,	or	each	class	member	can	choose	a	different	case).	The	iteration	can	be	challenging	because	there	are	two	unknown	conditions,	f″(0)	and	Θ′(0).	Compute	the	Nusselt	number	and	compare	with	Eq.	(4-264).	Answers:	For	4-47.	A	vertical	isothermal	plate	40	cm	high	and	30	cm
wide	is	immersed	in	air	at	20°C	and	1	atm.	Each	side	of	the	plate	is	to	dissipate	100	W	of	heat	to	the	air.	Calculate	(a)	the	wall	temperature	(in	°C)	and	(b)	the	Grashof	number.	Is	the	flow	laminar?	Hint:	Assuming	an	average	wall-fluid	(film)	temperature	of	100°C,	evaluate	the	necessary	thermophysical	properties,	and	repeat	until	the	properties	no
longer	change.	Answers:	For	4-48.	A	horizontal	pipe	of	outer	diameter	5	cm	is	immersed	in	air	at	20°C	and	1	atm.	If	the	cylinder	surface	is	at	300°C,	how	much	heat	(in	W)	is	lost	to	the	air	per	meter	of	pipe	length?	Hint:	Evaluate	the	necessary	thermophysical	properties	at	the	average	film	temperature.	Answers:	For	Pr	=	0.71,	qw	=	400	W/m	4-49.	A
model	two-dimensional	airfoil	has	the	following	theoretical	potential-flow	surface	velocities	on	its	upper	surface	at	a	small	angle	of	attack:	The	stream	velocity	U∞	is	variable.	The	chord	length	C	is	30	cm.	The	fluid	is	air	at	20°C	and	1	atm.	Assume	that	x	is	a	good	approximation	of	the	arc	length	along	the	upper	surface.	Using	any	laminar-boundary-
layer	method	of	your	choice,	find	the	predicted	separation	point,	if	any,	for	(a)	ReC	=	106;	and	(b)	ReC	=	4	×	105.	Answer:	x/C	=	0.45	irrespective	of	ReC	4-50.	Air	at	about	1	atm	and	20°C	flows	through	a	12	cm	square	duct	at	0.4	m3/s,	as	in	Fig.	P4-50.	Two	hundred	thin	flat	plates	of	1	cm	chord	length	are	stretched	across	the	duct	at	random
positions.	They	do	not	interfere	with	each	other.	How	much	additional	pressure	drop	do	these	plates	contribute	to	the	duct	flow	loss?	Answer:	Δp	≈	150	Pa	Figure	P4.50	4-51.	Nondimensionalize	Thwaites’	method,	using	U0	and	L	as	reference	values,	for	laminar-boundary-layer	flow	with	an	external	potential-flow	distribution	U(x).	Show	that	the
predicted	separation	point	is	independent	of	the	Reynolds	number	U0L/ν.	Apply	this	conclusion	to	discuss	the	expected	results	for	Prob.	4-49.	Answer:	Using	V	=	U/U0	and	ξ	=	x/L,	show	that	Thwaites’	parameter	only	depends	on	the	dimensionless	velocity	and	position,	and	is	thus	independent	of	viscosity	and	the	Reynolds	number:	4-52.	A	conical
diffuser	of	initial	radius	R	expands	at	a	uniform	angle	θ,	as	in	Fig.	P452.	The	flow	enters	at	a	uniform	velocity	U0.	Assuming	a	one-dimensional	freestream,	use	any	laminar-boundary-layer	method	of	your	choosing	(such	as	the	Rott-Crabtree	axisymmetric	modification)	to	estimate	the	angle	θ	for	which	flow	separation	occurs	at	x	=	2R.	Answer:	θ	=
1.13°	Page	239	Figure	P4.52	4-53.	Show	that	the	point-sink	boundary-layer	solution	of	Eqs.	(4-108)	and	(4-111)	may	be	interpreted	through	Thwaites’	method	as	a	constant	value	of	Thwaites’	parameter,	λ	=	9/80.	How	does	this	value	of	λ	compare	to	two-dimensional	stagnation	flow?	Answer:	The	comparable	Thwaites’	estimate	for	plane	stagnation
flow	is	approximately	0.075	or	33	percent	lower.	4-54.	Show	that	the	exact	Falkner–Skan	solutions	for	two-dimensional	stagnation	flow	are	equivalent	to	Thwaites’	method	parameters	of	λ	=	0.0855,	S	=	0.360,	and	H	=	2.216.	How	do	these	values	compare	with	values	from	the	use	of	Thwaites’	method	for	the	freestream	U	=	Bx	?	4-55.	When	a	jet	is
formed	parallel	to	a	wall,	it	is	called	a	wall	jet,	as	shown	in	Fig.	P455.	The	jet	origin	can	be	thought	of	as	a	source	of	momentum,	and	further	down	the	wall	the	velocity	profiles	are	similar.	Glauert	(1956)	showed	that	both	plane	and	axisymmetric	wall	jets	satisfy	the	same	ordinary	differential	equation	for	laminar	flow:	where	and	The	boundary-layer
thickness	δ	is	proportional	to	3/4	x	.	(a)	Verify	Glauert’s	choice	of	boundary	conditions:	f	(0)	=	f′(0)	=	f′(∞)	=	0.	(b)	To	enforce	the	normalized	condition	f	(∞)	=	1,	Glauert	showed	that	f″	(0)	=	2/9.	For	this	value,	numerically	integrate	the	similarity	equation	out	to	η	=	8	and	plot	both	f	(η)	and	f′(η).	Hint:	Read	Glauert’s	paper.	Figure	P4.55	4-56.	Consider
the	steady	two-dimensional	flow	past	a	circular	cylinder	of	diameter	d,	as	pictured	in	Fig.	P4-56.	The	upstream	velocity	U	may	be	taken	to	be	uniform	while	the	downstream	velocity	is	allowed	to	vary	from	U/2	to	U	according	to	the	following	symmetric	profile:	where	both	U	and	d	are	known.	Calculate	(a)	δ	as	a	function	of	d	and	(b)	the	drag	coefficient
CD.	Here,	ξ	=	y/δ.	Answers:	Page	240	Figure	P4.56	4-57.	Repeat	the	previous	problem	using	the	following	polynomial	profile	at	the	downstream	section	of	the	control	volume:	Answers:	(a)	δ	=	3d/2,	(b)	CD	=	1.2	4-58.	Consider	the	steady,	incompressible,	and	two-dimensional	flow	past	an	ellipsoidal	cylinder	with	unit	depth	W	in	the	z-direction.	The
upstream	velocity,	U,	may	be	taken	to	be	uniform	while	the	downstream	velocity	varies	from	U/2	until	it	reaches	U	according	to	the	following	profile:	where	U	is	known	and	Y	defines	the	edge	of	the	boundary-layer	region.	Calculate	(a)	Y	in	terms	of	H	and	(b)	the	drag	coefficient	CD	using	the	major	axis	of	the	ellipse	as	the	characteristic	length.	You
may	use	half	of	the	domain	shown	below	for	simplicity.	Answers:	(a)	Y	=	5	H/3,	(b)	CD	=	20	H/(27b)	Figure	P4.58	4-59.	The	Blasius	equation	can	be	expressed	as:	where	the	primes	denote	differentiation	with	respect	to	Given	that	the	″	Blasius	constant	is	σ	=	f	(0),	show	that	an	integrodifferential	form	of	the	solution	consists	of	4-60.	The	Blasius
solution	arises	in	the	context	of	laminar,	incompressible,	constant	property,	boundary-layer	flow	over	a	flat	plate,	where	the	freestream	velocity	above	the	plate	is	U.	As	usual,	the	boundary-layer	equations	for	flow	over	a	flat	plate	reduce	toPage	241	An	equally	common	form	of	the	Blasius	similarity	variable	does	not	carry	the	arbitrary	“2”	factor	under
the	radical.	More	specifically,	the	Blasius	equation	can	be	rederived	using	the	following	transformations:	Show	that	the	corresponding	Blasius	equation	becomes	boundary	conditions	as	before.	4-61.	with	the	same	Use	the	Runge–Kutta	method	with	shooting	to	solve	the	Blasius	equation	and	thus	capture	the	flat	plate	boundary	layer	using	Use	the	far-
field	value	of	η∞	=	6	and	a	step	size	of	Δη	=	0.02.	(a)	Select	as	the	first	two	guesses	for	the	unknown	initial	condition.	Report	the	number	of	additional	guesses	required	to	converge	on	within	an	absolute	tolerance	of	ϵ	=	10−5.	Plot	f,	f′,	and	f″	versus	η.	Tabulate	f,	f′,	and	f″	for	increments	of	Δη	=	0.2	(i.e.,	every	tenth	data	point).	Feel	free	to	check	your
results	against	Table	4-3.	(c)	Use	the	99	percent	definition	of	the	boundary-layer	thickness	to	estimate	the	value	of	η	=	ηδ	that	corresponds	to	the	“edge”	of	the	boundary	layer.	(b)	(d)	Compute	the	parameters:	4-62.	Under	standard	temperature	and	pressure	conditions,	consider	a	laminar,	incompressible	flow	of	air	over	a	flat	plate,	as	pictured	in	Fig.
P4-1,	where	the	velocity	may	be	taken	to	be	linear,	specifically,	u(y)	=	Uy/δ.	Using	von	Kármán’s	momentum-integral	approach,	evaluate	(a)	the	fundamental	boundary-layer	properties,	δ,	δ*,	θ	and	τw;	(b)	the	drag	force	per	unit	width	(FD/b)	as	well	as	the	drag	coefficient,	You	may	use	a	constant	freestream	velocity,	U	=	10m/s,	b	=	1m,	and	L	=	1	m.
Answers:	4-63.	Under	standard	temperature	and	pressure	conditions,	consider	a	laminar,	incompressible	flow	over	a	flat	plate	where	the	velocity	may	be	taken	to	be	of	the	Pohlhausen	type,	specifically,	Evaluate	(a)	the	fundamental	boundary-layer	properties,	δ,	δ*,	θ	and	τw;	(b)	the	drag	force	per	unit	width	(FD/b)	as	well	as	the	drag	coefficient,	CD	=
2FD/(	ρU2Lb).	Assume	a	uniform	freestream	velocity	with	no	pressure	gradient.	4-64.	(a)	Consider	steady,	incompressible,	laminar	flow	over	a	flat	plate	at	20°C,	1	atm,	and	0.1	m/s.	Does	water	or	air	produce	a	thicker	boundary	layer	at	the	trailing	edge?	Show	your	work	and	any	assumptions	that	you	need	to	make.	(b)	Consider	the	attached	two-
dimensional	laminar	motion	over	two	streamlined	airfoils	as	pictured	below.	Figure	P4.64	If	the	only	difference	between	the	two	airfoils	is	that	Airfoil	#	1	has	twice	the	length	of	Airfoil	#	2,	what	is	the	relation	between	their	boundary-layer	thicknesses	at	the	trailing	edge?	You	may	treat	the	two	airfoils	as	two-dimensional	flat	plates.	You	may	also
resort	to	any	suitable	laminar	correlation.	Answers:	Page	242	4-65.	For	nearly	a	century,	the	boundary-layer	problem	for	flow	over	a	flat	plate,	which	was	first	reduced	to	a	third-order	nonlinear	differential	equation	by	Blasius	(1908),	could	only	be	solved	numerically	or	through	the	use	of	infinite	series.	In	seeking	practical	alternatives,	several
polynomial	approximations	have	been	attempted,	and	these	are	mainly	attributed	to	Pohlhausen	(1921).	Because	the	polynomial	profiles	are	intended	to	capture	the	flow	behavior	inside	the	boundary	layer	only,	the	profiles	are	expressed	as	piecewise	solutions	of	the	form:	To	ensure	smooth	merging	between	the	velocity	in	the	boundary	layer	(u)	and
the	outer,	freestream	velocity	(U),	several	boundary	conditions	have	been	suggested	by	Pohlhausen	(1921).	These	are:	(1)	No	slip	condition	at	the	wall:	u(x,	0)	=	0	(2)	Matching	the	far-field	velocity	at	the	boundary-layer	edge:	u(x,	δ)	=	U	(3)	Smooth	merging	with	the	far	field,	where	the	shear	vanishes:	(4)	Axial	momentum	balance	at	the	wall:	which	is
recovered	from	the	boundary-layer	equation,	and	where	the	pressure	gradient	in	conformance	with	Euler’s	far-field	equation	(5)	No	further	variations	in	the	slope	of	the	velocity	at	the	boundary-layer	edge	(zero	curvature):	Note	that	in	the	case	of	a	zero	pressure	gradient,	which	corresponds	to	the	Blasius	problem,	condition	#	4	reduces	to	For	this
particular	case,	determine	which	of	the	five	boundary	conditions	(1–5)	are	satisfied	by	the	following	Pohlhausen	profiles:	(a)	Second-order,	quadratic	polynomial:	(b)	Third-order,	cubic	polynomial:	(c)	Fourth-order,	quartic	polynomial:	Hint:	Although	condition	#	5	is	true	as	y	→	∞,	it	proves	to	be	inaccurate	at	the	edge	of	the	boundary	layer,	where	the
slope	is	still	changing.	Fortuitously,	this	condition	only	affects	the	quartic	Pohlhausen	polynomial,	which	explains	why	it	tends	to	be	less	precise	in	predicting	boundary-layer	characteristics	than	its	lower-order	counterparts	(cf.	Table	4-1).	4-66.	Consider	the	quartic	Pohlhausen	profile	for	the	laminar,	incompressible	flow	over	a	flat	plate	with	a	nonzero
pressure	gradient:	(a)	Apply	Pohlhausen’s	five	boundary	conditions	to	show	that	the	unknown	coefficients	must	be	Here	Λ	represents	the	Pohlhausen	pressure	gradient	parameter.	Simplify	your	solution	into	the	form:	For	what	value	of	Λ	will	flow	separation	occur?	Recall	that	separation	occurs	when	∂	u/	∂	y	=	0	at	y	=	0.	(c)	Plot	u/U	versus	ξ	for	Λ	=
{−12,	−6,	0,	+6,	+12}.	(b)	4-67.	Consider	the	quartic	Pohlhausen	profile	for	the	laminar,	incompressible	flow	over	a	flat	plate	at	zero	incidence	and	with	no	pressure	gradient.	Using	dimensionless	variables,	we	have:	(a)	Show	that	the	dimensionless	displacement	thickness,	momentum	thickness,	and	shape	factor	lead	to:	Page	243	(b)	Show	that	the
Kármán–Pohlhausen	momentum-integral	equation	reduces	to	(c)	After	separating	variables	and	integrating	from	δ(0)	=	0	to	δ(x),	show	that	the	boundary-layer	thickness	can	be	written	as	a	function	of	the	local	Reynolds	number,	Rex	=	Ux/ν,	specifically,	(d	)	Recalling	that	the	friction	coefficient	is	show	that	(e)	and	that	Recalling	that	the	displacement
thickness	can	be	deduced	from	δ*/x	=	η*δ/x,	show	that	(f)	Recalling	that	the	momentum	thickness	can	be	deduced	from	θ/x	=	θ*δ/x,	show	that	4-68.	(g)	Using	continuity,	integrate	the	axial	profile	to	show	that	the	transverse	velocity	can	be	written	as	(h)	Show	that	the	maximum	transverse	velocity	occurs	at	the	edge	of	the	boundary	layer	where	it	can
be	obtained	from	(i)	Verify	that	the	errors	in	predicting	δ/x	and	Cf	are	17	and	3.2	percent	relative	to	the	classic	Blasius	results.	Consider	the	quartic	Majdalani–Xuan	profile	for	the	laminar,	incompressible	flow	over	a	flat	plate:	(a)	(b)	(c)	Show	that	the	dimensionless	displacement	thickness,	momentum	thickness,	and	shape	factor	lead	to:	Show	that
Calculate	the	total	skin	friction	force	and	the	drag	coefficient	for	a	plate	of	length	L.	Express	your	result	in	terms	ofReL	=	UL/ν.	(d)	Using	the	continuity	equation,	integrate	the	axial	velocity	profile	to	show	that	(e)	Show	that	the	maximum	transverse	velocity	occurs	at	the	edge	of	the	boundary	layer	where	it	can	be	obtained	from	(f)	Verify	that	the
errors	in	predicting	δ/x	and	Cf	are	1.7	and	0.53	percent	relative	to	the	classic	Blasius	results	in	Table	4-1.	(g)	4-69.	Show	that	the	quartic	Majdalani–Xuan	profile	satisfies	all	of	the	fundamental	boundary	conditions	except	for	the	vanishing	curvature	at	the	edge	of	the	boundary	layer.	Explain	why	better	predictions	are	obtained	when	this	condition	is
relaxed.	Hint:	Although	the	zerocurvature	boundary	condition	is	true	as	y	→	∞,	it	is	inaccurate	at	the	edge	of	the	boundary	layer,	where	the	velocity	slope	continues	to	change.	By	relaxing	this	condition,	Majdalani	and	Xuan	(2020)	are	able	to	derive	a	simple	approximation	that	is	more	accurate	than	Pohlhausen’s	quartic	polynomial	by	one	order	of
magnitude.	Consequently,	the	Majdalani–Xuan	polynomial	profile	may	be	viewed	as	a	practical	equivalent	to	the	Blasius	solution	in	several	engineering	applications.Page	244	Consider	the	continuous	Majdalani–Xuan	exponential	profile	for	the	laminar,	incompressible	flow	over	a	flat	plate:	(a)	(b)	(c)	Show	that	the	dimensionless	displacement	thickness,
momentum	thickness,	and	shape	factor	lead	to:	Show	that	Verify	that	the	errors	in	predicting	δ/x,	Cf	,	and	δ*/x	are	negligible,	being,	respectively,	0.12,	0.13,	and	0.06	percent	relative	to	the	accurately	computed	Blasius	solution	in	Table	4-4.	(d	)	In	addition	to	the	fundamental	boundary	conditions	that	are	satisfied	by	this	profile,	verify	that	the
continuous	Majdalani–Xuan	exponential	profile	captures	the	behavior	of	the	Blasius	solution	very	robustly:	(1)	it	exhibits	the	same	slope	as	the	exact	Blasius	solution	at	the	wall,	(2)	it	equals,	as	it	should,	0.99U	at	y	=	δ,	(3)	it	matches	the	slope	of	the	Blasius	velocity	profile	at	the	edge	of	the	boundary	layer	with	reasonable	accuracy,	and	(4)	it
approximates	the	curvature	of	the	exact	Blasius	solution	at	y	=	δ,	where	the	Blasius	curvature	does	not	vanish.	(e)	Contrary	to	the	piecewise	approximations	that	are	confined	to	the	0	≤	ξ	<	1	range,	this	profile	remains	valid	beyond	the	edge	of	the	boundary	layer,	specifically	as	ξ	→	∞,	with	u/U	→	1	asymptotically,	as	it	should,	thus	allowing	for	the
smooth	and	seamless	merging	of	the	viscous	solution	with	the	far-field	freestream.	Explain	why	this	simple	analytic	profile	is	practically	equivalent	to	the	“exact”	Blasius	solution	given	the	small	truncation	error	entailed	in	the	derivation	of	the	Blasius	equation	itself.	(f)	By	writing	and	recalling	that	show	that	the	conversion	constant	between	the
Blasius	similarity	variable	and	ξ	is	simply	(g)	4-70.	Plot	this	solution	for	0	≤	ξ	≤	ξ∞,	where	ξ∞	=	1.5	corresponds	to	η∞	≈	5.2	written	in	terms	of	the	Blasius	variable.	Add	to	your	plot	the	Blasius	derivative	function	df/dη,	which	represents	the	normalized	axial	velocity.	Consider	the	sinusoidal	Schlichting	profile	for	the	laminar,	incompressible	flow	over
a	flat	plate:	(a)	Using	continuity,	integrate	the	axial	profile	to	show	that	the	transverse	velocity	can	be	written	as	(b)	Plot	u/U	and	υ/U	versus	y/δ	and	show	that	the	maximum	transverse	velocity	occurs	at	the	edge	of	the	boundary	layer	where	it	can	be	obtained	from	Page	245	(c)	Evaluate	at	(υ/U)max	at	x	=	0.6	m	and	δ	=	0.006	m.	Hint:	First	show	that,
irrespective	of	the	Reynolds	number,	Answer:	(c)	(υ/U)max	=	0.182%	4-71.	Consider	the	cubic	Pohlhausen	profile	for	the	laminar,	incompressible	flow	over	a	flat	plate:	(a)	Using	continuity,	integrate	the	axial	profile	to	show	that	the	transverse	velocity	can	be	written	as	(b)	Plot	u/U	and	υ/U	versus	y/δ	and	show	that	the	maximum	transverse	velocity
occurs	at	the	edge	of	the	boundary	layer	where	it	can	be	obtained	from	(c)	Evaluate	(υ/U)max	at	x	=	0.7	m	and	δ	=	0.007	m.	Answer:	(c)	(υ/U)max	=	0.188%	4-72.	Consider	the	continuous,	one-parameter,	tangent	hyperbolic	Yun	profile	for	laminar	flow	over	a	flat	plate:	(a)	Show	that	the	dimensionless	displacement	thickness,	momentum	thickness,	and
shape	factor	lead	to:	(b)	(c)	4-73.	(b)	(c)	Show	that	the	dimensionless	displacement	thickness,	momentum	thickness,	and	shape	factor	lead	to:	Show	that	Verify	that	the	errors	in	predicting	δ/x	and	Cf	are	0.40	and	0.40	percent	relative	to	the	computed	Blasius	solution	in	Table	4-4.	Consider	the	continuous,	one-parameter	Moeini–Chamani	profile	for
laminar	flow	over	a	flat	plate:	(a)	(b)	(c)	4-75.	Verify	that	the	errors	in	predicting	δ/x	and	Cf	are	15.2	and	18	percent	relative	to	the	computed	Blasius	values	in	Table	4-4.	Consider	the	continuous,	two-parameter	tangent	hyperbolic	Savaş	profile	for	laminar	flow	over	a	flat	plate:	(a)	4-74.	Show	that	Show	that	the	dimensionless	displacement	thickness,
momentum	thickness,	and	shape	factor	lead	to:	Show	that	Verify	that	the	errors	in	predicting	δ/x	and	Cf	are	0.80	and	9.4	percent	relative	to	the	computed	Blasius	solution	in	Table	4-4.	Because	of	the	popularity	of	approximate	profiles	in	laminar	boundary-layer	studies,	let	us	consider	a	quartic	mean	flow	in	the	case	of	no	pressure	gradient:	where	ξ
represents	the	fractional	distance	within	the	laminar	boundary	layer,	and	is	the	axial	velocity	slope	at	the	wall,	also	known	as	the	Blasius	constant	or	connection	parameter.	(a)	Show	that	the	particular	profile	that	will	satisfy	Pohlhausen’s	four	essential	conditions	described	in	Sec.	4-1	must	be:	Hint:	These	conditions	translate	into	(b)	Show	that	the
normalized	boundary-layer	properties,	η*,	θ*,	and	H,	can	be	written	as	a	direct	function	of	s:	Page	246	(c)	Making	use	of	Cf	=	2dθ/dx,	show	that	the	wall	shear	stress	and	skin	friction	coefficient	can	be	written	as	(d)	Use	separation	of	variables	to	identify	(e)	After	integrating	from	δ(0)	=	0	to	δ(x),	show	that	the	boundary-layer	thickness	and	its
derivative	can	be	written	as	functions	of	the	local	Reynolds	number,	Rex	=	Ux/ν,	and	the	slope	s:	(f)	Using	the	definition	of	the	friction	coefficient,	Cf	=	2τw/(	ρU2),	show	that	(g)	Recalling	that	the	displacement	thickness	may	be	specified	as	δ*	=	δη*,	show	that	(h)	Recalling	that	the	momentum	thickness	may	be	deduced	from	θ	=	δθ*,	show	that	(i)
Using	the	continuity	equation	velocity	component	becomes	show	that	the	transverse	(j)	Show	that	the	maximum	value	of	the	transverse	velocity	occurs	at	the	edge	of	the	boundary	layer	where	(k)	4-76.	Calculate	(a,	b,	c,	d,	e)	for	the	two	values	of	s	=	2	and	5/3,	which	correspond	to	the	quartic	Pohlhausen	and	Majdalani–Xuan	profiles,	respectively.
Compare	your	results	to	the	classic	Blasius	values	in	Table	4-1.	Because	of	the	popularity	of	approximate	solutions	in	laminar	boundary-layer	studies,	let	us	consider	a	quartic	mean-flow	profile	in	the	presence	of	a	pressure	gradient:	where	ξ	represents	the	fractional	distance	within	the	laminar	boundary	layer,	and	is	the	axial	velocity	slope	at	the	wall
which	can	be	written	as	function	of	the	zero-pressure	slope	s0	and	a	pressure	gradient	correction:	(a)	Show	that	the	particular	profile	that	will	satisfy	Pohlhausen’s	four	essential	conditions	with	a	non-vanishing	pressure	gradient	[Sec.	4-1]	must	be:	Hint:	These	translate	into	pressure	parameter.	where	Λ	is	Pohlhausen’s	Show	that	flow	separation	will
occur	for	Λ	=	−s0/s1.	Recall	that	separation	occurs	when	∂	u/∂	y	=	0	at	y	=	0.	(c)	Show	that	the	normalized	boundary-layer	properties,	η*,	θ*,	and	H,	can	be	written	as	a	function	of	s	and	Λ:	(b)	Page	247	(d)	Making	use	of	shear	stress	and	skin	friction	coefficient	can	be	written	as	(e)	show	that	the	wall	For	the	case	of	Hiemenz	flow	where	the	velocity
outside	the	boundary	layer	is	given	by	U	=	ax	and	V	=	−	ay	in	Sec.	3-8.1,	the	analytic	solution	leads	to	a	constant	boundary-layer	thickness,	show	that	(f)	Using	Pohlhausen’s	quartic	profile	with	s	=	2	+	Λ/6,	determine	Λ	and	the	corresponding	skin	friction	coefficient,	for	the	Hiemenz	flow;	compare	your	predictions	to	those	obtained	from	the	numerical
solution	provided	in	Table	3-4.	Show	that:	The	latter	appears	as	“f″(0)”	in	Table	3-4.	versus	the	numerical	value	of	(g)	Using	Majdalani–Xuan’s	quartic	profile	with	s	=	5/3	+	0.2075Λ,	determine	Λ	and	the	corresponding	skin	friction	coefficient,	for	the	Hiemenz	flow;	compare	your	predictions	to	those	in	Part	(f).	Show	that:	matches	the	Hiemenz	value
and	is	off	by	3.33	percent.	(h)	Use	Thwaites’	approach	to	predict	the	value	of	λ	and	the	corresponding	skin	friction	coefficient	by	applying	Eqs.	(4160)	and	(4-161).	Compare	the	skin	friction	coefficient	predicted	by	Thwaites’	approach	to	the	one	obtained	from	the	numerical	solution	provided	in	Table	3-4.	Show	that	(i)	Compute	the	normalized
displacement	and	momentum	thicknesses	as	well	as	the	shape	factor	using	Pohlhausen’s	quartic	profile	for	the	Hiemenz	flow.	Show	that	η*	=	0.241,	θ*	=	0.105,	and	H	=	2.308.	(j)	Compute	the	normalized	displacement	and	momentum	thicknesses	as	well	as	the	shape	factor	using	Majdalani–Xuan’s	quartic	profile	for	the	Hiemenz	flow.	Show	that	η*	=
0.267,	θ*	=	0.115,	and	H	=	2.318.	Hint:	The	reference	Hiemenz	solutions	obtained	by	numerical	integration	are	η*	=	0.270,	θ*	=	0.122,	and	H	=	2.219.	4-77.	Consider	a	shape-preserving	mean-flow	profile	in	the	laminar	boundary	layer	over	a	flat	plate	with	no	pressure	gradient:	As	usual,	let	s	=	F′(0)	denote	the	axial	velocity	slope	at	the	wall.	For	an
arbitrary	profile	F(ξ),	the	normalized	boundary-layer	properties,	η*	=	δ*/δ,	θ*	=	θ/δ,	and	H	=	η*/θ*,	consist	of	pure	constants	that	can	be	determined	from	their	defining	integrals	once	F(ξ)	is	specified.	(a)	Recalling	that	Cf	=	2dθ/dx,	show	that	the	wall	shear	stress	and	skin	friction	coefficient	can	be	reduced	to:	(b)	By	equating	the	defining	expression
for	Cf	and	its	momentumintegral	relation	to	θ,	show	that	(c)	By	integrating	from	the	plate’s	leading	edge	to	any	station	x,	show	that	δ(x)	and	its	derivative	can	be	expressed	in	terms	of	Rex	=	Ux/ν,	θ*,	and	the	slope	s:	Page	248	(d	)	Using	the	defining	expression	for	the	friction	coefficient,	Cf	=	2τw/(	ρU2),	show	that	(e)	Prove	the	two	identities	ab	=	2s
and	b/a	=	θ*.	(f)	Recalling	that	the	displacement	and	momentum	thicknesses	may	be	specified	as	δ*	=	δη*	and	θ	=	δ	θ*,	show	that	(g)	(h)	Using	from	Eq.	(4-10)	and	θ(x)	above,	show	that	Evaluate	(a,	b,	c)	for	the	Majdalani–Xuan	quartic	profile	and	compare	your	results	to	the	classic	Blasius	values.	‡This	value	shifts	to	when	the	similarity	variable	and
stream	function	are	written	slightly	differently	as	The	corresponding	Blasius	equation	becomes	with	the	same	and	The	same	slope	changes	to	when	written	as	the	wall	derivative	of	the	velocity	function	F(ξ)	=	u/U	of	Sec.	4-1	(cf.	Table	4-1),	where	ξ	=	y/δ.	†In	turbulent	flows	(Sec.	6-4),	the	Reynolds	number	remains	as	a	parameter	because	the	turbulent
inertia	terms	cannot	be	scaled	by	the	square	root	of	Re.	§Note	that	this	freestream	is	a	rotational	flow,	that	is,	∂U/∂	z	−	∂W/∂	x	≠	0.	This	can	be	ignored;	the	illustration	of	secondary	flow	is	what	matters.	Page	249	CHAPTER	5	THE	STABILITY	OF	LAMINAR	FLOWS	In	order	to	shake	a	hypothesis,	it	is	sometimes	not	necessary	to	do	anything	more	than
push	it	as	far	as	it	will	go.	Denis	Diderot	(1713–1784)	0	5-1	INTRODUCTION:	THE	CONCEPT	OF	SMALLDISTURBANCE	STABILITY	CHAPTERS	3	and	4	have	tackled	a	wide	variety	of	laminar-flow	problems.	Chapter	3	has	considered	the	full	Navier–Stokes	equations	and	a	host	of	simple	flow	geometries.	Chapter	4	has	introduced	the	Prandtl	boundary-
layer	approximation	that	has	enabled	us	to	explore	a	wider	class	of	realistic	flows,	subject	only	to	accurate	knowledge	of	the	inviscid	outer	flow	distribution.	One	way	or	another,	available	methodologies	have	allowed	us	to	resolve,	to	reasonable	accuracy,	almost	any	laminar-flow	problem.	However,	although	a	laminar	solution	may	exist,	it	will	not
necessarily	develop	unless	it	represents	a	stable	solution	over	some	range	of	its	operating	parameters.	By	devoting	itself	to	the	issue	of	stability,	this	chapter	will	therefore	complement	the	previous	two	chapters,	which	focused	on	the	issue	of	existence.	Why?	Laminar	flows	have	a	known	physical	limitation,	which	is	a	tendency	to	break	apart	at	high
Reynolds	numbers.	For	any	given	laminar	flow,	there	is	a	finite	value	of	its	Reynolds	number	beyond	which	coherent	motion	cannot	be	sustained.	Since	this	critical	Reynolds	number	has	only	a	modest	value,	being	of	the	order	of	1000	when	referring	to	a	transverse	thickness,	it	follows	that	laminarity	is	the	exception	rather	than	the	rule	in	most
engineering	applications.	At	high	Reynolds	numbers,	the	motion	becomes	turbulent,	i.e.,	disorderly,	randomly	unsteady,	and	usually	impossible	to	track	precisely,	although	it	remains	amenable	to	analysis	based	on	its	average	characteristics	(Chap.	6).	Since	laminar-flow	instability	depends	on	the	value	of	a	critical	Reynolds	number,	lowviscosity	fluids
such	as	water,	mercury,	ammonia,	gases,	etc.,	are	ordinarily	turbulent,	not	laminar.	Coffee	stirred	in	a	cup	mixes	turbulently.	Smoke	rises	turbulently	from	a	chimney.	Water	in	a	bathroom	shower	pipe	flows	turbulently.†	The	boundary	layer	on	a	commercial	jet	airplane	wing	is	turbulent.	Any	river	worthy	of	its	name	flows	turbulently.	Meanwhile,
laminar	flows	should	not	be	disregarded,	because	many	practical	situations	arise	that	are	indeed	laminar,	such	as	low-speed	flows,	small-scale	bodies,	substantially	viscous	fluids,	and	both	boundary-layer	and	leading-edge	flows.	The	two	key	words	in	this	chapter	are	stability	and	transition.	The	general	concept	of	stability	has	been	discussed	many
times,	probably	never	more	eloquently	than	by	Cunningham	(1963).	The	discussion	always	boils	down	to	one	question:	Can	a	given	physical	state	withstand	a	disturbance	and	still	return	to	its	original	state?	If	so,	it	is	stable.	If	not,	that	particular	state	is	unstable.	It	is	therefore	incumbent	upon	the	stability	analyst	to	test	the	effect	of	a	particular
disturbance.	A	simple	example	is	shown	in	Fig.	5-1,	where	a	ball	lies	at	rest	under	various	conditions.	In	Fig.	5-1a,	its	position	is	unconditionally	stable,	because	it	would	return	to	its	initial	position	even	if	disturbed	by	a	large	displacement.	Conversely,	Fig.	5-1b	depicts	an	unstable	state,	since	any	slight	disturbance	would	topple	the	ball,	never	to
return.	A	flat	tabletop,	as	in	Fig.	5-1c,	constitutes	an	example	of	neutral	stability,	because	the	ball	will	rest	anywhere	it	is	displaced.	Finally,	Fig.	5-1d	illustrates	a	more	complicated	case,	where	the	ball	is	stable	for	small	displacements	but	will	diverge	if	disturbed	far	enough	to	drop	over	the	edge.	This	is	often	the	case	in	boundary	layers,	where	a
large	trip	wire	can	cause	an	otherwise	stable	laminar	flow	to	become	turbulent.	Note	that	stability	requires	simply	a	yes	or	no	answer.	One	can	prove	that	a	physical	state	is	unstable	without	being	able	to	determine	to	what	eventual	state	the	disturbance	will	lead.	In	viscous	flow,	we	can	prove	that	laminar	flow	is	unstable	above	certain	Reynolds
numbers,	but	that	is	the	extent	of	our	predictive	insight.	The	analysis	does	not	predict	turbulence.	Turbulence	is	an	experimentally	observed	fact.	It	has	never	been	proved	mathematically	that	turbulent	flow	is	the	proper	stable	state	at	high	Reynolds	numbers.	Thus,	we	can	discuss	only	qualitatively	our	second	key	word,	transition,	which	is	defined	as
the	change,	over	space	and	time	and	a	certain	Reynolds	number	range,	of	a	laminar	flow	into	a	turbulent	flow.‡	Although	small-disturbance	stability	theory	has	been	widely	accepted	for	50	years	and	many	transition-related	measurements	have	been	accumulated,	there	is	still	no	theory	of	transition,§	although	there	is,	as	we	shall	see,	a	modestly
successful	empirical	prediction	of	transition	based	on	the	spatial	amplification	rates	obtained	from	the	linearized	stability	theory.	It	is	also	possible,	at	least	for	moderate	Reynolds	numbers,	to	use	computational	fluid	dynamics	(CFD)	to	predict	flow	instability	and	transition.	This	continually	evolving	field	is	called	direct	numerical	simulation	(DNS),
which	relies	on	the	size	and	speed	of	the	newest	computers	to	simulate	all	important	scales	of	a	flow,	including	turbulent	fluctuations.	Today,	DNS	has	become	a	numerical	experiment	for	investigating	stability,	transition,	and	low	Reynolds	number	turbulence,	as	reviewed	by	Moin	and	Mahesh	(1998),	Pirozzoli	(2011),	Zhong	and	Wang	(2012),	and
Elghobashi	(2019).	FIGURE	5-1	Relative	stability	of	a	ball	at	rest:	(a)	stable;	(b)	unstable;	(c)	neutrally	stable;	(d	)	stable	for	small	disturbances	but	unstable	for	large	ones.	Page	250	The	present	chapter	undertakes	a	comprehensive	review	of	the	subject,	but	there	are	several	complete	monographs	for	further	reading.	Two	classic	analytical	texts	are	by
Lin	(1955)	and	Chandrasekhar	(1961).	Betchov	and	Criminale	(1967)	cover	the	linear	stability	of	parallel	flows,	and	Joseph	(1976)	emphasizes	nonlinear	theories.	Drazin	and	Reid	(1981)	cover	the	subject	broadly,	including	numerical	methods.	Other	relevant	texts	are	by	Godreche	and	Manneville	(1998),	Riahi	(2000),	Schmid	and	Henningson	(2001),
and	Drazin	and	Reid	(2004).	For	pure	enjoyment	of	this	ve	ry	interesting	subject,	the	writer	recommends	the	short	text	by	Philip	Drazin	(2002),	regrettably	the	last	of	his	many	excellent	textbooks.	5-1.1	Outline	of	a	Typical	Stability	Analysis	All	small-disturbance	stability	analyses	follow	the	same	general	framework,	which	may	be	captured	in	seven
steps.	1.	We	seek	to	examine	the	stability	of	a	basic	solution	Q0	(or	),	to	a	general	physical	problem,	which	may	be	a	scalar	quantity	or	a	vector	function.	2.	We	add	a	generic	disturbance	and	substitute	the	total	generic	variable	into	the	basic	equations	of	motion.	Here	the	circumflex	and	tilde	are	used	to	denote	fluctuating	and	instantaneous	quantities,
respectively.	3.	From	the	equations	resulting	from	step	2,	we	subtract	the	basic	terms	that	the	basic	solution	Q0	satisfies	identically.	What	remains	is	called	the	disturbance	equation	or,	more	generally,	equations.	4.	We	linearize	the	disturbance	equations	by	assuming	small	disturbances,	that	is,	and	neglect	higher-order	terms	such	as	and	etc.	5.	If	the
linearized	disturbance	equations	are	complicated	and	multidimensional,	they	can	be	simplified	by	assuming	a	spatial	form	for	the	disturbance,	such	as	a	traveling	wave	or	a	perturbation	in	one	or	more	spatial	directions.	6.	The	linearized	disturbance	equations	should	be	homogeneous	and	have	homogeneous	boundary	conditions.	They	can	be	solved
only	for	certain	specific	values	of	the	equations’	parameters.	In	other	words,	they	result	in	an	eigenvalue	problem.	7.	The	eigenvalues	found	in	step	6	are	examined	to	determine	when	they	grow	(are	unstable),	decay	(are	stable),	or	remain	constant	(neutrally	stable).	The	ensuing	analysis	will	generally	result	in	a	set	of	eigensolutions	(or
eigenfunctions)	that	can	be	displayed	for	each	eigenvalue	and	a	chart	showing	regions	of	stability	separated	from	unstable	regions	by	neutral	curves.	To	illustrate	this	process,	we	consider	a	classical	example	that	is	more	than	a	century	old.	5-1.2	Wind-Generated	Waves:	The	Kelvin–Helmholtz	Instability	Page	251	Our	first	example	is	very	important
yet	not	too	difficult	mathematically,	with	no	computer	required.	The	reader	knows	from	experience	that	a	wind	of	sufficient	velocity	will	form	waves	on	a	calm	water	surface.	The	air–water	interface	is	unstable	under	certain	conditions.	Hermann	von	Helmholtz	posed	the	problem	physically	in	1868,	and	his	friend,	Lord	Kelvin,	set	it	up	mathematically
and	gave	the	solution	in	1871.	The	mathematical	model	is	shown	in	Fig.	5-2.	In	this	problem,	a	horizontal	interface	divides	two	uniform	flows	having	different	velocities	and	densities.	Kelvin	assumed	that	both	the	lower	(region	1)	and	upper	(region	2)	flows	were	incompressible,	irrotational,	and	inviscid.**	As	such,	both	basic	flows	(step	1	of	Sec.	5-1.1)
possess	a	velocity	potential	and	a	hydrostatic	pressure	distribution	that	may	be	described	using	FIGURE	5-2	Sketch	and	nomenclature	for	the	Kelvin-Helmholtz	interfacial	instability.	(5-1)	We	allow	tangential	slip	at	the	interface,	which	is	a	vortex	sheet	with	a	discontinuity	in	velocity.	Step	2	of	Sec.	5-1.1	then	prompts	us	to	apply	a	disturbance	to	both
variables,	denoted	here	by	the	circumflex,	or	“hat”:	(5-2)	The	interface	is	disturbed	also,	to	z	=	η	(x,	t),	as	shown	in	Fig.	5-2.	The	pressure	becomes	unsteady	when	the	flow	is	disturbed	and	satisfies	the	unsteady	Bernoulli	relation,	Eq.	(2-95):	(2-95)	For	this	expression	to	be	valid	at	z	=	0	in	the	absence	of	disturbances,	one	must	have	One	boundary
condition	is	that	the	pressure	must	be	continuous	across	the	interface:	A	second	condition	is	that	the	vertical	velocities	must	each	match	the	interfacial	motion:	The	other	two	conditions	require	that	the	disturbances	die	out	far	from	the	interface:	(5-3)	Step	3	of	Sec.	5-1.1	consists	of	subtracting	the	basic	flow	equation	to	reveal	the	disturbance
equation.	This	is	easy	for	our	inviscid	flow	because	the	disturbance	terms	also	satisfy	Laplace’s	equation:	(5-4)	Step	4	is	to	linearize	the	problem	by	assuming	that	the	disturbances	are	weaker	(i.e.,	much	smaller	in	size)	than	the	basic	flow.	First,	the	interface	is	assumed	to	have	small	displacements	and	small	slopes:	Page	252	This	enables	us	to
approximate	the	interfacial	conditions	at	z	=	η	≈	0.	Second,	the	disturbance	velocities	are	assumed	to	be	small:	This	enables	us	to	linearize	the	interfacial	conditions,	namely,	(5-5)	Although	the	equations	and	boundary	conditions	are	now	linear,	they	are	still	difficult	to	handle	for	an	arbitrary	disturbance	η(x,	t).	Thus,	step	5	of	Sec.	5-1.1	suggests
assuming	a	simple	form	for	the	disturbances,	namely,	two-dimensional	traveling	waves	or	normal	modes:	where	Note	that	the	wave	number	α	is	real,	but	the	frequency	σ	represents	a	complex	number,	and	so	the	disturbance	will	be	temporally	unstable	(grow	without	bound)	when	its	imaginary	part	is	positive.	Step	6	of	Sec.	5-1.1:	We	solve	the
Laplacian	given	by	Eqs.	(5-4),	retrieve	exponential	disturbances	of	the	form	and	then	use	the	far-field	boundary	conditions	of	Eqs.	(5-3)	to	reduce	the	solutions	to	(5-6)	At	this	point,	substitution	back	into	the	interfacial	conditions	of	Eqs.	(5-5)	gives	rise	to	three	linear	homogeneous	equations	for	the	three	constants	and	A2.	The	results	are	This	specifies
the	coefficients	in	the	disturbance	eigenfunctions	of	Eqs.	(5-6).	These	are	proportional	to	η0,	which	is	arbitrary	but	small.	The	eigenvalues	σ	are	found	from	the	pressure	condition,	Eq.	(5-5),	which	is	a	quadratic	equation	with	the	solution:	The	key	to	stability	is	encapsulated	within	the	square	bracket	[].	The	disturbance	will	be	stable,	neutral,	or
unstable	when	the	bracketed	term	is	negative,	zero,	or	positive.	The	unstable	condition	is	thus	(5-7)	where	λ	is	the	wavelength	of	the	disturbance.	This	condition	is	always	true	for	large	enough	α,	or	small	enough	λ,	so,	at	this	level	of	approximation,	vortex	sheets	are	always	unstable.	A	more	realistic	result	is	obtained	by	adding	linearized	surface
(interfacial)	tension	to	the	analysis,	using	Eq.	(1-87).	The	final	result	is	(5-8)	where	is	the	surface-tension	coefficient.	The	bracketed	term	[]	is	positive	(i.e.,	unstable)	when	(5-9)	Unlike	Eq.	(5-7),	which	neglects	surface	tension,	Eq.	(5-9)	requires	a	finite	velocity	difference	to	cause	waves	to	form.	The	reader	may	show	as	an	exercise	that	the	right-hand
side	of	Eq.	(5-9)	reaches	a	minimum	when	As	an	example,	let	us	consider	air	at	20	o	C	and	1	atm	blowing	over	a	fresh	water	surface.	From	Tables	C-1	and	C-2	in	App.	C,	The	minimum	value	of	(U1	−	U2)2	occurs	at	α	≈	367m	−1.	Then	Eq.	(5-9)	predicts	that	waves	will	begin	to	form	at	a	critical	value	for	which	the	critical	wavelength	is	0.0171	m.	This
calculation	is	merely	an	estimate,	±	50	percent.	The	actual	critical	velocity	difference	will	depend	on	the	viscosity,	wind	nonuniformity,	and	turbulence.	Page	253	FIGURE	5-3	Kelvin-Helmholtz	breaking	waves	outlined	by	a	billow-cloud	formation.	[John	Davidson	Photos.Alamy	Stock	Photo].	The	final	step	7	of	Sec.	5-1.1	suggests	drawing	a	chart
showing	regions	of	flow	stability	and	instability.	This	is	appropriate	for	the	complex	computer	solutions	of	the	next	section,	but	here	we	derived	a	formula,	Eq.	(5-9),	which	makes	a	chart	unnecessary.	Although	modified	by	viscosity,	Kelvin–Helmholtz	instability	is	common	in	the	atmosphere	and	the	oceans	in	particular,	where	the	wind-generated
surface	waves	are	visible.	Deep	in	the	ocean,	there	are	internal	waves	at	density	interfaces,	as	explained	by	Phillips	(1978).	In	the	atmosphere,	wind	shear,	which	is	the	bane	of	pilots,	generates	waves	that	are	generally	invisible.	But	sometimes	cloud	and	light	conditions	reveal	the	waves,	as	shown	in	Fig.	5-3,	which	depicts	beautiful	rolled-up	waves
caused	by	the	naturally	occurring	Kelvin–	Helmholtz	instability.	5-2	LINEARIZED	STABILITY	OF	PARALLEL	VISCOUS	FLOWS	We	now	use	the	same	method	of	Sec.	5-1	to	study	viscous-flow	instability.	Here,	both	the	basic	solution	and	its	assumed	disturbances	will	generally	be	three-dimensional	unsteady	functions.	The	same	seven	steps	apply:	1.
Select	a	basic	solution	flow.	2.	Add	a	disturbance.	3.	Find	the	disturbance	equations.	4.	Linearize	in	the	presence	of	a	small	disturbance.	5.	Simplify	the	spatial	disturbance	form	(by	setting	it,	in	this	case,	to	a	traveling	wave).	6.	Solve	for	the	eigenvalues	and	corresponding	eigensolutions.	7.	Identify	and	interpret	the	stability	conditions	and	draw	a
chart	showing	the	neutral	curves	and	the	growth	and	decay	rates.	5-2.1	Derivation	of	the	Orr–Sommerfeld	Equation	Let	us	now	carry	out	the	seven	steps	for	incompressible	laminar	flow	with	constant	and	no	buoyancy	effects.	This	enables	us	to	explore	the	stability	of	the	continuity	and	Navier–Stokes	relations	for	the	two	instantaneous	variables	and
(5-10)	Let	us	assume	that	we	have	extracted,	by	the	methods	of	Chap.	3	or	4,	an	analytical	or	numerical	laminar-flow	solution	(often	called	the	basic	flow),	to	these	equations:	and	To	determine	whether	the	base	flow	is	stable,	we	add	the	small-disturbance	variables	We	substitute	the	superimposed	variables	into	Eqs.	(5-10),	subtract	the	original	and
equalities,	and	then	dismiss	higher-order	terms	and	products	of	which	occur	only	in	one	place,	the	(nonlinear)	convective	acceleration	term.	The	reader	may	readily	verify	the	following	linearized	disturbance	equations,	written	out	in	full:	(5-11)	These	are	formidable	but	linear	partial	differential	equations	for	the	perturbed	variables,	because	U,	V,	and
W	represent	known	functions	that	merely	serve	as	variable	coefficients.	Page	254	Equations	(5-11)	can	be	systematically	reduced	to	a	single	ordinary	differential	equation	by	assuming	a	locally	parallel	basic	flow.	If	y	refers	to	the	coordinate	normal	to	the	wall	or	across	the	shear	layer,	an	assumption	can	be	made	that	the	component	V	across	the	layer
is	negligibly	small,	as	in	duct	flow,	and	further	assume	that	U	≈	U(y)	and	W	≈	W(	y).	This	scenario	will	eliminate	10	convective	terms	on	the	left-hand	sides	and	leave	us	with	At	this	juncture,	the	disturbances	can	be	assumed	to	be	parallel.	In	fact,	a	reasonable	form	of	a	three-dimensional	disturbance	is	that	of	a	wave	traveling	along	the	wall	at	an
angle	ϕ	with	respect	to	the	x-axis	with	an	amplitude	that	varies	with	y.	Taking	advantage	of	the	complex	notation,	we	specify	each	generic	disturbance	using	namely,	(5-12)	where	Accordingly,	all	disturbances	travel	at	a	wave	number	α,	propagation	speed	c,	and	frequency	They	are	historically	referred	to	as	Tollmien–Schlichting	waves,	which	are	the
first	(infinitesimal)	indications	of	laminar-flow	instability.	If	we	substitute	Eqs.	(5-12)	into	the	resulting	equations	above,	we	obtain	the	following	linear	ordinary	differential	equations	with	complex	coefficients:	(5-13)	(5-14)	(5-15)	(5-16)	where	the	primes	denote	differentiation	with	respect	to	y.	As	expected,	our	system	is	second	order	in	u,	υ,	w	and
first	order	in	p.	We	may	assume	that	the	disturbances	grow	either	spatially	(when	α	is	complex	and	ω	=	αc	is	real)	or	else	temporally	(for	real	α	and	complex	ω).	Note	that	by	deliberately	aligning	the	x-axis	with	the	traveling	wave	motion,	one	recovers	and	a	simplified	form	of	the	eigenvalue	problem,	namely,	A	more	elegant	way	of	formulating	this
problem	while	retaining	its	general	character	is	to	multiply	Eq.	(5-14)	by	and	Eq.	(5-16)	by	sin	ϕ	before	adding	the	two	equations.	Further,	we	can	introduce	the	compact	notation	(5-17)	We	find	ourselves	left	with	only	three	equations	in	three	variables,	u0,	υ,	and	p:	(5-18)	(5-19)	(5-20)	These	are	two-dimensional	equations	whose	components	u0	and
U0	are	parallel	to	the	direction	of	propagation	ϕ	of	the	traveling	waves,	as	seen	from	Eqs.	(5-17).	Thus,	the	stability	of	any	parallel	flow	in	any	direction	ϕ	can	be	found	from	a	two-dimensional	analysis	for	the	effective	basic	flow	U0	(	y)	in	that	direction.	This	vital	conclusion	was	first	deduced	by	Dunn	and	Lin	(1955)	and	later	used	by	Gregory	et	al.
(1955)	to	derive	general	results	for	the	stability	of	three-dimensional	flows,	particularly	the	rotating	disk	flow	of	Sec.	3-8.	Page	255	Now	suppose	further	that	W	is	identically	zero,	i.e.,	the	basic	flow	is	purely	twodimensional.	Then	the	shape	of	the	profile	U0	(	y)	becomes	independent	of	ϕ,	which	means	that	the	stability	computation	is	no	longer
dependent	on	ϕ,	except	for	the	scale	factor	cos	.	Therefore,	for	an	oblique	disturbance,	the	basic	flow	U	cos	is	relatively	slower	and	hence	more	stable	than	when	the	disturbance	propagates	parallel	to	U(	y).	This	result	was	deduced	by	Squire	(1933)	in	his	now	famous	theorem.	Squire’s	theorem.	For	a	two-dimensional	parallel	flow	U(	y),	the	minimum
critical	unstable	Reynolds	number	occurs	for	a	two-dimensional	disturbance	propagating	in	the	same	direction	In	considering	only	two-dimensional	disturbances,	Squire’s	theorem	is	concerned	with	the	minimum	Reynolds	number,	which	occurs	when	However,	in	his	review,	Stuart	(1987)	points	out	that	maximum	wave	amplification	occurs	for	such
that	threedimensional	disturbances	do	indeed	affect	the	growth	and	shape	of	an	unstable	disturbance.	Let	us	now	drop	the	subscript	0	in	Eqs.	(5-18)–(5-20).	It	is	possible	to	eliminate	any	two	of	the	three	variables	u,	υ,	and	p.	If	we	eliminate	u,	we	obtain	a	simple	equation	for	the	pressure	fluctuation:	(5-21)	Thus,	the	pressure	satisfies	a	Poisson
equation	with	a	source	term	that	is	proportional	to	the	product	of	the	mean	shear	and	the	longitudinal	variation	of	the	normal	velocity	fluctuation,	In	the	outer	freestream,	where	the	solution	must	be	of	the	form	(5-22)	Since	the	disturbance	is	assumed	to	vanish	at	infinity,	it	follows	that	b	=	0	and	the	pressure	fluctuation	is	damped	exponentially.	It	is
relatively	difficult	to	eliminate	υ	and	p	from	these	equations.	The	result	will	be	the	same	mathematically	if	we	eliminate	u	and	p,	with	the	outcome	being	the	celebrated	Orr–	Sommerfeld	relation:	(5-23)	The	secrets	of	infinitesimal	laminar-flow	instability	lie	within	this	fourth-order	linear	homogeneous	equation,	first	derived	independently	by	Orr	(1907)
and	Sommerfeld	(1908).	The	boundary	conditions	are	that	the	disturbances	u	and	υ	must	vanish	at	infinity	and	at	any	walls	(no	slip).	The	continuity	relation	in	Eq.	(5-18)	shows	that	u	=	0	implies	Hence,	the	proper	conditions	on	the	Orr–Sommerfeld	equation	are	of	the	following	types:	(5-24)	Since	the	equation	and	its	boundary	conditions	are	both
homogeneous,	they	give	rise	to	an	eigenvalue	problem.	The	Orr–Sommerfeld	equation	has	three	parameters:	(or,	better,	a	Reynolds	number	Re	=	Uδ	/	ν).	For	a	given	profile	only	a	certain	continuous	but	limited	sequence	of	these	parameters	(the	eigenvalues)	will	satisfy	Eqs.	(5-23)	and	(5-24).	The	mathematical	problem	becomes	that	of	finding	this
sequence,	which	has	a	different	functional	form	for	the	spatial	versus	temporal	growth	of	disturbances:	(5-25)	(5-26)	where	the	subscripts	r	and	i	denote	real	and	imaginary	parts,	respectively.	Of	particular	interest	is	the	case	of	neutral	stability:	c	i	=	0	for	the	temporal	case	and	α	i	=	0	for	spatial	neutral	growth.	The	locus	of	these	neutral	points	forms
the	boundary	between	stability	and	instability.	The	solutions	υ(	y)	associated	with	the	eigenvalues	in	Eqs.	(5-25)–(5-26)	represent	the	problem’s	eigenfunctions	or	eigensolutions.	5-2.2	Inviscid-Stability	Theory	A	limiting	but	very	instructive	case	is	that	of	an	infinite	Reynolds	number	or	negligible	viscosity,	for	which	we	can	drop	the	term	involving	ν	in
the	Orr–Sommerfeld	relation,	Eq.	(523).	The	resulting	inviscid-disturbance	relation,	Page	256	(5-27)	is	named	in	honor	of	Lord	Rayleigh,	who	first	studied	this	equation	in	a	series	of	papers	between	1878	and	1915,	all	of	which	are	now	collected	in	six	volumes	of	his	“Scientific	Papers.”	The	Rayleigh	equation	is	second	order,	and	hence	we	can	no
longer	maintain	conditions	on	the	tangential	velocity	We	retain	two	conditions	on	the	normal	velocity	for	example,	(5-28)	Numerous	inviscid	analyses	are	reported	in	the	literature,	and	an	excellent	discussion	is	given	in	the	text	by	Drazin	and	Reid	(2004).	Rayleigh’s	theory	provides	good	insight	into	profile	shape	effects	on	stability,	and	some	workers
have	used	the	two	“inviscid”	solutions	to	help	generate	two	additional	“viscous”	solutions	of	the	full	Orr–Sommerfeld	equation.	The	Rayleigh	Eq.	(5-27)	can	be	readily	solved	either	analytically	or	numerically.	There	is	a	singularity	on	the	real	axis	at	the	point,	c	=	c	r,	where	the	velocity	U	=	c	r.	The	analytical	behavior	of	υ	near	this	singularity	was
established	in	pioneering	work	by	Tollmien	(1929).	Five	important	theorems	on	inviscid	stability	follow:	Theorem	1	[Rayleigh	(1880)].	A	necessary	(but	not	sufficient)	condition	for	instability	is	for	the	velocity	profile	to	have	an	inflection	point.	Theorem	2	[	(1950)].	It	is	further	necessary	that	the	numerical	value	the	vorticity	be	a	maximum	at	the	point
of	inflection.	of	Theorem	3	[Fj	rtoft	(1950)].	If	a	point	of	inflection	exists,	it	is	further	necessary	that	U	″	(U	−	UPI)	<	0	somewhere	on	the	profile,	where	UPI	is	the	velocity	at	the	point	of	inflection.	Theorem	4	[Lin	(1955)].	If	U(	y)	possesses	an	inflection	point	at	y	=	y	c,	a	neutral	disturbance	(c	i	=	0)	may	exist	whose	phase	velocity	is	c	r	=	U(	y	c).
Theorem	5	[Rayleigh	(1880)].	The	phase	velocity	cr	of	an	amplified	disturbance	must	always	lie	between	the	minimum	and	maximum	values	of	U(	y).	Rayleigh’s	result,	Theorem	1,	led	workers	for	many	years	to	believe	that	real	(viscous)	profiles	without	a	point	of	inflection,	such	as	channel	flows	and	boundary	layers	with	favorable	pressure	gradients,
would	be	stable.	It	remained	for	Prandtl	(1921)	to	show	that	viscosity	can	indeed	be	destabilizing	for	certain	wave	numbers	at	finite	Reynolds	numbers.	Figure	5-4introduces	four	different	velocity	profiles	to	be	evaluated	for	inviscid	instability.	The	first	three	are	unconditionally	stable;	only	the	fourth	is	possibly	unstable	by	virtue	of	Fj	rtoft’s	Theorem
3.	Meanwhile,	all	four	possess	viscous	instability	at	a	finite	Reynolds	number.	Some	actual	profiles,	which	resemble	Fig.	5-4d—and	are	unstable	even	in	the	inviscid	limit—include	boundary	layers	with	adverse	pressure	gradients,	shear	layers	between	parallel	streams,	jets,	and	wakes.	5-2.3	Viscous	Stability:	Solution	of	the	Orr–Sommerfeld	Equation
The	Rayleigh	equation	reveals	the	point	of	inflection	to	be	a	source	of	possible	instability	as	Re	approaches	infinity;	however,	it	is	clear	from	experiments	that	all	types	of	laminar	profiles	become	unstable	at	finite	Reynolds	numbers,	as	predicted	physically	by	Prandtl	(1921)	and	first	shown	mathematically	by	Tollmien	(1929).	These	instabilities	are
manifested	in	the	eigenvalues	of	the	Orr–Sommerfeld	equation,	written	here	in	dimensionless	form:	(5-29)	Here,	the	non-dimensional	normal	coordinate	is	taken	to	be	is	used	to	represent	the	speed	at	the	edge	of	the	boundary	layer.	The	boundary	conditions	have	the	same	homogeneous	form	as	in	Eq.	(5-24).	FIGURE	5-4	Four	inviscid	velocity	profiles
evaluated	for	stability	pursuant	to	Theorems	1	and	3	of	Sec.	5-2.2.	Page	257	For	a	given	velocity	profile	U(	y),	Eq.	(5-29)	can	be	solved	for	its	eigenvalues	which	vary	with	The	problem	can	be	solved	for	either	temporal	stability	(real	),	or	spatial	stability	(real	).	The	solution	will	be	unstable	if	we	find	eigenvalues	such	that	(5-30)	(5-31)	To	satisfy	the
freestream	boundary	conditions	we	set	so	that	Eq.	(5-29)	can	be	solved	for	damped	exponential	behavior:	(5-32)	The	constants	C1	and	C2	are	unimportant	because	the	differential	equation	and	boundary	conditions	are	homogeneous.	This	asymptotic	behavior	reveals	a	formidable	numerical	difficulty	in	the	solution	of	the	Orr–Sommerfeld	equation.
Since	are	of	order	unity	and	1,	the	two	rates	of	change	in	Eq.	(5-32)	are	quite	different;	generally	speaking,	regardless	of	the	velocity	profile	shape,	(5-33)	Thus,	of	the	four	independent	solutions	of	Eq.	(5-29),	two	of	them	(associated	with	)	grow	slowly,	whereas	two	of	them	(associated	with	)	grow	rapidly.	The	fast-growing	solutions	tend	to
contaminate	and	smear	the	slower	pair,	so	that	accurate	eigenvalues	cannot	easily	be	found.	5-2.3.1	NUMERICAL	METHODS.	The	Rayleigh	inviscid-stability	Eq.	(5-27)	is	only	moderately	difficult	to	model	numerically	and	hence	is	suitable	for	problem	assignments.	However,	the	viscous	Orr–Sommerfeld	Eq.	(5-29),	with	competing	small	and	large
solutions,	requires	a	substantially	greater	effort.	Orr–Sommerfeld	programs	are	lengthy	and	sophisticated.	The	pioneers	were	Tollmien	(1929)	and	Schlichting	(1933b),	who	developed	analytical	(noncomputer)	methods.	By	the	1950s,	digital-computer	methods	were	tried	but	proved	inaccurate.	Kaplan	(1964)	made	a	breakthrough	with	a	“purification”
scheme	to	keep	slow-	and	fast-moving	solutions	separate,	as	described	in	the	text	by	Betchov	and	Criminale	(1967).	Wazzan	et	al.	(1968a)	used	Gram–Schmidt	orthonormalization	to	ensure	accuracy	up	to	≈	105.	Modern	methods	use	either	spectral	techniques	or	finite	differences,	as	described	in	the	text	by	Drazin	and	Reid	(1981).	Sherman	(1990)
and	Cebeci	and	Cousteix	(1998)	provide	FORTRAN	programs,	whereas	Schmid	and	Henningson	(2001)	employ	MATLAB	programs	in	stability	calculations.	In	view	of	these,	the	transition-prediction	methods	of	Sec.	5-4	will	avoid	lengthy	Orr–Sommerfeld	computations.	FIGURE	5-5	Neutral	curves	of	the	Orr-Sommerfeld	equation	Page	258	The	viscous
theories	predict	a	finite	region	at	low	Reynolds	numbers	(of	the	order	of	where	infinitesimal	disturbances	are	amplified	(c	i	>	0).	The	boundary	of	this	region	is	the	so-called	neutral	curve,	which	is	the	locus	of	points	where	ci	=	0.	From	their	shapes,	they	are	called	thumb	curves,	and	two	examples	are	sketched	in	Fig.	5-5.	Outside	the	thumb,	all
disturbances	are	damped.	If	the	profile	U(	y)	has	no	point	of	inflection,	the	thumb	disappears	at	a	large	Reynolds	number,	in	accordance	with	the	Rayleigh	criterion.	In	contrast,	if	U(	y)	has	a	point	of	inflection,	the	thumb	curve	remains	open	at	infinity.	The	lowest	Reynolds	number	to	which	the	thumb	protrudes	is	called	Re	crit,	and	typically	the
inflection	profile	has	a	smaller	Recrit,	and	a	bigger	thumb	all	around.	The	point	Recrit	denotes	the	smallest	Reynolds	number	at	which	disturbances	can	be	amplified.	It	should	not	be	confused	with	the	point	of	transition	to	turbulence,	which	occurs	some	10	to	20	times	the	distance	x	crit	further	downstream	in	the	boundary	layer.	In	practice,	the
values	of	ci	and	αδ	within	the	thumb	tend	to	be	more	important	than	Recrit	because	these	determine	the	spatial	and	temporal	growth	rates	that	are	responsible	for	the	onset	of	turbulent	motion.	5-2.4	Stability	of	the	Blasius	and	Falkner–Skan	Profiles	Most	of	the	classical	velocity	profiles	have	now	been	studied	and	their	eigenvalues	tabulated	and
charted.	Early	work	concentrated	on	temporal	stability,	Eq.	(5-25).	In	the	1960s,	emphasis	shifted	to	spatial	stability,	in	the	form	of	Eq.	(5-26),	which	is	a	more	realistic	model	of	disturbances	in	a	boundary	layer	growing	and	propagating	downstream.	Review	articles	such	as	Wazzan	(1975)	and	Arnal	(1984)	discuss	a	wide	variety	of	profiles	such	as	the
Falkner–Skan	flows,	the	plane	jet,	the	plane	wake,	the	free-shear	layer,	Poiseuille	pipe	and	channel	flows,	and	many	nonsimilar	flows.	Accurate	stability	computations	for	the	Blasius	profile,	assuming	parallel	flow,	are	shown	in	Figs.	5-6a	and	b,	from	Wazzan	et	al.	(1968a).	Note	the	difference	in	viewpoint	between	temporal	instability	(Fig.	5-6a),	where
unstable	contours	of	ci	>	0	are	plotted,	and	spatial	instability	(Fig.	5-6b),	where	values	of	α	i	<	0	are	contoured.	The	neutral	curves	corresponding	to	ci	=	αi	=	0	have	the	same	physical	meaning,	although	they	are	correlated	differently.	The	following	details	are	listed:	FIGURE	5-6	Amplification	curves	for	the	Blasius	flat-plate	boundary	layer	from	the
point	of	view	of	(a)	temporal	stability	and	(b)	spatial	stability.	[After	Wazzan	et	al.	(1968a)].	1.	The	minimum	or	critical	Reynolds	number	for	initial	instability	is	91,000.	(Nonparallel-flow	effects	reduce	these	further	to	about	400	and	54,000,	respectively.)	2.	At	Recrit,	the	wave	parameters,	as	calculated	by	Jordinson	(1970),	are	and	denotes	the	wave
Reynolds	number,	i.e.,	the	product	of	(App.	H2).	3.	The	maximum	wave	number	for	instability	is	hence,	the	smallest	unstable	wavelength	is	Thus,	unstable	Tollmien–Schlichting	waves	are	long	relative	to	the	boundary-layer	thickness.	4.	The	maximum	temporal	growth	rate	is	ci/U0	≈	0.0196.	5.	The	maximum	spatial	growth	rate	is	αi	ν/U0	≈	−	0.74	×
10−5.	6.	The	maximum	phase	velocity	of	unstable	waves	is	cr/U0	≈	0.4;	hence,	Tollmien–	Schlichting	waves	travel	rather	slowly	and	tend	to	arise	near	the	wall.	7.	Compared	to	Rex,crit	≈	91,000,	the	point	of	final	transition	to	turbulence	is	at	about	Re	x,tr	≈	3	×	106,	or	about	30	times	further	downstream.	Figure	5-7shows	neutral	curves	for	Falkner–
Skan	wedge-flow	profiles	as	computed	by	Wazzan	(1968b).	The	parameter	β	has	the	same	meaning	as	in	the	Falkner–Skan	Eq.	(4-93).	We	see	a	very	strong	pressure	gradient	effect:	a	stagnation	flow	with	β	=	1.0	can	be	hundreds	of	times	more	stable	than	a	separating	flow	with	β	=	−	0.1988.	This	is	true	not	only	of	Recrit	but	also	of	the	maximum
spatial	amplification	rates,	as	shown	in	Table	5-1.	Note	how	the	curves	for	β	<	0	(adverse	gradients)	remain	open	at	large	Reynolds	numbers,	since	they	have	a	point	of	inflection	and	hence	are	prone	to	inviscid	instability.	Page	259	FIGURE	5-7	Neutral	stability	curves	for	Falkner–Skan	boundary-layer	profiles.	[After	Wazzan	et	al.	(1968b)].	TABLE	5-1
Spatial	stability	parameters	for	Falkner-Skan	profiles	Source:	Computations	by	Wazzan	et	al.	(1968b).	5-2.5	Comparison	of	Stability	Theory	with	Experiment	Page	260	Although	the	concepts	of	instability	and	transition	were	well	established	by	Reynolds	(1883),	stability	theory	did	not	receive	wide	acceptance	at	first.	Early	wind	tunnel	transition
experiments	by	Burgers	(1924)	reported	Rex,crit	≈	350,000	for	flat	plates	and	did	not	detect	any	Tollmien–Schlichting	waves.	Even	after	the	hot-wire	anemometer	was	invented,	careful	measurements	by	Dryden	(1934)	confirmed	the	onset	of	turbulent	fluctuations	but	did	not	detect	Tollmien–Schlichting	waves.	These	experiments	were	contaminated
by	the	very	noisy	turbulence	and	the	acoustics	in	the	wind	tunnels	of	the	day.	Then,	in	1940,	the	U.S.	National	Bureau	of	Standards,	under	the	direction	of	H.	L.	Dryden,	constructed	a	new	wind	tunnel	with	the	extremely	small	freestream	turbulence	level	of	0.02	percent	[compared	to	about	1.2	percent	for	Burgers’	(1924)	tunnel].	In	this	1940–	1941
tunnel	(reported	after	World	War	II),	the	classic	experiment	of	Schubauer	and	Skramstad	(1947)	was	performed.	First,	hot-wire	measurements	were	acquired	to	determine	flat-plate	transition	in	the	presence	of	random	fluctuations	in	the	freestream.	These	results	are	shown	in	Fig.	5-8.	At	x	<	7	ft	from	the	leading	edge,	the	velocity	oscillations	are
negligibly	small.	At	8	ft,	selective	amplification	clearly	occurs.	At	9	ft,	the	amplitudes	of	certain	sinusoidal	components	become	quite	large.	At	10	ft,	nonlinear	processes	begin	to	dominate,	and	the	fluctuations	become	more	random.	At	11	ft,	the	flow	is	fully	turbulent	and	the	scale	of	motion	changes	drastically.	Relevant	frequencies	are	now	in
thousands	instead	of	tens	of	hertz.	This	information	would	not	have	been	possible	had	the	freestream	been	noisy.	Page	261	FIGURE	5-8	Hot-wire	oscillograms	showing	natural	transition	from	laminar	to	turbulent	flow	on	a	flat	plate.	[After	Schubauer	and	Skramstad	(1947	)].	Figure	5-8shows	the	effect	of	natural	disturbances.	To	determine	the	effect	of
specific	sinusoidal	components,	Schubauer	and	Skramstad	placed	a	metal	ribbon	0.1	inch	wide	and	0.002	inch	thick	across	the	flat	plate	at	a	distance	of	0.005	inch	from	the	wall	and	oscillated	it	electromagnetically.	In	this	way,	they	could	introduce	disturbances	of	any	frequency	into	the	boundary	layer.	For	example,	at	a	given	Reynolds	number,	one
could	start	from	zero	and	slowly	increase	the	oscillation	frequency	of	the	ribbon.	At	first,	the	downstream	hot	wire	showed	insignificant	natural	oscillations,	until	a	frequency	was	reached	where	definite	sinusoidal	components	appeared.	This	constituted	the	lower	boundary	of	the	neutral	curve.	As	the	frequency	increased,	the	sinusoidal	oscillations
grew	to	a	maximum	amplitude	and	then	decreased,	finally	disappearing	at	a	higher	finite	frequency,	along	the	upper	boundary	of	the	thumb	curve.	In	this	way,	one	could	establish	the	entire	neutral	curve	by	varying	the	Reynolds	number	of	the	flow.	The	neutral	curve	measured	in	this	classic	controlled	experiment	is	shown	in	Fig.	5-9,	where	it	is
compared	to	stability	theories	assuming	(1)	parallel	flow	[Wazzan	et	al.	(1968a)]	and	(2)	nonparallel	flow	[Saric	and	Nayfeh	(1975)].	The	effect	of	nonparallel	flow—	boundary-layer	growth	U(x,	y)	and	V(x,	y)	—is	seen	to	be	significant	at	the	lower	Reynolds	numbers	and	is	in	good	agreement	with	the	experiment.	Saric	and	Nayfeh	(1975)	also	use	their
“method	of	multiple	scales”	to	investigate	nonparallel	flow	behavior	with	pressure	gradients.	As	expected,	favorable	gradients	(	β	>	0)	grow	slowly	and	show	small	effects	on	the	neutral	curve.	Conversely,	rapidly	growing	adverse	gradients	(	β	<	0)	show	large	effects	that	are	difficult	to	assess.	FIGURE	5-9	Comparison	of	theory	and	experiment	for	the
neutral	curves	of	the	Blasius	flatplate	boundary	layer:	□	data	of	Schubauer	and	Skramstad	(1947);	∙	upper	branch	and	•	lower	branch	data	by	Ross	and	Barnes	(1970).	[After	Saric	and	Nayfeh	(1975)].	The	good	agreement	between	theory	and	experimental	stability	measurements	for	the	phase	velocities	and	eigenfunctions	helps	to	legitimize	the	use	of
linear	instability	theory	[Kaplan	(1964)].	5-3	PARAMETRIC	EFFECTS	IN	THE	LINEAR	STABILITY	THEORY	The	success	of	the	stability	theory	means	that	we	can	analytically	predict	the	effect	of	various	parameters	such	as	the	Mach	number,	wall	temperature,	and	wall	suction	on	laminar-flow	stability.	A	great	many	such	analyses	have	now	appeared,
mostly	using	the	newer	digitalcomputer	techniques	of	handling	the	Orr–Sommerfeld	equation.	In	Fig.	5-7,	we	saw	the	computed	effect	of	the	pressure	gradient	on	Falkner–Skan	profiles,	showing	that	favorable	(or	adverse)	gradients	increase	(or	decrease)	stability.	This	effect	was	qualitatively	verified	in	the	same	experiment	of	Schubauer	and	
Skramstad	(1947),	as	shown	in	Fig.	5-10.	Moving	down	from	the	top,	we	see	that	an	established	unstable	flow	is	completely	damped	by	a	favorable	gradient	(downstream	pressure	drop)	and	then	the	instabilities	appear	even	stronger	when	the	pressure	rises	(adverse	gradient).	A	pressure	gradient	influences	not	only	the	initial	linear	instability	but	also
the	final	breakdown	into	turbulence,	as	reviewed	in	detail	by	Tani	(1969).	In	a	near-separating	flow,	this	final	process	is	abrupt.	FIGURE	5-10	Pressure	gradient	effect	on	laminar-boundary-layer	oscillations.	[After	Schubauer	and	Skramstad	(1947	)].	Page	262	5-3.1	Classical	Laminar-Flow	Profiles	The	linear	stability	of	the	classical	Poiseuille	and
Couette	flow	profiles	from	Chap.	3	is	analyzed	in	a	number	of	papers.	The	parabolic	Poiseuille	channel	flow	due	to	a	pressure	gradient	(Fig.	3-8)	has	the	form	U	=	U0	(1	−	y2/L2)	and	is	studied	as	one	of	the	last	of	the	asymptotic	analyses	by	Shen	(1954).	His	computed	amplification	curves,	shown	in	Fig.	5-11,	are	accurate	to	about	5	percent.	A
subsequent	machine	calculation	by	Nachtsheim	(1964)	predicts	Recrit	=	5767	and	α	L	=	1.02,	which	are	labeled	on	the	figure.	Apparently,	linear	instability	does	not	control	this	flow	because	channels	typically	show	transition	to	turbulence	at	about	ReL	≈	1000,	far	less	than	the	critical	value	in	Fig.	5-11.	The	most	probable	explanation	is	that	large
disturbances	cause	the	transition,	but	it	may	be	possible	that	the	developing-flow	profiles	in	the	channel	entrance	become	unstable.	Even	more	paradoxical	is	the	axisymmetric	Poiseuille	pipe	flow,	with	the	paraboloidal	profile	U	=	U0	(1	−	r2/r02).All	known	papers	report	the	same	result:	no	apparent	linear	instability	at	any	Reynolds	number.	Yet	we
know	since	the	work	of	Reynolds	(1883)	that	transition	to	turbulence	typically	occurs	at	about	Re	D	≈	2300.	Here	again	it	is	thought	that	the	instability	is	due	to	large	disturbances	in	the	entrance,	since	with	proper	care	one	can	maintain	laminar	flow	in	a	smooth	pipe	up	to	Re	D	≈	10	5.	Tatsumi	(1952)	shows	that	the	developing	pipe	entrance	profiles
become	unstable	at	about	Re	D	≈	104.	Alternatively,	Meseguer	(2003)	analyzes	the	streak	breakdown	process	that,	in	conjunction	with	finite	disturbances,	is	a	possible	path	toward	pipe-flow	transition.	For	further	details,	see	Drazin	and	Reid	(1981)	or	Sec.	9.3	of	Schmid	and	Henningson	(2001).	FIGURE	5-11	Stability	diagram	for	the	plane	Poiseuille
flow.	[After	Shen	(1954).]	Page	263	The	case	of	the	linear	Couette	profile	U	=	U0	y/L	generated	between	a	fixed	and	a	moving	plate	(Fig.	3-1)	is	apparently	completely	stable	for	all	infinitesimal	disturbances.	Yet	we	know	from	experiment	that	turbulent	flow	ensues	if	Re	=	U0	L/ν	>	1500	[see	Fig.	19.3	of	Schlichting	(1979)].	Once	again	it	is	held	that
Couette	flow	becomes	unstable	due	either	to	(1)	large	disturbances	or	(2)	Tollmien–Schlichting	waves	in	the	developing	transient	profiles.	PSEUDORESONANCE.	As	mentioned	earlier,	no	unstable	normal-mode	traveling	waves	have	been	found	for	either	plane	Couette	flow	or	Poiseuille	pipe	flow.	The	linear	theory	is	stable,	and	large	disturbances	are
necessary	to	trigger	turbulence.	Meanwhile,	Trefethen	et	al.	(1993,	1999)	reported	an	entirely	different	linear	stability	approach	that	predicts	large-amplitude	growth,	if	not	actual	instability.	The	theory	employs	spectral	methods	to	generate	a	continuous	set	of	linear	three-dimensional	perturbations.	Part	of	this	pseudospectrum	is	highly	amplified,
especially	at	higher	Reynolds	numbers,	and	certain	small	disturbances	can	grow	by	three	or	four	orders	of	magnitude.	Presumably,	some	of	these	amplified	disturbances	spur	nonlinear	effects	that	lead	to	instability.	5-3.2	Instability	of	Suction	Profiles:	A	Shape	Factor	Correlation	The	asymptotic	(exponential)	suction	profile	of	Fig.	4-26	displays
excellent	stability	characteristics.	Hughes	and	Reid	(1965)	report	for	this	condition	that	(5-34)	This	is	90	times	greater	than	the	Blasius	value.	The	profile	also	has	one	of	the	smallest	laminar	shape	factors	Recall	from	Sec.	4-6.2	that	2	≤	H	≤	3.5	for	laminar	flows.	Suction	profiles,	with	no	inflection	point	and	U	″	positive	everywhere,	are	very	stable	and



are	used	to	delay	transition	in	aerodynamic	and	hydrodynamic	applications.	The	dashed	line	labeled	“optimum	suction”	on	the	drag	curve	in	Fig.	4-26	was	computed	from	the	suction	stability	theory.	Obviously,	there	is	a	large	decrease	from	the	turbulent-flow	drag	curve.	If	the	values	of	crit	from	Table	5-1	were	plotted	versus	the	boundary-layer	shape
factor	a	smooth	curve	would	result,	as	shown	in	Obremski	et	al.	(1969).	Even	more	interesting,	stability	results	for	nonsimilar	profiles	fall	close	to	this	curve.	This	is	shown	in	Fig	5-12	from	Wazzan	et	al.	(1979).	The	points	on	the	curve	include	Falkner–Skan	wedge	flows	from	Table	5-1,	flat-plate	suction	and	blowing	stability	computations	from	Tsou
and	Sparrow	(1979),	and	wedge	flows	with	hot	walls	and	variable	viscosity	from	Wazzan	et	al.	(1979).	Wazzan	hence	proposes	that	Fig.	5-12	is	a	universal	correlation,	so	that	the	shape	factor	H	is	all	that	is	needed	for	an	engineering	estimate	of	boundary-layer	instability.	For	example,	one	can	compute	from	Thwaites’	method,	Table	4-8.	5-3.3	Wakes,
Jets,	and	Shear	Layers	When	no	wall	or	pressure	gradient	is	present,	the	so-called	free-shear	layers	always	possess	strong	curvature	and	one	or	more	points	of	inflection,	e.g.,	the	shear	layer	(Fig.	4-22	with	k	=	1),	the	laminar	jet	(Fig.	4-23),	and	the	developed	wake	(Fig.	4-24).	Thus,	they	are	relatively	unstable.	FIGURE	5-12	Correlation	between	the
critical	Reynolds	number	and	the	boundary-layer	shape	factor	that	may	be	used	as	an	engineering	estimate	of	initial	instability.	[After	Wazzan	et	al.	(1979)].	Page	264	The	two-dimensional	jet	has	the	profile	shape	and	has	been	analyzed	by	many	workers.	Figure	5-13shows	the	jet	eigenvalues	computed	by	Kaplan	(1964).	Instability	occurs	very	early
given	(5-35)	Similarly,	the	two-dimensional	wake	has	a	reverse-jet	appearance	and	has	been	analyzed	by,	among	others,	Mattingly	and	Criminale	(1972).	The	velocity	profile	has	the	approximate	form	given	by	U	=	1	+	(U0	−	1)	and,	much	like	the	jet,	exhibits	a	critical	Reynolds	number	of	approximately	4.	The	two-dimensional	shear	layer	may	be
represented	by	to	Betchov	and	Szewczyk	(1963),	has	a	critical	Reynolds	number	of	and,	according	(5-36)	The	shear	layer	between	streams	of	different	velocity	is	hence	unconditionally	unstable	for	all	Reynolds	numbers.	However,	these	jet,	wake,	and	shear-layer	calculations	assume	parallel	flow	and	should	be	corrected	for	nonparallel	effects	that
clearly	occur	at	such	low	Reynolds	numbers.	These	flows	are	discussed	in	detail	by	Betchov	and	Criminale	(1967)	and	Drazin	and	Reid	(1981).	FIGURE	5-13	Eigenvalues	for	a	two-dimensional	jet.	[After	Kaplan	(1964)].	FIGURE	5-14	Wall	temperature	effect	on	the	stability	of	a	subsonic	gas	boundary	layer.	[After	Lees	and	Lin	(1946].	Page	265	5-3.4
Effect	of	Wall	Temperature	Real	fluids	have	viscosities	that	vary	with	temperature.	Therefore,	the	viscosity	near	the	wall,	and	thereby	the	near-wall	profile	shape,	can	be	influenced	by	heat	transfer.	Generally	speaking,	boundary-layer	stability	is	enhanced	by	increasing	the	near-wall	negative	curvature	U	″	(0).	As	pointed	out	by	Reshotko	(1987),	if	μ	=
μ(T),	the	boundary-layer	equation	at	the	wall,	with	no	slip,	yields	the	curvature	expression	(5-37)	As	already	seen,	we	can	make	U	″	(0)	more	negative	by	imposing	a	negative	(favorable)	pressure	gradient	dp/dx	<	0.	Equation	(5-37)	shows	an	additional	effect	due	to	heat	transfer.	Since	the	second	term	on	the	right	will	be	negative	under	two	different
conditions:	(5-38)	(5-39)	Thus,	gases,	whose	viscosity	can	only	increase	with	temperature,	are	stabilized	by	cooling	and	liquids,	whose	viscosity	decreases	with	temperature,	by	wall	heating.	If	we	continue	to	assume	parallel,	incompressible	flow	but	allow	for	a	variable	viscosity	μ(	y)	due	to	temperature	variations,	the	Orr–Sommerfeld	Eq.	(5-29)
changes	to	(5-40)	where	the	two	added	terms	involve	μ	′	and	μ	″	.	When	applied	to	a	gas	in	a	subsonic	flow,	Eq.	(5-40)	reveals	a	very	strong	effect	on	both	the	neutral	curves	and	the	amplification	factors.	For	example,	Fig.	5-14	illustrates	the	computations	of	Lees	and	Lin	(1946)	at	a	freestream	Mach	number	of	0.7.	Reduction	in	wall	temperature	to
leads	to	a	30fold	increase	in	the	critical	Reynolds	number	and	a	similar	decrease	in	the	growth	rate	ci.	Exactly	the	opposite	effect	is	reported	by	Wazzan	et	al.	(1968a)	in	studies	of	flat-plate	flow	with	water,	whose	viscosity	drops	sharply	with	temperature.	Their	computations,	assuming	Te	=	T	=	60°F	and	varying	Tw,	are	given	in	Table	5-2.	The	most
stable	condition	corresponds	to	a	hot	wall	with	Tw	=	135°	F,	which	has	a	critical	Reynolds	number	22	times	larger	and	a	spatial	amplification	factor	63	times	smaller	than	the	Blasius	(isothermal)	boundary	layer.	Further	stability	computations	involving	liquids	are	discussed	in	the	review	article	by	Wazzan	et	al.	(1979).	TABLE	5-2	Stability	of	flat-plate
flow	with	water	at	Source:	Computations	by	Wazzan	et	al.	(1968a).	5-3.5	Stability	of	Compressible	Flows	Page	266	The	addition	of	gas	compressibility	to	a	stability	problem	greatly	increases	its	complexity.	Since	pressure	is	now	coupled	to	temperature	and	density	through	the	equation	of	state,	one	must	add	the	fluctuating	variables	ρ(y)	and	T(y)	to
the	quartet	(u,	υ,	w,	p)	considered	previously	in	Eq.	(5-12)	and	resulting	in	a	sixth-order	set	of	differential	equations.	A	detailed	discussion	of	this	problem	is	given	in	the	text	by	Betchov	and	Criminale	(1967,	Chap.	8)	and	in	the	extensive	notes	and	reviews	by	Mack	(1969,	1984,	1987).	Lees	and	Lin	(1946)	developed	the	inviscid	compressible	stability
theory	and	Brown	(1962)	obtained	the	first	numerical	solutions	of	the	viscous	theory.	Numerical	studies	since	that	time	have	revealed	a	variety	of	interesting	phenomena,	such	as	unstable	supersonic	waves.	The	field	has	progressed	to	the	point	that	laminar-flow	control	can	be	estimated	in	compressible	flow	design	studies	using	computer	codes.	Let
us	briefly	discuss	some	significant	results.	Figure	5-15shows	experimental	data	compared	with	theories	for	the	neutral	curve	on	an	adiabatic	flat	plate	in	air	at	Ma	e	=	2.2.	We	see	that	the	approximate	analysis	of	Dunn	and	Lin	(1955),	either	in	its	asymptotic	or	numerically	integrated	form,	is	not	in	good	agreement	with	the	data.	The	full	multivariable
stability	equations	are	needed	for	accuracy.	Some	further	calculations	of	Mack	(1969)	for	an	adiabatic	plate	are	shown	in	Fig.	5-16.	At	first	glance	it	appears	that	compressibility	is	stabilizing,	since	Rex,crit	is	increasing	with	the	Mach	number.	Actually,	great	changes	are	taking	place	in	the	character	of	the	instabilities.	The	amplification	rates	and	the
general	shape	of	the	curves	are	changing	greatly	with	both	the	Mach	number	and	the	Reynolds	number.	Note	that	the	curve	for	Ma	e	=	1.6	is	of	the	incompressible	thumb-curve	type.	At	Ma	e	=	2.2,	a	local	minimum	appears	in	the	upper	branch	of	the	curve,	indicating	that	viscosity	has	become	stabilizing	in	the	higher	range	of	Reynolds	numbers.	This
minimum	moves	further	to	the	right	as	Ma	e	increases	and	disappears	at	about	Ma	e	=	3.0,	above	which	viscosity	is	stabilizing	for	all	Reynolds	numbers.	At	Ma	e	=	3.8,	the	neutral	curve	has	the	general	shape	of	the	separation	profile	in	Fig.	5-7,	with	the	maximum	instability	in	the	inviscid	limit.	The	temporal	amplification	rates	forMa	e	=	3.8	are	given
in	Fig.	5-17,	showing	that	inviscid	rates	are	the	highest.	Page	267	FIGURE	5-15	Comparison	of	three	stability	theories	for	the	neutral	curve	on	an	adiabatic	flat	plate	at	Mae	=	2.2.	[After	Mack	(1969)].	FIGURE	5-16	Computer	solutions	by	Mack	(1969)	for	the	neutral	curves	in	supersonic	adiabatic	flow	over	a	flat	plate	(perfect	gas).	[Courtesy	of	the	Jet
Propulsion	Laboratory,	California	Institute	of	Technology].	For	Ma	e	greater	than	about	3.0,	higher	modes	appear.	These	modes	occur	when	the	disturbance	phase	velocity	is	supersonic	relative	to	the	wall,	with	cr	>	a	w.	The	second	mode	appears	at	very	high	frequency	and	is	insignificantly	weak	until	about	Ma	e	=	3.7.	It	becomes	stronger	and	moves
downward	with	increasing	Mach	number,	merging	with	the	first	mode	at	about	Ma	e	=	4.8.	This	effect	is	illustrated	by	the	neutral	curves	for	Mae	=	4.5	and	4.8	in	Fig	5-18.	The	merging	of	modes	is	even	more	complete	at	higher	Mach	numbers,	and	the	two	modes	are	indistinguishable	at	Mae	=	7.	Regretfully,	the	higher	modes	are	not	damped	by	wall
cooling,	unlike	the	first-mode	effect	shown	in	Fig.	5-14.	Calculations	by	Mack	(1969)	suggest	that	amplification	rates	of	the	higher	modes	are	slightly	increased	by	wall	cooling.	Still	another	interesting	facet	of	compressibility	is	that	Squire’s	theorem	no	longer	holds:	The	most	unstable	waves	need	not	be	parallel	to	the	freestream.	In	fact,	as	dissipation
becomes	important	at	high	Mach	numbers,	it	is	not	quite	correct	to	treat	a	three-dimensional	disturbance	by	an	equivalent	two-dimensional	approximation,	as	was	done	for	the	incompressible	case.	This	was	first	shown	by	Dunn	and	Lin	(1955),	who	demonstrated	that	viscous	and	conduction	terms	transform	properly	to	an	equivalent	two-dimensional
system	but	that	dissipation	terms	do	not.	Some	results	of	Mack	(1969)	for	amplification	rates	and	the	most	unstable	wave	angle	[from	Eq.	(5-12)]	on	a	flat	plate	are	illustrated	in	Fig.	5-19.	Squire’s	theorem	(	)	holds	for	the	first	mode	up	to	about	Mae	=	0.7,	after	which	the	critical	angle	jumps	to	.	The	second	mode	satisfies	Squire’s	theorem	throughout.
Note	that	the	second	mode	quickly	assumes	prominence	at	Mae	=	4	and	becomes	the	more	unstable	mode.	FIGURE	5-17	Reynolds	number	effect	on	the	first-mode	amplification	rates	at	Mae	=	3.8	on	an	adiabatic	flat	plate.	[Courtesy	of	the	Jet	Propulsion	Laboratory,	California	Institute	of	Technology,	after	Mack	(1969)].	FIGURE	5-18	Neutral	curves
for	supersonic,	adiabatic	flat	plate	flow	illustrating	the	appearance	of	higher	modes.	[After	Mack	(1969)].	FIGURE	5-19	Temporal	amplification	rates	and	the	most	unstable	wave	direction	ϕ	for	adiabatic	flow	past	a	flat	plate.	[Courtesy	of	the	Jet	Propulsion	Laboratory,	California	Institute	of	Technology,	after	Mack	(1969)].	The	stability	of	high	Mach
number	(hypersonic)	flows,	both	theoretical	and	experimental,	is	the	subject	of	many	studies,	notably	Stetson	(1988),	Lachowicz	et	al.	(1996),	and	Cassel	et	al.	(1996).	The	dominant	instability	is	the	second	mode,	whose	growth	rates	compare	reasonably	well	with	linear	theory.	High-frequency	disturbances	are	detected	in	the	experiments	and	imply
strong	nonlinear	effects	in	hypersonic	stability.	Page	268	5-3.6	Stability	with	Compliant	Boundaries	All	results	discussed	so	far	are	for	rigid	walls,	where	a	simple	no-slip	condition	holds.	A	number	of	important	examples	occur	when	the	wall	is	flexible:	(1)	panel	flutter,	(2)	motion	of	liquid	films,	(3)	growth	of	ocean	waves,	(4)	rubber-coated	instruments
such	as	sonar	domes,	(5)	cardiovascular	flow,	and	(6)	the	skin	of	a	swimming	fish.	The	thesis	of	Kaplan	(1964),	which	led	to	the	purification	breakthrough	in	numerical	analysis,	was	in	fact	a	study	of	compliant	boundaries.	His	work	was	triggered	by	some	intriguing	experiments	by	Kramer	(1957),	which	indicated	a	reduction	in	drag	on	bodies	towed	in
water	if	their	surfaces	were	coated	with	a	compliant	material	such	as	natural	rubber.	Kramer	speculated	that	the	drag	reduction	was	due	to	a	delay	in	transition	to	turbulence	caused	by	compliant	boundaries.	Subsequently,	Benjamin	(1960)	showed	analytically	that	compliant	walls	were	potentially	stabilizing	in	some	cases	and	that	there	were	three
types	of	unstable	waves:	class	A	(Tollmien–Schlichting	waves);	class	B	(aeroelastic	boundary	flutter),	and	class	C	(Kelvin–	Helmholtz	instability).	Class	A	waves	are	typically	damped	and	stabilized	by	the	compliant	wall,	but	class	B	waves	are	often	destabilized	by	compliance	and	become	the	critical	case.	Class	C	waves	are	analogous	to	inviscid
instability	and	can	cause	problems	in	the	fabrication	and	maintenance	of	the	coating.	Kaplan	(1964)	reported	numerical	stability	solutions	for	some	specific	compliant	walls.	His	results	for	a	membrane	surface	with	a	Blasius	boundary	layer	are	shown	in	Fig.	5-20.	The	constants	(C0,	d0,	ω0,	m0,	R	0)	are	characteristics	of	the	particular	membrane.	Both
class	A	and	B	waves	appear,	and	the	critical	Reynolds	number	for	class	A	waves	is	2150,	about	40	percent	higher	than	for	the	rigid	wall	case	(Fig.	5-6).	Class	B	waves	become	unstable	at	about	Recrit	≈	3800	and	have	higher	growth	rates	and	phase	speeds	than	class	A	waves.	FIGURE	5-20	Amplification	rates	and	phase	speeds	for	flow	over	a
compliant	membrane	surface.	[After	Kaplan	(1964)].	Although	Kramer’s	experiments	were	provocative	and	supported	qualitatively	by	theory,	the	promise	of	compliant-surface	transition	delay	and	drag	reduction	has	not	been	too	fruitful,	and	no	reliable	engineering	designs	have	been	reported.	Page	269	5-3.7	Stability	of	Free-Convection	Flows	Free	or
buoyant	convection	constitutes	an	excellent	medium	for	studying	laminar	instability.	The	varying	temperature	field	allows	for	flow	visualization	through	the	interferometric	techniques	pioneered	by	Eckert	and	Soehngen	[see	the	text	by	Eckert	and	Drake	(1972)].	An	excellent	review	of	the	subject	is	given	by	Gebhart	(1969)	and	in	Chap.	11	of	the	text
by	Gebhart	et	al.	(1988).	The	free-convection	equivalent	to	the	Orr–Sommerfeld	relation	was	derived	by	Plapp	(1957).	Comparable	to	the	boundary-layer	relations	themselves	[Eqs.	(4-257)],	these	equations	incorporate	velocity	and	temperature	coupling—but	because	of	the	smalldisturbance	assumption,	they	remain	linear.	Computer	solutions	of
Plapp’s	fully	coupled	equations	were	given	by	Nachtsheim	(1963),	and	the	results	shown	in	Fig.	5-21	agree	well	with	experiments.	Instability	occurs	very	early	because	the	velocity	profiles	have	a	point	of	inflection	(see	Fig.	4-55a).	In	Fig.	5-21,	we	see	that	the	critical	Grashof	numbers	are	about	2500	for	water	and	50,000	for	gases,	which	correspond
to	equivalent	values	of	Recrit	≈	50	and	700,	respectively.	Growth	rates	are	moderate,	so	that	final	transition	to	turbulence	does	not	occur	until	a	local	Grashof	number	of	Gr	x	≈	10	9,	or	about	30–70	times	further	downstream.	Note	from	Fig.	5-21b	that	the	neutral	curve	for	gases	has	two	modes,	the	upper	and	lower	humps	corresponding	to	velocity
and	temperature	fluctuations,	respectively.	FIGURE	5-21	Amplification	curves	for	free-convection	flow	on	a	vertical:	(a)	water:	Pr	=	6.7;	•	=	data	from	Knowles	and	Gebhart	(1968);	(b)	gases:	Pr	=	0.7;	•	=	data	from	Polymeropoulos	and	Gebhart	(1967).	FIGURE	5-22	Classical	theory	and	experiment	by	Taylor	(1923)	for	the	instability	of	Couette	flow
between	rotating	cylinders:	(a)	Taylor	vortices	and	(b)	theory	and	experiment	for	ro	=	4.035	cm	and	ri	=	3.55	cm.	Page	270	5-3.8	Centrifugal	Instability	The	previous	stability	examples	have	all	been	parallel	viscous	flows.	A	somewhat	different	but	related	case	corresponds	to	that	of	centrifugal	instability	of	rotating	flows.	In	this	context,	we	recall	that
the	classic	Couette	flow	between	rotating	cylinders,	Eq.	(3-22),	breaks	down	for	a	finite	configuration	of	rotational	speeds	and	radii.	As	illustrated	in	Fig.	5-22a,	the	flow	that	ensues	is	not	turbulent	but	rather	stable	laminar	flow	of	rows	of	circumferential	toroidal	vortices,	called	Taylor	vortices,	after	G.	I.	Taylor	(1923).	Turbulence	does	not	appear
until	much	higher	rotational	rates.	Page	271	A	criterion	for	inviscid	rotational	instability	was	deduced	by	Rayleigh	(1916):	“An	inviscid	rotating	flow	is	unstable	if	the	square	of	its	circulation	decreases	outward.”	In	other	words,	stability	is	ensured	if	For	Couette	flow	between	cylinders	[Eq.	(3-22)],	this	reduces	to	(5-41)	where	the	subscripts	i	and	o
denote	the	inner	and	outer	surfaces,	respectively.	From	this	condition,	we	deduce	the	following	intriguing	predictions:	1.	Inner	cylinder	rotating,	outer	cylinder	at	rest:	unstable	2.	Inner	cylinder	at	rest,	outer	cylinder	rotating:	stable	3.	Cylinders	rotating	in	opposite	directions:	unstable	Actually,	viscosity	tends	to	stabilize	and	smudge	these	boundaries
somewhat.	Viscous	instability	is	studied	by	allowing	the	basic	flow,	given	by	Eq.	(3-22),	to	be	perturbed	with	small	disturbances	in	υ	r,	υ	θ,	υ	z,	and	p.	This	analysis	was	performed	by	Taylor	(1923)	in	a	two-pronged	experimental	and	analytical	study.	By	assuming	that	the	clearance,	C	=	(ro	−	ri),	is	small	relative	to	ri,	Taylor	simplified	the	problem	so
that	stability	became	dependent	only	on	Ωo/Ωi	and	a	dimensionless	parameter,	now	called	the	Taylor	number:	(5-42)	Note	that	small-gap	stability	theory	predicts	that,	for	instability	occurs	at	(5-43)	FIGURE	5-23	Longitudinal	vortices	in	concave-wall	flow.	[After	Go¨rtler	(1955)].	Page	272	The	critical	wave	number	of	3.12	is	nearly	π,	i.e.,	the	toroidal
vortices	that	form	in	Fig.	5-22a	are	nearly	square.	These	results	are	in	good	agreement	with	the	careful	experiments	of	Coles	(1965).	As	Ta	increases,	the	laminar	vortices	begin	to	develop	circumferential	waves	while	remaining	laminar.	At	Ta	≈	160,000	turbulence	ensues.	Photographs	of	these	toroidal	vortices	are	given	in	the	photo	album	of	van
Dyke	(1982).	Experimental	results	for	turbulent	Couette	flow	at	very	high	Taylor	numbers,	8	×	10	7	<	Ta	<	4	×	10	9,	are	reported	by	Townsend	(1984).	In	a	related	example,	G	¨rtler	(1955)	pointed	out	the	existence	of	longitudinal	vortex	instability	in	boundary-layer	flow	along	a	concave	wall,	as	illustrated	in	Fig.	5-23.	For	small	0.1,	these	paired
streamwise	vortices	begin	to	form	at	about	U∞	δ/ν	≈	5.	They	are	thought	to	have	a	strong	influence	on	early	transition	to	turbulence	on	concave	walls.	Still	another	example	of	centrifugal	instability	is	the	flow	over	a	rotating	disk,	which	was	discussed	in	Sec.	3-8.2.	The	experiments	of	Gregory	et	al.	(1955)	showed	unstable	logarithmic-spiral	vortices	in
a	finite-thickness	ring	on	the	disk,	as	in	Fig.	3-38.	The	threedimensional	disturbance	equations	were	found	by	Malik	(1986)	to	be	unstable	at	a	kinetic	Reynolds	number	corresponding	to	Lingwood	(1995)	then	found	a	point	of	absolute	(multidirectional,	nonconvective)	instability	at	Re	Her	experiments	then	showed	that	absolute	instability	is
immediately	followed	by	transition	[Lingwood	(1996)].‡‡	In	fact,	excellent	reviews	of	centrifugal	instability	are	given	by	Drazin	and	Reid	(1981)	and	Koschmieder	(1993).	5-4	TRANSITION	TO	TURBULENCE	The	linearized	stability	theory	of	the	previous	two	sections	predicts	the	demise	of	laminar	flow	at	some	finite	Reynolds	number.	It	does	not
predict	the	onset	of	turbulence.	Following	the	initial	breakdown	of	laminar	flow	through	amplification	of	infinitesimal	disturbances,	the	flow	passes	through	a	complicated	sequence	of	spatial	changes;	the	result	is	the	unsteady	and	disorderly	but	strangely	rational	and	marvelously	stable	phenomenon	known	as	turbulence.	The	evolutionary	process
from	laminar	to	turbulent	flow	is	termed	transition.	After	a	century	of	research	on	the	transition	process,	there	has	been	significant	progress,	especially	in	visualization	of	unstable	waves,	but	the	mechanisms	are	still	not	completely	understood.	Historically,	opinions	about	transition	have	shifted	from	one	concept	to	another.	The	Rayleigh	inviscid
theories	of	1880	obscured	the	real	problem	in	boundary	layers:	viscous	instability	of	infinitesimal	disturbances.	Then,	when	the	viscous	Tollmien–Schlichting	waves	were	predicted	in	1929,	researchers	doubted	them	because	the	(noisy)	experiments	of	the	day	pointed	clearly	to	transition	as	a	three-dimensional	“explosion”	into	turbulence.	Twenty
years	later,	when	Schubauer	and	Skramstad	and	also	Liepmann	documented	the	Tollmien–	Schlichting	waves,	the	rush	of	opinions	to	embrace	the	two-dimensional	cause	was	so	great	that	Liepmann’s	clear	indication	of	spanwise	fluctuations	was	entirely	ignored.	A	decade	later,	Emmons	(1951)	accidentally	noticed	sporadic	turbulent	spots	on	shallow
running	water;	two-dimensionality	was	abandoned,	and	suddenly,	as	Morkovin	(1969)	wryly	notes,	“everyone	was	seeing	spots.”	It	was	another	decade	before	Klebanoff	et	al.	(1962)	clarified	the	essential	intermediate	process	involving	longitudinal	vorticity	and	spanwise	energy	exchange.	Added	to	this	is	the	annoying	unit	Reynolds	number	effect,	by
which	transition	processes	differ	among	the	various	experimental	facilities,	indicating	a	strong	role	for	the	initial	disturbance	spectrum	(freestream	turbulence,	radiated	noise,	surface	roughness)	on	the	actual	paths	toward	turbulence.	The	complexities	of	these	parameters	and	their	interactions	continue	to	discourage	our	hopes	for	a	definitive	picture
of	the	transition	process.	Page	273	FIGURE	5-24	The	classic	pipe-flow	dye	experiment	of	Reynolds	(1883):	(a)	low	speed:	laminar	flow;	(b)	high	speed:	turbulent	flow;	(c)	spark	photograph	of	condition	(b).	A	dramatic	example	of	our	limited	knowledge	is	the	fact	that	the	original	transition	experiment	(pipe	flow)	is	still	not	well	understood.	Reynolds
(1883)	conducted	the	classic	experiment	of	introducing	dye	into	the	entrance	of	a	circular	pipe,	as	in	Fig.	5-24.	By	varying	the	flow	speed	at	constant	diameter	and	viscosity,	Reynolds	was	in	effect	varying	the	dimensionless	parameter	Re	=	u	,	later	named	after	him.	At	low	speed	(Re	<	2000),	the	flow	remained	laminar,	and	the	dye	filament	stayed
along	a	nearly	straight	and	distinct	streamline,	as	in	Fig.	5-24a.	As	speed	was	increased	to	a	value	of	Re	between	2000	and	13,000,	depending	upon	the	smoothness	of	entrance	conditions,	the	filament	broke	up	somewhere	downstream	and	mixed	rapidly	with	surrounding	water	to	color	the	tube	completely,	as	in	Fig.	5-24b.	The	flow	in	the	well-mixed
region	was	turbulent,	but	a	spark	photograph	(Fig.	5-24c)	revealed	that	the	instantaneous	filament	was	actually	still	confined	to	a	relatively	distinct	set	of	curls	and	eddies.	These	eddies	and	associated	fluid	parcels	appeared	in	rapid	three-dimensional	motion	at	frequencies	up	to	thousands	of	hertz,	thereby	producing	a	color-blurred	effect	to	the	naked
eye	(Fig.	5-24b).	It	was	also	found	that	no	transition	occurred	for	Re	<	2000,	no	matter	how	rough	and	noisy	the	entrance	conditions	were	made.	Some	other	facts	regarding	Fig.	5-24	are	worth	noting:	(1)	the	transition	occurs	downstream,	not	in	the	pipe	entrance,	with	the	actual	point	tending	to	move	toward	the	entrance	with	successive	increases	in
the	Reynolds	number;	(2)	there	is	a	clear	region	of	amplification	from	laminar	flow	into	turbulence,	and	far	downstream	the	turbulence	reaches	a	fully	developed	equilibrium	state	of	balance	between	production	and	decay	independently	of	the	initial	disturbance;	(3)	at	the	beginning	of	the	turbulent	zone,	the	flow	is	only	intermittently	turbulent,
interspersed	with	laminar-flow	spots.	For	example,	in	the	measurements	of	Rotta	(1956),	at	Re	=	2500,	the	flow	is	about	50	percent	turbulent	(intermittency	factor	γ	=	0.5)	at	x/d	=	200	and	still	only	about	85	percent	turbulent	(γ	=	0.85)	at	x/d	=	500.	The	same	phenomenon	of	intermittency	occurs	in	boundary-layer	flow,	where	it	delineates	a	rather
sharp	interface	between	turbulent-boundary-layer	flow	and	nearly	nonturbulent	outer	flow	(Fig.	6-5).	5-4.1	Development	of	Spanwise	Vorticity	If	the	initial	disturbance	spectrum	is	nearly	infinitesimal	and	random	(with	no	discrete	frequency	peaks),	theory	predicts	and	experiment	validates	that	the	initial	instability	will	occur	as	two-dimensional
Tollmien–Schlichting	waves,	traveling	in	the	mean-flow	direction	so	long	as	compressibility	is	unimportant.	However,	three-dimensionality	soon	appears	as	the	Tollmien–Schlichting	waves	rather	quickly	begin	to	show	spanwise	variations.	This	tendency	toward	three-dimensionality	was	not	predicted	or	expected	until	the	experiments	of	the	1960s.	In
this	context,	Klebanoff	et	al.	(1962)	showed	that	a	shear	layer	in	the	unstable	region	has	a	strong	propensity	to	amplify	any	slight	three-dimensionality,	which	surely	must	be	present	in	any	natural-disturbance	spectrum.	Figure	5-25shows	the	rapid	development	of	spanwise	peaks	and	valleys	in	the	streamwise	velocity	fluctuations	downstream	of	a
vibrating	ribbon	containing	spacers.	The	spanwise	variation	is	slight	downstream,	but	11	cm	later,	the	peaks	are	4	times	as	strong	as	the	valleys.	Similar	variations	(not	shown)	develop	in	the	lateral	and	vertical	fluctuations,	and	the	flow	approaches	a	condition	of	thorough	threedimensionality	so	characteristic	of	fully	turbulent	flow.	The	flow	in	Fig.	5-
25,	however,	is	still	laminar.	FIGURE	5-25	Flow	past	a	thin	airfoil:	(a)	low	incidence	angle,	smooth	flow,	no	separation;	(b)	high	incidence	angle,	upper	surface	separates	or	“stalls,”	lift	decreases.	Page	274	The	1980s	have	produced	excellent	visualizations	of	the	growth	process	of	Tollmien–	Schlichting	waves.	There	are	many	excellent	discussions	by
various	authors	in	the	monograph	edited	by	Tatsumi	(1984).	In	particular,	Saric	and	Thomas	(1984)	use	smoke-wire	visualization	of	flat-plate	flow	to	demonstrate	three	different	types	of	Tollmien–Schlichting	wave	breakdown.	Whereas	Klebanoff	et	al.	(1962)	use	a	ribbon	with	spacers,	Saric	and	Thomas	(1984)	use	an	unadorned	ribbon	and	then	vary
the	rms	amplitude	and	frequency	of	its	vibrations.	The	results	are	shown	in	Fig.	5-26	and	are	called	vortices.	Figure	5-26a	shows	in-phase	vortices—i.e.,	peak-following-peak—which	have	the	same	wavelength	as	a	Tollmien–Schlichting	wave	and	arise	at	fluctuation	amplitudes	of	approximately	1	percent	of	U∞.	These	waves	are	identical	to	those	in	Fig.
5-25	and	are	hence	called	K-type	vortices,	after	Klebanoff.	The	spanwise	wavelength	λ	z	is	about	one-half	of	the	streamwise	value,	λ	x.	At	lower	amplitudes	(≈	0.3	percent	of	U∞),	a	structure	of	staggered	waves,	with	peakfollowing-valley,	appears	as	in	Fig.	5-26b.	The	streamwise	wave	number	and	frequency	are	approximately	one-half	of	a	Tollmien–
Schlichting	wave,	and	λ	z	≈	1.5λ	x.	The	pattern	constitutes	a	subharmonic	unstable	wave,	now	called	a	C-type	vortex	after	Craik	(1971),	who	first	explained	its	structure	as	a	superposition	of	a	wave	triad.	Finally,	Fig.	5-26c	shows	a	second	type	of	staggered	(subharmonic)	vortex	pattern	with	λ	x	≈	2λ	TS	but	with	short	span,	λ	z	≈	0.7λ	x.	These	waves
occur	at	an	intermediate	fluctuation	amplitude	of	about	0.6	percent	of	U∞	and	are	called	H	waves,	after	Herbert	(1983),	who	showed	that	they	arise	from	a	secondary	instability	of	Tollmien–Schlichting	waves	to	threedimensional	disturbances.	It	can	therefore	be	seen	that	there	are	many	paths	from	Tollmien–Schlichting	waves	to	turbulence,	and	many
of	them	are	explained	by	the	nonlinear	theories	of	flow	instability,	as	reviewed	by	Stuart	(1987)	and	in	Chap.	5	of	the	text	by	Schmid	and	Henningson	(2001).	However,	the	nonlinear	theories	are	beyond	the	scope	of	the	present	text.	5-4.2	Turbulent	Spots:	The	Final	Transition	Process	We	have	seen	that	a	shear	layer	develops	viscous	instability	and
forms	Tollmien–Schlichting	waves	that	grow,	while	still	laminar,	into	finite	amplitude	(1–2	percent)	three-dimensional	fluctuations	in	velocity	and	pressure.	From	then	on,	the	process	is	more	akin	to	a	breakdown	than	a	growth.	The	longitudinally	stretched	vortices	undergo	a	cascading	breakdown	into	smaller	units,	until	the	relevant	frequencies	and
wave	numbers	approach	randomness.	Then,	in	this	diffusely	fluctuating	state,	intense	local	changes	occur	at	random	times	and	locations	in	the	shear	layer	near	the	wall.	Turbulence	bursts	forth	in	the	form	of	growing	and	spreading	spots,	first	noticed	by	Emmons	(1951)	on	the	surface	of	a	shallow-water	channel.	Since	then,	many	workers	have	been
able	to	generate	artificial	spots	using,	for	example,	an	electric	spark.	Page	275	Figure	5-27	shows	a	compilation	of	various	observations	of	the	growth	and	shape	of	turbulent	spots.	Viewed	from	above—Figs.	5-27a	and	c—a	spot	looks	like	an	arrowhead	moving	downstream	and	spreading	at	a	half-angle	that	is	typically	reported	between	8°	and	12°.	The
leading	edge	travels	at	about	0.9	U∞	whereas	the	trailing	edge	propagates	more	slowly,	at	about	0.5U∞.	Thus,	the	spot	grows	in	size	but	its	normalized	shape	remains	unchanged,	as	confirmed	in	Fig.	5-27b	at	five	different	x	positions.	The	disorderly	patterns	in	Fig.	5-27c	suggest	that	the	spot	is	fully	turbulent.	Its	detailed	structure	becomes	finer	as
the	Reynolds	number	increases—see,	e.g.,	photos	111	in	van	Dyke	(1982).	For	Fig.	5-27c,	Re	x	≈	400,000	at	the	center	of	the	spot.	Carlson	et	al.	(1982)	use	a	visualization	method	to	capture	the	traveling	spot	itself.	Their	photos	show	strong	oblique	waves	at	both	the	front	and	the	rear	“wings”	of	the	arrowhead.	The	results	also	suggest	that	unstable
wave	breakdown	continues	to	play	a	role	even	after	the	spot	is	formed.	Since	the	spots	grow	and	remain	intensely	turbulent,	they	must	entrain	the	surrounding	laminar	fluid	to	maintain	themselves.	Wygnanski	et	al.	(1976)	report	that	the	strongest	entrainment	occurs	at	the	leading	edge	as	well	as	the	upper	surface	of	the	trailing	edge.	In	boundary-
layer	flow,	spots	form	randomly	and	naturally	in	what	Dhawan	and	Narasimha	(1958)	report	as	a	narrow	transverse	band	Δx,	which	remains	small	compared	to	the	length	of	the	transition	zone.	Since	the	spots	spread	downstream,	they	inevitably	coalesce	into	a	region	where	they	continually	evolve	and	prosper.	The	flow	downstream	is	then	said	to	be
fully	turbulent	and,	as	will	be	seen	in	Chap.	6,	is	scaled	by	modeling	laws	that	are	entirely	different	from	those	of	laminar	flow.	Our	overall	picture	of	the	transition	process	in	boundary-layer	flow	past	a	smooth	surface	hence	consists	of	the	following	processes:	1.	2.	3.	4.	5.	6.	7.	Stable	laminar	flow	near	the	leading	edge.	Unstable	two-dimensional
Tollmien–Schlichting	waves.	Development	of	three-dimensional	unstable	waves	and	hairpin	eddies.	Vortex	breakdown	at	regions	of	high	localized	shear.	Cascading	vortex	breakdown	into	fully	three-dimensional	fluctuations.	Formation	of	turbulent	spots	at	locally	intense	fluctuations.	Coalescence	of	spots	into	fully	turbulent	flow.	FIGURE	5-26	Patterns
of	unstable	vortex	breakdown	in	a	boundary	layer:	(a)	K-type	(u	′	/U∞	≈	1	percent)	aligned	in-phase	and	similar	to	a	Tollmien–Schlichting	wave;	(b)	Ctype	(0.3	percent)	staggered	subharmonic	with	λ	z	≈	1.5λx;	(c)	H-type	(0.6	percent)	staggered	subharmonic	with	λ	z	≈	0.7λx.	[Courtesy	of	Dr.	William	S.	Saric].	FIGURE	5-27	Observations	of	turbulent
spot	growth:	(a)	plan	and	elevation	sketches	[after	Schubauer	and	Klebanoff	(1995)];	(b)	normalized	measured	shape	[after	Wygnanski	et	al.	(1976)];	and	(c)	visualization	by	aluminum	flakes	in	a	water	channel	[Cantwell,	B.,	Coles,	D.	and	Dimotakis,	P.,	“Structure	and	Entrainment	in	the	Plane	of	Symmetry	of	a	Turbulent	Spot,”	Journal	of	Fluid
Mechanics,	87	(1978):	641–72].	Page	276	These	phenomena	are	sketched	as	an	idealized	flat-plate	flow	in	Fig.	5-28a,	which	also	illustrates	the	contamination	effect	of	the	lateral	edges	of	the	plate.	The	edges	simulate	a	finite	disturbance	which,	if	severe	enough,	can	cause	immediate	transition	to	turbulent	flow	(without	spots).	Figure	5-28b	confirms
this	picture	with	a	smoke-flow	visualization	of	transition	on	the	straight	cylindrical	portion	of	a	body	of	revolution.	Qualitatively	similar	effects	occur	in	the	presence	of	mild	pressure	gradients.	A	motion	with	a	strong	adverse	gradient,	being	both	unstable	and	subject	to	flow	separation,	may	shortcircuit	some	steps	and	instead	form	a	separation
bubble,	with	the	reattached	flow	downstream	being	fully	turbulent.	5-4.3	Classification	of	Boundary-Layer	Transition	Processes	There	are	three	types	of	wall-bounded	transition	processes	in	fluids	engineering.	An	interesting	chart	was	given	by	Morkovin	(1969b),	and	the	subject	was	reviewed	by	Mayle	(1991)	in	his	IGTI	Scholar	Lecture	related	to	gas
turbine	engines.	The	three	scenarios	are:	1.	Natural	transition.	This	is	the	gradual	process	of	Fig.	5-28,	caused	by	infinitesimal	disturbances.	The	flow	changes	from	TS	waves	to	three-dimensional	waves,	vortex	breakdown,	turbulent	spots,	and	fully	turbulent	flow,	in	this	sequence.	The	stream	should	be	quiet	and	the	walls	smooth.	2.	Bypass	transition.
If	the	walls	are	rough,	the	freestream	noisy,	the	surface	vibrating,	or	the	stream	subject	to	acoustic	waves,	the	flow	may	skip	the	early	stages	of	natural	instability	and	go	directly	to	vortex	breakdown	or	turbulent	spot	production.	Large	disturbances	cause	the	bypass.	3.	Separated-flow	transition.	If	a	laminar	boundary	layer	separates	and	forms	a
separation	bubble,	it	will	likely	reattach	as	a	turbulent	fluid.	Some	or	all	of	the	natural	transition	processes	of	Fig.	5-28	may	occur	in	the	region	of	the	bubble.	FIGURE	5-28	Description	of	the	boundary-layer	transition	process:	(a)	idealized	sketch	of	flatplate	flow	and	(b)	smoke	visualization	of	flow	with	transition	induced	early	by	acoustic	input	at	ReL
=	814,	000	and	500	Hz.	[Courtesy	of	J.T.	Kegelman	and	T.J	Mueller,	University	of	Notre	Dame].	5-4.3.1	BOUNDARY-LAYER	RECEPTIVITY.	Bypass	transition	is	not	just	a	sudden	change.	It	may	take	a	number	of	different	paths,	usually	called	transient	growth,	on	the	way	to	transition.	Finding	these	paths	by	theory,	CFD	simulations,	or	experiment	is	a
field	of	research	called	boundary-layer	receptivity,	reviewed	by	Saric	et	al.	(2002).	Page	277	5-5	ENGINEERING	PREDICTION	OF	TRANSITION	There	is	no	fundamental	theory	of	transition,	but	there	are	experiments	and	correlations	which	try	to	predict	the	final	onset	of	fully	turbulent	flow,	such	as	Re	x,tr	or	Re	θ,tr,	as	a	function	of	the	following
parameters:	1.	2.	3.	4.	5.	6.	Pressure	gradient.	Freestream	turbulence.	Wall	roughness.	Mach	number.	Wall	suction	or	blowing.	Wall	heating	or	cooling.	Understandably,	most	of	the	approximations	deal	with	only	one	or	two	of	these	parameters.	FIGURE	5-29	The	two-step	calculation	of	the	transition	point.	Page	278	5-5.1	Effect	of	Pressure	Gradient
Consider	the	problem	sketched	in	Fig.	5-29.	We	assume	that	U(x)	is	known,	with	zero	freestream	turbulence,	and	that	the	walls	are	smooth,	impermeable,	and	unheated.	The	boundary	layer	will	be	initially	laminar	and	becomes	unstable	at	point	x	i,	where	undamped	Tollmien–Schlichting	waves	first	appear.	These	waves	will	grow	and	distort,	in	the
manner	of	Fig.	5-28,	until	the	point	of	transition	or	fully	turbulent	flow,	x	tr,	is	reached.	We	wish	to	predict	x	tr,	using	x	i	as	an	input	if	necessary.	We	briefly	look	at	four	methods.	5-5.1.1	THE	TWO-STEP	METHOD	OF	GRANVILLE.	An	early	and	still	popular	method	of	Granville	(1953)	requires	the	computation	of	x	i	first,	perhaps	by	following	H(λ)	from
Thwaites’	method	until	it	hits	the	Recrit	correlation	of	Fig.	5-12.	Then,	while	continuing	to	monitor	Reθ(x),	Granville	suggests	computing	a	mean	Thwaites’	parameter,	(5-44)	where	We	can	assume	that	x	tr	occurs	when	Reθ	strikes	Granville’s	transition	data,	which	can	be	fit	to	the	following	formula:	(5-45)	For	an	adverse	gradient	(λ	≈	−	0.1),	the	last
term	is	negligible	and	transition	is	very	near	to	x	i.	For	a	favorable	gradient,	the	last	term	is	very	large	and	transition	moves	far	downstream.	5-5.1.2	THE	ONE-STEP	METHOD	OF	MICHEL.	An	extremely	simple	but	effective	method	was	proposed	by	Michel	(1952)	in	the	form	of	a	correlation	based	on	local	values	of	momentum	thickness	and	position.
One	ignores	x	i	and	simply	computes	θ(x)	from,	say,	Thwaites’	method,	Eq.	(4-159),	until	we	strike	Michel’s	“transition	line”	(5-46)	The	computed	Reθ	(x)	should	approach	this	curve	unambiguously	from	below.	5-5.1.3	THE	ORR–SOMMERFELD	METHOD	OF	JAFFE	ET	AL.	In	the	same	paper	in	which	Eq.	(5-46)	was	proposed,	Michel	(1952)	noted	that
the	transition	points	in	his	data	compilation	seemed	to	correspond	to	total	amplification	of	Tollmien–Schlichting	waves	equal	to	about	A/A0	≈	104,	where	A	0	represented	the	initial	amplitude.	This	fact	inspired	workers	in	computational	stability	to	evaluate	the	eigenvalues	of	various	boundary-layer	profiles	and	then	compute	the	total	wave	growth	at	a
given	frequency.	In	this	way,	Smith	and	Gamberoni	(1956)	and,	independently,	van	Ingen	(1956)	verified	that	temporal	stability	theory,	when	applied	to	these	experiments,	would	predict	a	total	growth	of	(5-47)	This	method	became	quickly	known	as	the	method.	Later,	Jaffe	et	al.	(1970)	showed	that	a	more	realistic	procedure	would	be	to	use	spatial
stability	theory	to	evaluate	the	overall	growth	rate.	Their	computations	with	the	exact	velocity	profiles,	rather	than	with	localsimilarity	approximations,	gave	good	agreement	with	transition	measurements	when	the	growth	rate	was	spatially	integrated	and	set	equal	to	(5-48)	FIGURE	5-30	Constant-frequency	amplification	curves	for	flat-plate	flow	from
linear	stability	theory	[Eq.	(5-48)].	Each	curve	represents	a	slice	through	the	Blasius	thumb	curves	of	Fig.	5-6b.	[After	Jaffe	et	al.	(1970)].	Page	279	Thus,	one	also	hears	of	the	method.	An	example	of	their	calculations	of	constantfrequency	growth	curves	for	the	Blasius	profile	is	shown	in	Fig.	5-30.	Although	Gaster	(1962)	proposed	a	transformation	to
relate	temporal	and	spatial	growth	rates	and	propagation	speeds,	the	accuracy	was	only	fair	and	thus	Eq.	(5-48)	prevailed.	Subsequently,	in	the	spirit	of	Michel’s	formula	given	by	Eq.	(5-46),	Cebeci	and	Smith	(1974)	suggested	that	the	e	9	computations	be	correlated	using	(5-49)	which	is	claimed	to	be	somewhat	more	accurate	than	Michel’s	relation.
5-5.1.4	THE	ONE-STEP	METHOD	OF	WAZZAN	ET	AL	The	success	of	Fig.	512	in	correlating	to	H	for	widely	different	cases	led	Wazzan	et	al.	(1979,	1981)	to	propose	a	similar	correlation	for	the	transition	Reynolds	number.	These	researchers	found	that	the	e	9	method	gave	the	same	result	for	parameters	such	as	the	pressure	gradient,	suction	and
blowing,	or	heating	and	cooling,	if	plotted	in	terms	of	the	transition	shape	factor.	Their	correlation	is	shown	as	the	upper	curve	in	Fig.	5-31.	The	lower	curve	gives	computed	from	Fig.	5-12	by	converting	to	.	To	use	Fig.	5-31,	one	computes	H(λ)	by	any	laminar-boundary-layer	method,	e.g.,	Thwaites’.	Transition	is	predicted	when	this	locus	,	rising	from
below,	intersects	the	upper	curve.	Wazzan	et	al.	(1981)	suggested	the	following	curve	fit	for	the	upper	curve:	(5-50)	for	2.1	<	H	<	2.8.	This	method	is	not	well	validated	experimentally,	but	is	attractive	nonetheless	because	of	the	widespread	acceptance	of	the	e	9	method.	5-5.1.5	COMPARISON	FOR	FLAT-PLATE	FLOW.	As	a	preliminary	comparison,
we	can	compute	Re	x,	tr	for	flat-plate	flow	by	each	of	the	four	previous	methods	and	tabulate	them	as	follows:	FIGURE	5-31	Correlation	of	critical	and	transition	Reynolds	numbers	versus	boundary-layer	shape	factors.	[After	Wazzan	et	al.	(1981)].	Page	280	Obviously,	there	is	a	sharp	difference	between	the	older	methods	and	Wazzan	et	al.	(1981).	One
reason	might	be	seen	in	the	two	flat-plate	sets	of	data	points	compared	quietly	but	provocatively	in	Fig.	5-31.	The	older	methods	were	turned	toward	the	experiment	of	Schubauer	and	Skramstad	(1947),	which	reported	Rex,tr	≈	2.8	×	10	6	at	0.02	percent	turbulence.	Later,	Wells	(1967)	extended	the	transition	point	to	Rex,tr	≈	4.9	×	106	by	eliminating
acoustic	disturbances	present	in	the	Schubauer–Skramstad	data.	The	Wazzan	estimate	reflects	this	quieter	experiment.	Because	transition	is	so	sensitive	to	various	types	of	disturbances,	it	is	doubtful	if	a	simple	theory	can	resolve	these	effects.	5-5.1.6	COMPARISON	FOR	THE	FALKNER–SKAN	FLOWS.	As	a	further	comparison	of	pressure	gradient
effects,	in	the	absence	of	freestream	turbulence	or	wall	roughness	and	heat	transfer,	the	four	theories	above,	plus	two	others	to	be	discussed,	were	applied	to	the	Falkner–Skan	wedge	flows.	Where	necessary,	Reθ	(x)	was	computed	using	Eq.	(4-159)	of	Thwaites’	method.	The	results	are	plotted	in	Fig.	5-32.	Mindful	of	the	log	scale,	we	see	that	all	six
methods	are	comparable	for	β	=	0	and	fairly	consistent	for	adverse	gradients	(	β	<	0).	However,	they	differ	by	five	orders	of	magnitude	for	strong	favorable	gradients	(	β	>	0.5).	One	surmises	that	these	methods	are	not	well	calibrated	for	favorable	gradients,	although	many	such	cases	occur	in	fluids	engineering.	It	is	recommended	that	Wazzan’s	
relation	Eq.	(5-50)	be	used	in	such	cases.	5-5.1.7	DIRECT	NUMERICAL	SIMULATION	OF	TRANSITION.	The	formulas	recommended	in	this	section	are	correlations,	not	theories.	There	is	no	pure	theory	of	transition,	but	numerical	methods	are	making	inroads.	The	DNS	technique,	reviewed	by	Moin	and	Mahesh	(1998),	solves	the	full	time-dependent
Navier–Stokes	equations,	without	“closure”	models,	thereby	accounting	for	all	important	scales	of	the	flow.	In	this	vein,	as	the	Reynolds	number	increases,	the	number	of	CFD	mesh	points	must	increase	rapidly.	To	avoid	a	googol	of	nodes,	the	foreseeable	limit	is	a	low-turbulent	Reynolds	number.	This	will	be	sufficient	for	a	DNS	study	of	transition	that
focuses	on	simulating	disturbances	such	as	vibrating	ribbons,	freestream	turbulence,	and	wall	roughness.	Kleiser	and	Zang	(1991)	review	results	through	1990.	Rist	and	Fasel	(1995)	use	an	improved	spatial	(as	opposed	to	temporal)	computation	and	replicate	transition	experiments.	Bake	et	al.	(2002)	model	a	vibrating-ribbon	disturbance,	and	their
results	agree	well	with	Klebanoff	(K-type)	transition	experiments	(Fig.	5-26a).	At	the	time	of	this	writing,	DNS	computations	continue	to	predict	transition	for	a	variety	of	geometries	and	disturbances.	FIGURE	5-32	Transition	Reynolds	numbers	for	the	Falkner-Skan	wedge	flows	as	predicted	by	six	different	methods.	Page	281	5-5.2	Effect	of
Freestream	Turbulence	We	have	already	discussed	the	fact	that	a	noisy	freestream	hastens	the	transition	process	and,	in	the	early	days,	has	masked	the	initial	role	of	Tollmien–Schlichting	waves.	The	parameter	characterizing	freestream	turbulence	level	is	defined	as	(5-51)	in	which	U	denotes	the	mean	freestream	velocity,	and	u	′	,	υ	′	,	and	w	′
represent	the	fluctuating	velocities	in	the	freestream.	The	notation	stands	for	the	mean	square	fluctuation,	which	is	averaged	over	a	sufficiently	long	period	of	time	(see	Sec.	6-1	for	the	rules	of	time	averaging).	The	effect	of	T	on	transition	is	very	strong:	At	T	=	0.35	percent,	Re	tr	is	already	50	percent	lower	than	its	“quiet”	value	corresponding	to	the
experiment	of	Schubauer	and	Skramstad	(1947).	It	should	be	noted	that	the	term	“freestream	disturbances”	is	somewhat	ambiguous.	Different	effects	occur	when	the	disturbances	are	due	to	(1)	grid-generated	turbulence,	(2)	acoustic	noise,	(3)	excited	standing	waves,	and	(4)	excited	traveling	waves.	This	is	illustrated	in	Fig.	5-33	for	flat-plate	flow
experiments.	The	experiment	of	Wells	(1967),	which	was	free	of	acoustic	noise	but	contained	standing	waves,	gave	a	high	“quiet”	value	.	When	grids	were	added	to	produce	freestream	turbulence,	Wells’	data	dropped	down	to	meet	those	of	Schubauer	and	Skramstad	(1947),	whose	data	are	thought	to	contain	acoustic	noise.	The	latter	reported	a	quiet
Re	tr	of	only	2.8	×	106.	Spangler	and	Wells	(1968)	then	used	Wells’	facility	to	stimulate	the	boundary	layer	with	excited	acoustic	waves	of	specific	frequencies	known	to	be	unstable	based	on	the	Orr–Sommerfeld	equation	(see	Fig.	5-9).	In	this	work,	standing	waves	were	suppressed	and	traveling	waves	at	82	Hz	(above	the	thumb	curve)	caused	no
effect,	but	waves	at	27,	43,	and	76	Hz	caused	rapid	decreases	in	Rex,tr	as	seen	in	Fig.	5-33.	Here	the	use	of	grids	(open	circles)	was	far	more	effective	than	in	Wells’	(1967)	experiment.	Spangler	and	Wells	also	reported	that	the	spectral	density	distribution	of	the	disturbances	was	significant.	Such	experimental	disparities	would	later	prompt	Arnal
(1984)	to	remark,	“There	is	no	universal	Rex,tr(T)	curve.”	FIGURE	5-33	Measured	effect	of	various	types	of	freestream	disturbances	on	the	flat-plate	transition	point.	[After	Spangler	and	Wells	(1968)].	5-5.2.1	THE	CORRELATION	OF	VAN	DRIEST	AND	BLUMER.	Following	a	suggestion	given	by	Liepmann	in	1943,	van	Driest	and	Blumer	(1963)
theorized	that	transition	occurs	when	the	Reynolds	number	associated	with	maximum	vorticity	in	the	boundary	layer,	namely,	Page	282	reaches	a	critical	value	that	can	be	correlated	with	freestream	turbulence.	By	relating	Reω	to	the	shape	of	the	profile	and	fitting	its	critical	value	to	the	data	of	Schubauer	and	Skramstad	(1947),	van	Driest	and
Blumer	derived	the	following	correlation	for	flat-plate	transition:	(5-52)	where	T	is	to	be	taken	as	a	fraction,	not	a	percentage.	Equation	(5-52)	stands	in	excellent	agreement	with	the	solid	line	of	Fig.	5-33	and,	in	fact,	was	“tuned”	to	the	Schubauer	and	Skramstad	data.	To	illustrate	the	combined	effect	of	freestream	turbulence	and	pressure	variation,
van	Driest	and	Blumer	evaluated	for	the	Falkner–Skan	wedge	flows	with	U	=	C	xm	and	arrived	at	the	following	expression:	(5-23)	where	is	the	99	percent	boundary-layer	thickness	in	terms	of	the	similarity	variable	from	Eq.	(4-92).	Equation	(5-53)	includes	the	flat-plate	correlation,	Eq.	(5-52),	as	the	special	case	for	which	m	=	0	and	=	3.5.	Figure	5-34a
is	a	plot	of	Eq.	(5-53),	showing	that	both	freestream	turbulence	and	pressure	gradient	have	strong	effects	on	transition.	This	formula,	with	T	=	0,	is	also	displayed	for	comparison	in	Fig.	5-32	and	is	seen	to	predict	early	transition	for	strong	favorable	gradients.	5-5.2.2	THE	CORRELATION	OF	DUNHAM.	In	studying	boundary-layer	transition	on
turbomachinery	blades,	Dunham	(1972)	collected	data	on	combined	freestream	turbulence	and	pressure	gradient	effects	in	the	following	correlation:	(5-54)	FIGURE	5-34	Combined	effects	of	freestream	turbulence	and	pressure	gradient	on	transition:	(a)	the	correlation	of	van	Driest	and	Blumer	(1963)	for	wedge	flows	and	(b)	the	correlation	of
Dunham	(1972).	where	is	the	Thwaites	parameter.	This	expression	is	plotted	in	Fig.	5-34b	and	is	seen	to	predict	a	strong	stabilizing	effect	of	favorable	gradients	when	T	is	small.	Note	also	that	Dunham’s	correlation	predicts	a	weak	effect	of	pressure	gradients	at	high	turbulence	levels.	Moreover,	Eq.	(5-54)	with	T	=	0	can	be	converted	to	Rex	from	the
Falkner–Skan	relations	as	already	displayed	in	Fig.	5-32.	And	had	we	plotted	Eq.	(5-53)	in	Fig.	5-33	for	λ	=	0,	its	predictions	would	have	fallen	about	10	percent	higher	than	the	curve	labeled	Schubauer	and	Skramstad	(1947).	Page	283	5-5.2.3	MACK’S	MODIFICATION	OF	THE	METHOD.	One	limitation	in	the	correlations	of	Eqs.	(5-53)	and	(5-54)	is
that	one	gets	no	feedback	for	the	effect	of	freestream	turbulence	on	the	spectrum	of	disturbances	or	their	subsequent	amplification.	Mack	(1977)	suggested	that	turbulence	might	be	related	to	the	initial	disturbance	level,	which	would	then	modify	the	e	9	method	into	an	prediction,	where	Accordingly,	he	proposed:	which	is	valid	for	0.0007	≤	T	≤
0.0298.	For	example,	for	T	=	0.0015,	we	get	N	=	7.2.	For	T	=	0.0298,	we	find	N	≈	0,	thus	indicating	that	transition	occurs	right	at	Re	crit.	However,	to	use	this	expression,	one	has	to	integrate	the	amplitude	ratios	from	the	Orr–Sommerfeld	results	using	Eq.	(5-47)	or	(5-48).	Alternatively,	one	could	modify	Wazzan’s	method	in	Fig.	5-31	to	include	lower
levels	of	e	N	[see,	for	example,	Fig.	25	of	Wazzan	et	al.	(1979)].	5-5.2.4	HIGH	FREESTREAM	TURBULENCE:	A	BYPASS	FORMULA.	A	glance	at	Fig.	5-34b	shows	that,	for	freestream	turbulence	above	1	percent,	transition	becomes	virtually	insensitive	to	the	pressure	gradient.	When	the	disturbance	is	sufficiently	large,	the	flow	can	thus	bypass	the
natural	transition	process.	Using	an	optimal-growth	criterion	that	is	proportional	to	the	Reynolds	number,	Schmid	and	Henningson	(2001)	provide	a	simple	but	elegant	dimensionless	formula	for	bypass	transition,	specifically,	(5-55)	FIGURE	5-35	Idealized	effect	of	two-dimensional	roughness	on	transition:	(a)	flat	plate	with	trip	wire	and	(b)	transition
data.	where	the	freestream	turbulence	T	is	expressed	in	percent.	Schmid	and	Henningson	point	out	that	this	relation	is	analogous	to	Eq.	(5-53)	of	van	Driest	and	Blumer.	However,	Eq.	(5-53)	retains	a	substantial	pressure	gradient	effect,	even	at	T	as	high	as	3	percent	[Fig.	5-34a].	5-5.3	Effect	of	Surface	Roughness	on	Transition	Page	284	The	results
so	far	correspond	to	smooth	walls.	The	introduction	of	roughness	or	projection	at	the	wall	will	generally	cause	earlier	transition	because	of	the	additional	disturbances	that	surface	irregularities	feed	into	the	boundary	layer.	We	should	distinguish	between	two	different	geometries:	(1)	two-dimensional	roughness,	a	wire	or	cylinder	stretched	across	the
flow;	and	(2)	three-dimensional	roughness,	a	sphere	or	spike	or	a	single	grain	of	sand.	These	are	considered	single	roughnesses.	There	is	also	the	possibility	of	distributed	roughness	such	as	sandpaper	or	rows	of	cylinders	or	multiple	rivets.	Two-	and	three-dimensional	roughnesses	have	distinctly	different	effects.	Figure	5-35a	shows	an	idealized	two-
dimensional	element—a	transverse	wire	on	a	flat	plate.	As	discussed	by	Klebanoff	and	Tidstrom	(1972),	the	wire	wake	introduces	disturbances	that	raise	the	level	of	the	Tollmien–Schlichting	waves	growing	downstream.	If	the	wire	height	k	is	much	smaller	than	the	local	displacement	thickness	there	is	little	effect	and	transition	occurs	at	the	smooth-
wall	location	x	tr	correlated,	for	example,	in	Fig.	5-33.	As	U	(or	k)	increases	until	exceeds	0.3,	the	point	x	tr	moves	upstream	toward	the	roughness	element,	and	the	value	of	drops	along	a	hyperbolic	curve,	as	shown	in	Fig.	5-35b.	Thus,	a	criterion	for	a	wire	to	“trip”	a	flow	into	turbulence	is	(5-56)	When	freestream	turbulence	is	present,	both	the
smooth-wall	and	roughness-affected	transition	values	decrease,	as	shown	in	the	dashed	line	of	Fig.	5-35b.	The	value	can	be	estimated	from	Fig.	5-33.	As	Dryden	(1953)	pointed	out,	the	effect	of	freestream	turbulence	in	Fig.	5-35b	can	be	suppressed	by	normalizing	the	abscissa	with	its	“quiet”	value.	The	outcome,	as	correlated	by	Dryden	(1953),	is
shown	in	Fig.	5-36a	to	be	a	nearly	universal	curve.	FIGURE	5-36	Flat-plate,	two-dimensional	roughness	transition	data	normalized	to	eliminate	freestream	turbulence	effects:	(a)	incompressible	flow	[after	Dryden	(1953)]	and	(b)	compressible	flow.	Page	285	At	higher	Mach	numbers,	a	two-dimensional	trip	is	much	less	effective.	Figure	5-36b	shows
normalized	transition	data	for	Ma	=	0	(from	Fig.	5-36a),	Ma	=	3.1	[Brinich	(1954)],	and	Ma	=	5.8	[Korkegi	(1956)].	In	this	case,	much	larger	roughness	heights	are	required	for	effective	tripping,	as	predicted	by	Gibbings	(1959):	A	single	three-dimensional	roughness	element	gives	rise	to	a	zone	of	spreading	disturbances	in	its	wake.	There	is	little
effect	on	the	transition	point	until	≈	0.6,	after	which	there	is	a	sharp	drop	in	At	a	local	roughness	Reynolds	number	of	a	low-speed	boundary	layer	is	considered	“tripped,”	and	the	flow	downstream	of	the	element	may	be	viewed	as	a	wedge	of	continuous	turbulence.	As	the	Mach	number	increases,	the	element	remains	an	effective	trip	until	Ma	>	4,
after	which	the	necessary	roughness	height	increases	markedly.	Whitfield	and	Iannuzzi	(1969)	conducted	experiments	at	hypersonic	Mach	numbers	and	gave	a	general	transition	correlation	for	spherical	elements	from	Ma	=	0	to	Ma	=	16.	Distributed	roughness	has	been	less	studied.	Results	for	sand-grain	roughness	reported	by	Feindt	in	1957	[see
Fig.	17.45	of	Schlichting	(1979)]	show	no	effect	on	transition	until	Uk/ν	≈	120,	in	both	favorable	and	adverse	pressure	gradients.	However,	for	Re	k	>	120,	the	transition	point	x	tr	decreases	markedly	with	Re	k.	5-5.4	Transition	of	Unsteady	Flows	All	the	discussions	in	this	section	have	described	transition	in	steady	shear	flows.	Additional	parameters
appear	in	unsteady	flows,	to	which	the	symposium	edited	by	Dwoyer	and	Hussaini	(1987)	was	devoted.	Usually	a	dimensionless	time	or	frequency	is	added	to	the	correlation.	5-5.4.1	OSCILLATING	BOUNDARY	LAYERS.	Obremski	and	Fejer	(1967)	experimented	with	flat-plate	airflow	whose	stream	velocity	varied	approximately	sinusoidally	about	a
mean:	(5-57)	The	amplitude	ratio	N	A	varied	from	0.014	to	0.27,	and	the	frequency	ω	(4.5	to	62	Hz)	was	kept	below	the	range	of	expected	unstable	Tollmien–Schlichting	waves.	Initial	instability	began	in	the	low-velocity	trough	of	the	cycle	(ωt	≈	3π/2).	In	addition	to	the	usual	Rex,tr,	Obremski	and	Fejer	defined	a	“nonsteady	Reynolds	number,”	Re	ns	=
N	A	U0	2/(ων),	and	found	that	Rens	≈	26,000	was	a	critical	point.	As	shown	in	Fig.	5-37a,	for	Rens	>	25,000,	there	was	no	effect	of	the	oscillations	on	the	transition	point	Rex,tr	≈	1.6	×	106.	However,	for	Rens	>	27,000,	the	transition	point	moved	rapidly	forward	as	N	A	increases.	Two	additional	results,	characteristic	of	unsteady	instability,	were
reported	by	Obremski	and	Fejer:	(1)	unstable	wave	packets	were	formed	at	the	velocity	trough	for	all	values	of	Rens,	but	only	for	Rens	>	27,000	did	these	packets	burst	into	turbulence;	and	(2)	at	certain	times	during	transition,	the	wave	packet	interface	appeared	to	move	upstream—something	that	had	not	been	observed	in	steady-flow	instability.	By
evaluating	the	Orr–Sommerfeld	eigenvalues	of	the	instantaneous	velocity	profiles	and	following	their	paths,	Obremski	and	Morkovin	(1969)	were	able	to	propose	a	quasi-steady	theory	which	explained	these	results.	The	subject	of	time-periodic	flow	stability	is	reviewed	by	Davis	(1976).	5-5.4.2	ACCELERATING	FLOW	IN	A	PIPE.	Lefebvre	and	White
(1989,	1991)	experimented	with	water	flow	accelerated	linearly	from	rest	in	a	30	m	long	pipe	with	D	=	5	cm	and	(later)	9	cm.	The	flow	began	as	laminar,	underwent	transition	abruptly	and	almost	globally	(within	30	ms),	then	became	fully	turbulent.	The	laminar	velocity	profiles	were	in	agreement	with	the	classic	solution	of	Szymanski	(1932)	from
Sec.	3-4	(Fig.	3-16).	Compared	to	steady	pipe	flow,	transition	occurred	at	very	high	Reynolds	numbers,	2	×	10	5	≤	Re	D,tr	≤	1.1	×	106,	for	accelerations	from	0.2	to	11.8	ms2.	The	comparison	is	misleading	because	the	velocity	profiles	are	not	parabolas	but	rather	resemble	the	earliest	profile	in	Fig.	3-16,	with	thin	boundary	layers	and	a	flat	core.	The
laminar	profiles	burst	globally	into	turbulence	at	a	transition	time	t	tr	which	is	a	function	of	the	pipe	diameter	D,	acceleration	a,	and	kinematic	viscosity	ν.	By	dimensional	analysis,	we	realize	that	(5-58)	FIGURE	5-37	Transition	in	unsteady	shear	flows:	(a)	on	a	flat	plate	with	oscillating	freestream	[after	Obremski	and	Fejer	(1967)]	and	(b)	in	pipe	flow
accelerated	linearly	from	rest	[after	Lefebvre	and	White	(1991)].	Page	286	The	transition-time	data	for	two	different	pipe	sizes	are	shown	in	Fig.	5-37b.	As	an	approximate	comparison,	Lefebvre	and	White	(1991)	noted	that	Michel’s	steady-flow	criterion,	Eq.	(5-46),	gave	the	simplest	result.	This	is	also	shown	in	Fig.	5-37b.	The	data	are	more	closely	fit
by	a	square-root	relation,	5-5.5	Control	of	Boundary-Layer	Transition	Although	existing	theories	are	not	definitive,	we	know	enough	about	transition	to	make	some	serious	attempts	at	designing	systems	that	control	transition.	This	subject	is	reviewed	by	Reshotko	(1987),	who	also	covers	the	concept	of	receptivity,	the	means	by	which	freestream
disturbances	enter	the	boundary	layer	and	excite	its	“normal	modes”	or	Tollmien–Schlichting	waves.	For	example,	with	reference	to	Fig.	5-33,	why	is	the	boundary	layer	so	receptive	to	certain	types	of	grid	turbulence?	Basically,	boundary	layers	are	stabilized	or	transition	delayed	by	increasing	the	negative	curvature	of	the	profile.	Reshotko	(1987)
extends	Eq.	(5-37)	to	include	a	nonzero	wall	velocity:	(5-59)	From	this	expression	it	may	be	seen	that	the	effects	that	make	the	right-hand	side	more	negative	(stable)	are	1.	2.	3.	4.	Favorable	pressure	gradient:	Wall	suction:	Cooling	of	gases:	Heating	of	liquids:	Delaying	transition	(maintaining	laminar	flow)	will	lower	the	drag	of	vehicles—about	60
percent	of	the	drag	of	aircraft	and	90	percent	of	the	drag	of	underwater	bodies	are	due	to	wall	friction.	Reshotko	(1987)	reviews	work	to	date	on	the	above	effects,	which	we	summarize	here.	A	favorable	pressure	gradient	(effect	1)	is	achieved	by	“shaping”	the	body	so	that	its	point	of	maximum	velocity	moves	far	aft.	One	is	then	faced	with	designing
the	(short)	tail	of	the	body	to	avoid	extensive	flow	separation.	Wall	suction	(effect	2)	has	long	been	known	to	keep	the	boundary	layer	laminar,	reducing	drag,	and	delaying	separation	(thus	achieving	higher	lift).	Pfenninger	and	Reed	(1966)	summarize	research	on	airfoil	suction.	Suction	is	often	less	effective	for	swept	wings,	where	turbulence	from	the
fuselage	tends	to	spread	out	along	the	leading	edge.	Wagner	and	Fischer	(1984)	summarize	efforts	to	keep	leading	edges	free	from	such	contamination.	Cooling	of	gases	(effect	3)	is	very	effective	(Fig.	5-14)	but	expensive,	requiring	cryogenic	equipment	for	application	to	aircraft.	Nevertheless,	Reshotko	(1979)	shows	that	drag	reductions	of	20–25
percent	might	be	a	practical	and	achievable	goal.	Page	287	Surface	heating	of	water	flows	(effect	4)	definitely	stabilizes	boundary	layers.	By	overheating	a	body	of	revolution	in	a	water	flow	to	25°C	above	ambient,	Lauchle	and	Gurney	(1984)	showed	that	Rex,tr	increased	from	4.5	×	106	to	3.64	×	107.	Heating	power	requirements	are	large
(approximately	100	kWm2)	because	of	the	high	heat	capacity	and	thermal	conductivity	of	water.	There	is	much	research	on	active	control	of	boundary	layers	to	delay	transition	or	otherwise	improve	flow	conditioning.	A	general	review	is	given	by	Gad-el-Hak	(1996).	One	method	is	wave	cancellation,	wherein	growing	disturbances	are	detected	and	the
control	system	generates	opposing	waves	that	are	180°	out	of	phase	to	cancel	them.	This	idea	is	surveyed	by	Joslin	et	al.	(1996).	A	second	active-control	proposal,	useful	in	both	transitional	and	turbulent	boundary	layers,	is	to	cover	the	surface	with	an	array	of	piezoelectric	actuators	that	generate	counterrotating	motions	to	cancel	the	streamwise
vortices	that	feed	turbulence.	This	idea	is	reviewed	by	Jacobson	and	Reynolds	(1998).	All	of	the	above	laminar-flow-control	techniques	suffer	from	environmental	factors—	such	as	ice	crystals,	rain,	dirt,	and	sediment	depositions	or	small	organisms	in	water—which	may	bypass	the	control	and	cause	disturbances	that	are	sufficient	to	trigger	turbulence.
5-5.6	Chaos	and	Turbulence	In	1963,	E.	N.	Lorentz,	while	analyzing	a	system	of	first-order	differential	equations	simulating	atmospheric	behavior,	discovered	that	these	apparently	deterministic	equations	led	to	disorderly	solutions,	now	termed	chaos.	These	findings	have	triggered	an	explosion	of	chaos	research	by	physicists,	mathematicians,	and
engineers.	Many	physical	systems	are	found	to	be	chaotic.	For	example,	consider	the	logistic	equation,	a	simple	algebraic	formula	for	predicting	the	growth	of	a	population	x	of	a	biological	species:	(5-60)	where	1	<	r	<	4	is	a	parameter.	Let	us	begin	with	any	initial	guess	0	<	x	<	1	and	iterate	this	equation	for	a	given	value	of	r.	For	1	<	r	<	3,	the
iterates	converge	to	a	single	stable	curve.	At	r	=	3,	the	iterates	bifurcate	into	two	curves.	Two	more	bifurcations	occur	at	r	=	3.5	and	3.6.	Then,	for	r	>	3.6,	the	iterates	spread	chaotically	throughout	the	region	between	the	highest	and	lowest	bifurcations.	Such	behavior	is	illustrated	graphically	in	Fig.	5-38	and	is	characteristic	of	many	seemingly
deterministic	dynamical	systems.	The	chief	requirement	for	chaos	to	occur	in	a	dynamical	system	is	its	extreme	sensitivity	to	initial	conditions.	Slight	changes	in	initial	data	will	create	a	trajectory	that	eventually	diverges	completely	from	neighbors	with	nearly	the	same	starting	conditions.	The	trajectories	will	often	circle	near	a	point,	not	periodically
(i.e.,	a	limit	cycle)	but	rather	wandering	through	changing	layers	that,	in	time,	pass	near	every	part	of	the	region.	These	points	are	called	strange	attractors	and	have	a	“fractal”	dimension	greater	than	the	perceived	geometric	dimensions	of	the	region.	Chaos	theory	is	now	a	mature	science	covered	in	several	textbooks.	It	bears	a	strong	similarity	to
transition,	as	one	can	imagine	by	viewing	Figs.	5-28a	and	5-38.	Both	processes	involve	multiple	bifurcations	and	lead	toward	random	content	but,	as	discussed	in	Chap.	9	of	Drazin	(2002),	it	is	an	oversimplification	to	match	the	two.	Transition	is	too	diverse,	with	too	many	parameters	and	paths	toward	turbulence.	Chaos	and	transition	were	first
compared	in	books	by	Tatsumi	(1984),	Swinney	and	Gollub	(1985),	and	Chevray	(1989).	It	is	known	that	certain	laminar	flows—Couette	flow,	Bénard	convection,	and	fluid	mixing—exhibit	chaotic	behavior.	Certain	turbulent	structures—the	edges	of	jets	and	shear	layers—have	a	fractal	(noninteger)	dimension.	Chaos	and	transition	are	not	analogous,
but	their	parallelism	remains	intriguing	and,	as	such,	has	become	the	subject	of	recent	books	by	Favre	(1995),	Branover	et	al.	(1999),	and	Debnath	and	Riahi	(2000).	FIGURE	5-38	Iterates	of	the	logistic	formula,	Eq.	(5-60).	Bifurcations	occur	at	r	=	3.0,	3.5,	and	3.6.	For	r	>	3.6,	solutions	become	chaotic.	Page	288	5-6	BIGLOBAL	STABILITY	OF
INCOMPRESSIBLE	VISCOUS	FLOW	So	far,	we	have	assumed	that	two-dimensional	disturbances	can	be	suitably	represented	by	traveling	waves	where	α	denotes	the	spatial	wave	number	in	the	x-direction	and,	based	on	temporal	stability	theory,	σ	=	αc	represents	a	complex	angular	frequency.	Accordingly,	a	flow	will	be	unstable	when	σ	i	=	αci	>	0.
In	modeling	three-dimensional	flows	that	exhibit	rapid	changes	in	the	transverse,	or	crossstreamwise	direction	y,	this	traveling	wave	form	becomes	(5-61)	where	x	and	z	represent	the	streamwise	and	spanwise	directions	with	their	corresponding	wave	numbers	α	and	n,	respectively.	In	cylindrical	polar	coordinates,	we	equivalently	have	(5-62)	where	m
denotes	the	tangential	(or	azimuthal)	mode	number.	Such	models	are	appropriate	for	mostly	parallel	flows	that	are	weakly	dependent	on	the	streamwise	coordinate,	namely,	for	which,	(5-63)	In	seeking	greater	generality,	a	biglobal	form	of	the	disturbance	amplitude	may	be	implemented,	specifically	(5-64)	By	expressing	the	disturbance	amplitude	as	a
function	of	two	spatial	coordinates—instead	of	one	only—the	resulting	framework	is	no	longer	restricted	to	a	purely	exponential	form	in	prescribing	spatial	amplification	or	attenuation.	Consequently,	instabilities	of	the	basic	flow	can	be	more	accurately	identified	at	user-specified	values	of	the	wave	number	n	or	m	in	the	third	spatial	direction,	z	or	θ,
respectively.	In	this	section,	we	explore	some	of	the	characteristics	of	the	biglobal	stability	framework	when	used	in	conjunction	with	the	Navier–Stokes	equations.	For	more	detail,	see	Theofilis	(2011),	Chedevergne	et	al.	(2012),	Boyer	et	al.	(2013),	or	Elliott	and	Gibson	(2019).	5-6.1	Linearized	Disturbance	Relations	Based	on	the	Incompressible
Navier–Stokes	Equations	To	initiate	the	stability	analysis,	we	use	the	instantaneous	variables	As	such,	a	generic	variable	may	be	decomposed	into	its	basic	form	plus	a	small	disturbance,	which	can	be	taken	as	a	first-order	perturbation	of	the	basic	motion.	When	inserted	into	a	nonlinear	operator	,	such	as	the	Navier–Stokes	equations	given	by	Eq.	(5-
10),	one	obtains	(Q	0	+	q̂)	=	0.	The	latter	can	be	further	expanded	into	(Q	0)	=	0,	which	is	generally	satisfied	by	the	basic	motion,	plus	a	linearized	operator	acting	on	q	̂	of	the	form	This	linearized	Navier–Stokes	operator,	ℒ(Q	0),	which	dictates	the	behavior	of	q	̂	,	leads	to	the	so-called	disturbance	equation(s).	Page	289	We	illustrate	this	procedure
using	the	three-dimensional	forms	of	the	incompressible	Navier–Stokes	equations.	Starting	with	Eq.	(5-10)	and	using	an	instantaneous	velocity	vector	V	̃	=	(U	̃	,	V	̃	,	W	̃	),	the	continuity,	axial,	tranverse,	and	spanwise	momentum	equations	become	(5-65)	(5-66)	(5-67)	(5-68)	In	cylindrical	polar	coordinates,	we	may	comparably	take	(5-10)	into	and
transform	Eq.	(5-69)	(5-70)	(5-71)	(5-72)	For	the	reader’s	convenience,	both	Cartesian	and	cylindrical	forms	are	presented	side	by	side,	or	else	deferred	to	an	exercise	problem.	After	substituting	the	decomposed	variables,	V	̃	=	V0	+	v	̂	and	P	̃	=	P	0	+	p̂,	and	dismissing	terms	of	order	v̂2,	p̂2,	and	higher,	the	linearized	stability	equations	that	control	the
evolution	of	unsteady	disturbances	can	be	retrieved.	These	are	called	the	disturbance	equations	for	v	̂	,	where	the	components	of	the	basic	flow,	V0,	appear	as	predetermined	coefficients.	In	Cartesian	coordinates,	where	v	̂	=	(u	̂	,	υ	̂	,	w	̂	)	and	V0	=	(U,	V,	W),	these	relations	become	(5-73)	(5-74)	(5-75)	(5-76)	Note	that	the	basic	flow	components	(U,	V,
W)	must	be	known,	computed,	or	specified	beforehand.	In	cylindrical	coordinates,	we	may	use	and	expand	the	disturbance	equations	into	(5-77)	(5-78)	(5-79)	(5-80)	Page	290	5-6.2	Biglobal	Expansion	and	Eigenvalue	Problem	Formulation	At	this	juncture,	the	unsteady	disturbances	can	be	modeled	using	a	biglobal	form,	i.e.,	one	that	does	not	restrict
the	spatial	amplitude	of	the	disturbances	in	two	of	the	three	spatial	directions.	This	is	accomplished	by	letting	(5-81)	where	n	and	m	represent	the	spanwise	and	tangential	mode	numbers	in	Cartesian	and	cylindrical	coordinates,	respectively.	As	usual,	the	complex	eigenmode,	σ	=	σ	r	+	i	σ	i,	encapsulates	both	the	stability	growth	rate,	σ	i	,	and	the
circular	frequency,	σ	r.	A	similar	ansatz	is	effectively	used	by	Chedevergne	et	al.	(2012)	to	investigate	the	hydrodynamic	stability	characteristics	of	the	Taylor–Culick	profile	in	a	porous	tube.	Generally	speaking,	the	flow	will	be	stable	when	the	unsteady	disturbances	about	the	basic	motion	decay	over	time,	or	when	σ	i	<	0.	Using	(u	̂	,	υ	̂	,	w	̂	,	p̂)	=	(u,	υ,
w,	p)	exp[i(nz	−	σt)],	Eqs.	(5-73)–(5-76)	become	(5-82)	(5-83)	(5-84)	(5-85)	In	like	manner,	using	,	Eqs.	(5-77)–(5-80)	reduce	to	(5-86)	(5-87)	(5-88)	(5-89)	Page	291	In	two-dimensional	and	axisymmetric	flows,	it	is	possible	to	manipulate	and	consolidate	these	sets	of	equations	into	a	single	stream	function	formulation,	using	similar	steps	to	those
undertaken	to	derive	the	Orr–Sommerfeld	equation.	The	corresponding	effort	is	relegated	to	the	problems	section.	However,	by	retaining	the	generality	of	the	velocity-pressure	expansion,	the	ensuing	framework	will	be	fundamentally	three-dimensional	and	capable	of	accommodating	basic	flows	with	three	nonvanishing	velocity	components.	To	this
end,	it	is	helpful	to	rewrite	the	resulting	equations	in	operator	form	starting	with	Eqs.	(5-82)–(5-85),	which	can	be	rearranged	into	(5-90)	(5-91)	(5-92)	(5-93)	Similarly,	Eqs.	(5-86)–(5-89)	in	cylindrical	coordinates	may	be	regrouped	into	operators	and	written	as	(5-94)	(5-95)	(5-96)	(5-97)	The	PDEs	prescribed	by	Eqs.	(5-90)–(5-93)	or,	alternatively,	Eqs.
(5-94)–(5-97),	comprise	four	equations	with	four	unknowns,	(u,	υ,	w,	p)	or	(u	r,	u	θ,	u	z,	p).	The	coefficients	of	these	variables	can	be	collected	and	used	to	form	a	generalized	eigenvalue	problem	of	the	type	(5-98)	where	σ	and	fi	denote	the	eigenvalues	and	corresponding	eigenvectors,	while	Aij	and	Bij	refer	to	the	operator	matrices	in	the	continuity	and
three	momentum	equation	projections:	(5-99)	Page	292	For	example,	based	on	Eqs.	(5-90)–(5-93),	the	operator	matrices	can	be	populated	using	(5-100)	Additionally,	it	can	be	seen	that	with	all	other	terms	in	Bij	being	null.	Similar	operators	associated	with	Eqs.	(5-94)–(5-97)	are	deferred	to	a	self-contained	problem.	5-6.3	Numerical	Strategy	and
Chebyshev	Spectral	Collocation	Scheme	In	practice,	each	of	the	operator	matrices	must	be	evaluated	over	the	solution	domain,	thus	giving	rise	to	block	matrices	that	depend	on	the	number	of	spatial	dimensions	that	the	user	retains.	Since	the	operators	contain	several	spatial	derivatives,	the	numerical	scheme	of	choice	must	be	capable	of	high	spatial
resolution,	especially	near	the	boundaries.	Given	the	nature	of	the	resulting	PDEs,	many	researchers	have	turned	their	attention	to	efficient,	highorder,	spectral	collocation	methods,	particularly	those	that	can	provide	vantage	points	over	other	discretization	approaches	[Boyd	(2000),	Trefethen	(2005),	and	Theofilis	(2011)].	The	selection	of	a	suitable
polynomial	collocation	is	prompted	by	the	need	to	control	the	local	grid	resolution,	numerical	stability,	and	overall	accuracy.	In	fact,	algebraic	polynomials	based	on	power	series	can	be	constructed	in	a	variety	of	clever	ways	including	Lagrange	polynomials,	Newton	divided	differences,	Padé	approximations,	and	so	on.	In	this	context,	trigonometric
and	orthogonal	polynomial	interpolators,	such	as	the	set	of	Chebyshev	and	Legendre	families,	stand	to	offer	unique	advantages.	Their	nonuniformly	spaced	stencils	are	often	considered	in	boundary-layer	discretization	because	of	their	inherent	ability	to	impose	fine	grid	spacings	near	the	wall,	or	the	region	of	nonuniformity,	and	coarser	distributions
elsewhere.	Moreover,	uniformly	spaced	stencils	are	generally	susceptible	to	the	undesirable	Gibbs	phenomenon,	which	plagues	Fourier-type	spectral	approximations,	and	the	equivalent	Runge	phenomenon,	which	undermines	equispaced	algebraic	interpolators	[Runge	(1901)].	The	advantage	of	using	Chebyshev	collocation	in	overcoming	the	endpoint
Runge	oscillations	associated	with	equispaced,	algebraic	polynomial	interpolators	is	illustrated	in	Fig.	5-39	[Trefethen	(2005)].	Note	that	the	inaccuracy	in	evaluating	first	derivatives	only	worsens	as	the	number	of	interpolation	points	increases.	To	avoid	such	discrepancies,	a	global	discretization	that	incorporates	the	Chebyshev	collocation	approach
is	adopted	here,	i.e.,	with	the	Chebyshev	polynomials	forming	the	basis	functions	for	spectral	interpolation	and	differentiation.	Page	293	FIGURE	5-39	Characteristic	results	of	interpolation	schemes	based	on	(a)	equispaced	and	(b)	unequally	spaced	Chebyshev	stencils.	Endpoint	Runge	oscillations	accompany	the	uniformly	spaced	polynomial
interpolator	in	(a).	The	Chebyshev	collocation	approach	is	initiated	with	the	selection	of	a	stencil	of	order	N.	Because	an	exact	polynomial	representation	of	a	function	f	(ξ)	of	degree	infinity	is	designated	as	a	discrete	Chebyshev	polynomial	of	degree	N	may	be	written	as	(5-101)	Here	reproduces	the	collocation	points	at	nodes	i	=	1,	...,	N,	whereas
stands	for	the	appropriate	weight	function.	For	Chebyshev	polynomials,	the	weight	functions	may	be	retrieved	from	(5-102)	where	(5-103)	In	the	interest	of	clarity,	the	collocation	points	i	are	shown	below	for	N	≤	5:	The	Chebyshev	discretization	scheme	leads	to	a	system	of	N	equations	and	N	unknowns	that	can	be	solved	simultaneously	for	the
discrete	values	of	the	spectral	function	f	(ξ	i).	The	polynomials	are	subsequently	constructed	from	the	weight	functions	multiplied	by	the	functional	value	at	each	of	the	collocation	points.	In	this	effort,	the	first	derivative	of	f	may	be	approximated	at	the	collocation	nodes	using	the	first	derivative	of	.	In	this	process,	a	polynomial	representation	of	a
derivative	may	Moreover,	be	given	by	the	weight	function	dervatives,	,	can	be	evaluated	upfront	and	stored	in	the	so-called	pseudo-spectral	differentiation	matrix,	where	By	differentiating	the	Nth-order	Chebyshev	polynomial	and	resolving	the	coefficients	at	all	collocation	points,	a	general	expression	for	the	differentiation	matrix	may	be	arrived	at.
This	matrix	D	N,	which	contains	N	×	N	rows	and	columns	[Voigt	et	al.	(1984)],	is	defined	for	each	N	≤	1	using	(5-104)	Higher-order	derivatives	may	be	generated	straightforwardly	by	raising	the	first-order	differentiation	matrix	to	the	corresponding	power,	(5-105)	A	valuable	collection	of	spectral	differentiation	and	integration	codes	is	described	by
Weideman	and	Reddy	(2000).	5-6.4	Coordinate	Transformation	and	Grid	Conditioning	Since	the	N	collocation	points	as	well	as	the	nth-order	Chebyshev	differentiation	matrix	extend	over	the	[−1,	1]	interval,	it	is	necessary	to	linearly	adjust	other	solution	domains	to	the	same	interval.	For	example,	if	we	consider	a	traditional	two-dimensional	problem
with	variables	x	∈	[a,	b]	and	y	∈	[c,	d	],	a	dual	coordinate	transformation	will	require	the	installation	of	two	auxiliary	variables,	ξ	and	η,	that	will	recondition	the	problem	using	(5-106)	Accordingly,	a	domain	that	consists	of	0	≤	x	≤	X	N	and	0	≤	y	≤	1	may	be	reconditioned	using	(5-107)	Page	294	Moreover,	a	two-dimensional	problem	requires	a	two-
dimensional	grid	that	is	based	on	directionally	independent	Chebyshev	points.	Such	a	tensor	product	grid	will	enable	two	independent	variables	to	coexist	in	the	same	matrix	operator	[Trefethen	(2000)].	Tensor	product	grids	require	the	use	of	what	is	known	as	Kronecker	products.	Strictly	speaking,	the	Kronecker	product	of	two	matrices,	designated
as	leads	to	a	block	matrix	Cijmn,	with	each	block	being	constituted	of	terms.	In	this	case,	the	Kronecker	product	yields	(5-108)	where	each	element	of	Aij	is	multiplied	by	the	entire	matrix	B	mn.	In	order	to	specify	derivatives	in	two	directions,	the	Kronecker	product	is	applied	to	the	differentiation	matrix.	In	this	vein,	derivatives	with	respect	to	η	can
be	taken	as	(I	N)	⊗	(D	N)	n,	while	derivatives	with	respect	to	ξ	can	be	written	as	(D	N)	n	⊗	(I	N),	where	(I	N)	is	the	N	×	N	identity	matrix.	In	solving	a	two-dimensional	problem	with	two	spatial	directions,	each	operator	matrix,	such	as	Ax,u	in	Eq.	(5-99),	will	give	rise	to	a	block	matrix	that	is	N	×	N	large.	At	the	outset,	the	Aij	and	B	ij	matrices	will	be
4N2	×	4N2	=	16N4	in	size,	because	an	N2	block	matrix	exists	for	each	of	the	four	variables	(columns)	and	equations	of	motion	(rows).	In	three-dimensional	space,	the	size	can	rise	to	4N3	×	4N3	=	16N	6,	assuming	that	only	four	equations	of	motion	are	being	used	in	conjunction	with	our	quartet	of	unknown	variables,	(u,	υ,	w,	p).	At	this	juncture,	we
may	apply	the	domain	mapping	and	differentiation	matrices	to	Eq.	(5-100)	and	extract	the	block	matrices,	which	may	be	discretely	specified	using	(5-109)	In	Eq.	(5-109),	the	overbar	is	used	as	a	reminder	that	the	spectral	operators	are	mapped	to	the	physical	domain	under	consideration,	such	as	x	∈	[a,	b]	and	y	∈	[c,	d	].	In	addition	to	Eq.	(5-109),	all
terms	in	the	right-hand-side	matrix	{Bij}	vanish	except	for	Bx,u	=	B	y,υ	=	Bz,w	=	i	IN.	The	effort	to	formulate	the	equivalent	block	matrices	associated	with	cylindrical	polar	operators	in	Eqs.	(5-94)–(5-97)	is	provided	as	an	exercise	problem.	5-6.5	Boundary	Conditions	and	Numerical	Solvers	Boundary	conditions	associated	with	biglobal	stability
problems	tend	to	be	homogeneous	except	at	inflow	and	outflow	sections,	where	different	ideas	have	been	suggested.	Conditions	may	be	specified	by	suppressing	the	velocity	fluctuations	at	solid	boundaries	and	acoustically	closed	surfaces,	imposing	symmetry	conditions	along	midsection	planes	and	centerlines,	ensuring	zero	wall	gradients	by
equating	wall	values	to	their	nearest	neighbors,	maintaining	flow	continuance	using	exit	point	extrapolation,	equating	the	normal	stress	to	zero	at	the	outflow	location,	and	specifying	adjoint	exit	conditions	[Boyer	et	al.	(2013)].	In	fact,	the	development	of	a	well-posed	adjoint	problem	leads	to	conditions	that	prove	essential	to	the	modeling	of	viscous



fluids	using	finite	elements.	As	shown	by	Boyer	et	al.	(2013),	two	main	choices	of	boundary	conditions	are	available	when	analyzing	incompressible	flows.	These	consist	of	an	imposed	velocity	for	the	inflow	and	an	imposed	normal	stress	for	the	outflow.	The	most	notable	of	these	requirements	is	a	vanishing	stress	tensor	in	the	streamwise	direction,	a
condition	that	leads	to	Page	295	(5-110)	where	ex	(or	ez)	represents	the	normal	unit	vector	in	the	streamwise	direction	and	δ	alludes	to	the	identity	matrix.	Term	by	term,	we	have	(5-111)	In	order	to	satisfy	Eq.	(5-110),	we	must	account	for	the	three	spatial	projections	in	each	of	the	coordinate	systems:	(5-112)	When	these	conditions	are	applied	to	the
flow	disturbances,	we	recover	(5-113)	Moreover,	when	considering	planar	or	axisymmetric	disturbances	with	no	spanwise	or	azimuthal	variations,	Eq.	(5-113)	may	be	further	reduced	into	(5-114)	To	illustrate	the	application	of	these	conditions	to	a	problem	with	a	simple	geometric	configuration,	consider	a	rectangular	fluid	domain	that	extends	over	0
≤	x	≤	X	N	and	0	≤	y	≤	1,	with	infinite	impedance	(hardwall)	boundaries	everywhere	except	at	x	=	X	N	,	where	an	outflow	condition	exists.	Combining	the	commonly	used	conditions	with	those	derived	above,	one	can	use	(5-115)	Note	that	the	boundary	conditions	add	to	the	sparsity	of	the	matrices	to	be	handled.	At	this	juncture,	having	specified	all	of
the	terms	that	feed	into	the	block	matrices,	including	their	boundary	values,	a	suitable	eigensolver	is	needed.	Depending	on	the	solver,	the	matrices	may	require	preconditioning	and	norm	reduction	to	mitigate	roundoff	errors	and	reduce	the	effect	of	zero	elements.	Some	transformations	reduce	both	Aij	and	Bij	to	triangular	forms	in	which	the
eigenvalues	appear	as	diagonal	elements.	This	is	generally	achieved	using	the	QZ	or	LZ	algorithms	for	dense	matrices,	and	the	Arnoldi	algorithm	for	sparse	matrices.	Arnoldi’s	strategy	is	to	compute	a	predetermined	number	of	eigenvalues	that	are	located	around	a	guess	value	[Chedevergne	et	al.	(2012)].	Some	eigensolvers	can	be	found	in	the
newmat11	library	for	C++,	LAPACK	for	FORTRAN,	GNU	Scientific	Library	for	C,	and	the	core	library	in	MATLAB.	In	fact,	MATLAB	implements	the	QZ	and	Arnoldi	solvers	with	the	simple	commands	eig(A,	B)	and	eigs(A,	B),	respectively.	Several	examples	that	illustrate	the	application	of	the	biglobal	stability	framework	to	incompressible	viscous-flow
profiles	are	provided	in	the	problems	section.	Page	296	5-7	BIGLOBAL	STABILITY	OF	COMPRESSIBLE	VISCOUS	FLOW	The	biglobal	stability	scheme	has	enabled	us	to	identify	the	conditions	leading	to	hydrodynamic	breakdown	of	an	incompressible	viscous	motion	along	with	the	characteristics	of	the	corresponding	hydrodynamic	disturbance	waves,
which	travel	at	speeds	that	are	comparable	to	those	of	the	basic	flow.	Many	cases	exist	where	the	additional	presence	of	pressure-induced	oscillations,	or	acoustic	waves,	which	travel	near	the	speed	of	sound,	is	particularly	important.	For	example,	in	studies	related	to	rocket	and	gas	turbine	engine	flow	stability,	the	ability	to	capture	acoustic	wave
characteristics	often	overweighs	the	need	to	identify	hydrodynamic	stability	modes.	Among	the	earliest	stability	techniques	used	to	predict	the	onset	of	oscillations	in	simulated	rocket	chambers,	one	can	cite	the	Orr–Sommerfeld	approach	discussed	in	Sec.	5-2.	This	method,	however,	was	quickly	dismissed	in	favor	of	the	local	nonparallel	approach,
which	enabled	the	retention	of	all	velocity	components	in	the	Navier–Stokes	formulation	[Varapaev	and	Yagodkin	(1969)].	The	local	approach	was	further	developed	by	Casalis	et	al.	(1998),	Griffond	et	al.	(2000),	and	Griffond	and	Casalis	(2001),	who	considered	both	planar	and	axisymmetric	chamber	configurations	associated	with	the	Taylor	(1956)
and	Taylor–	Culick	(1966)	basic	motions	in	porous	channels	and	tubes.	Such	idealizations	have	often	been	relied	on	to	mimic	the	bulk	injection-driven	flow	of	an	internally	burning	slab	or	rightcylindrical	rocket	chamber	with	constant	cross	section.	Supported	by	a	series	of	experiments,	the	resulting	studies	have	helped	to	identify	several	essential
stability	features,	such	as	the	critical	distances	from	the	chamber	headwall	beyond	which	flow	instabilities	emerged	[Avalon	et	al.	(1998),	Avalon	and	Lambert	(2001),	Fabignon	et	al.	(2003)].	In	seeking	to	develop	a	model	that	remained	unhampered	by	the	parallel-flow	assumption,	the	biglobal	stability	framework	was	explored	by	Chedevergne	et	al.
(2006)	in	the	context	of	porous	tubes	with	sidewall	injection.	Using	an	incompressible	vorticitystreamfunction	formulation	of	the	Taylor–Culick	instability	problem,	these	researchers	managed	to	reconcile	between	the	spatial	features	of	the	eigenmodes	measured	experimentally	by	Avalon	et	al.	(1998)	and	those	predicted	theoretically.	In	a	follow-up
study	by	Chedevergne	et	al.	(2012),	it	was	confirmed	that	direct	numerical	simulations	of	the	Taylor–Culick	motion	stood	in	favorable	agreement	with	the	oscillatory	wave	composition	obtained	by	consolidating	the	incompressible	biglobal	stability	predictions	of	the	hydrodynamic	waves	with	the	vorticoacoustic	fluctuations	generated,	for	example,
using	the	closed-form	approximations	of	Majdalani	and	Van	Moorhem	(1998).	Nonetheless,	these	and	other	such	investigations	(e.g.	Boyer	et	al.	2013)	required	decomposing	the	disturbances	into	incompressible,	hydrodynamic	waves	(obtained	from	an	incompressible	solver),	which	could	be	subsequently	combined	with	the	compressible	acoustic
eigenmodes	and	their	corresponding	rotational	fluctuations	generated	at	the	domain’s	boundaries.	Following	this	continually	evolving	line	of	research	progress,	this	section	focuses	on	the	use	of	the	biglobal	stability	framework	in	partnership	with	the	fully	compressible	Navier–	Stokes	equations.	Although	this	effort	will	increase	the	number	of
variables	as	well	as	the	mathematical	complexity	of	the	equations	to	be	solved,	it	will	eliminate	the	need	to	decompose	the	flow	at	the	forefront	of	the	analysis.	Instead,	the	vorticoacoustic	and	hydrodynamic	eigenmodes	will	be	shown	to	be	retrievable	simultaneously	using	the	compressible	biglobal	stability	framework.	In	short,	the	compressible
biglobal	stability	framework	will	be	shown	to	represent	an	eigenvalue	problem	that	is	capable	of	producing	accurate	predictions	of	vorticoacoustic	and	hydrodynamic	eigenmodes,	their	associated	mode	shapes,	and	the	rich	structures	that	they	engender	[Majdalani	et	al.	(2016)].	5-7.1	Linearized	Disturbance	Relations	Based	on	the	Compressible
Navier–Stokes	Equations	As	before,	we	use	the	instantaneous	variables	with	the	addition	of	the	density	and	temperature,	We	initiate	this	procedure	using	the	three-dimensional	form	of	the	compressible	Navier-Stokes	equations	in	concert	with	the	energy	and	state	equations:	(5-116)	(5-117)	(5-118)	(5-119)	Page	297	Here	Φ	̃	denotes	the	mechanical
dissipation	function.	Subsequently,	the	substitution	of	the	decomposed	variables	leads	to	the	linearized	compressible	stability	equations	in	which	second-order	fluctuations	of	the	type	and	higher	are	suppressed.	The	result	is	(5-120)	(5-121)	(5-122)	(5-123)	Now	using	Cartesian	coordinates,	where	can	be	further	expanded	and	rearranged	into	all	but
the	ideal	gas	equation	(5-124)	(5-125)	(5-126)	(5-127)	and	(5-128)	where	the	dissipation	function,	which	is	coordinate	specific,	becomes	(5-129)	In	cylindrical	polar	coordinates,	we	equivalently	take	and	write	(5-130)	(5-131)	(5-132)	(5-133)	and	(5-134)	where	the	cylindrical	dissipation	function	is	given	by	(5-135)	Page	298	Note	that	the	last	term	in	the
continuity	equation	vanishes	when	the	basic	flow	satisfies	∇	⋅	V0	=	0.	Moreover,	the	incompressible	disturbance	equations	of	the	previous	section	for	the	Cartesian	and	cylindrical	polar	formulations	can	be	readily	recovered	from	Eqs.	(5-124)–(5127)	and	Eqs.	(5-130)–(5-133),	respectively.	5-7.2	Biglobal	Expansion	and	Compressible	Eigenvalue	Problem
Formulation	In	order	to	introduce	the	biglobal	disturbance	form,	we	find	it	convenient	to	write	(5-136)	where	n	or	m	represents	the	user-specified	spanwise	or	tangential	mode	number	and,	as	usual,	σ	=	σr	+	i	σi	incorporates	both	the	stability	growth	rate,	σi,	and	the	circular	frequency,	σ	r.	Apart	from	the	ideal	gas	equation,	which	becomes	p	=	ρ0	RT
+	ρRT0,	the	biglobal	ansatz	enables	us	to	transform	the	linearized	disturbance	equations,	starting	with	the	Cartesian	assortment	of	Eqs.	(5-124)–(5-129),	into	(5-137)	(5-138)	(5-139)	(5-140)	and	(5-141)	where	(5-142)	Page	299	Similarly,	using	cylindrical	polar	coordinates,	Eqs.	(5-130)–(5-135)	simplify	into	(5-143)	(5-144)	(5-145)	(5-146)	and	(5-147)
where	the	dissipation	function	may	be	evaluated	from	(5-148)	Page	300	Here	too,	the	incompressible	set	of	disturbance	equations	given	by	Eqs.	(5-82)–(5-85)	as	well	as	Eqs.	(5-86)–(5-89)	may	be	restored	from	their	compressible	counterparts	embodied	within	Eqs.	(5-137)–(5-140)	and	Eqs.	(5-143)–(5-146),	respectively.	At	this	stage,	it	is	helpful	to
regroup	the	foregoing	relations	in	operator	form	starting	with	Eqs.	(5-137)–(5-142);	these	can	be	rearranged	into	(5-149)	(5-150)	(5-151)	(5-152)	and	(5-153)	where	(5-154)	Page	301	Similarly,	the	operators	in	the	cylindrical	polar	Eqs.	(5-143)–(5-148)	may	be	collected	and	segregated	into	(5-155)	(5-156)	(5-157)	(5-158)	(5-159)	where	the	three	arms	of
the	dissipation	function	may	be	calculated	using	(5-160)	Page	302	The	ensuing	system	of	PDEs	in	each	coordinate	system	comprises	six	equations	with	six	unknowns.	However,	since	the	pressure	can	be	linearly	related	to	the	temperature	and	density	through	the	ideal	gas	equation,	it	may	be	entirely	eliminated	from	the	momentum	and	energy
equations.	This	leaves	us	with	five	equations	with	the	five	remaining	scalar	variables	(i.e.,	the	density,	the	three	velocity	components,	and	the	temperature).	The	corresponding	PDEs	may	be	rendered	in	operator	form	and	written	as	a	generalized	eigenvalue	problem	of	the	type	A	ij	fi	=	σBij	fi,	where,	as	before,	σ	and	fi	represent	the	eigenvalue	and
eigenvector,	while	A	ij	and	Bij	refer	to	the	operator	matrices.	Each	operator	matrix	may	be	further	subdivided	into	individual	sets	that	contain	the	coefficients	of	the	five	dependent	variables.	In	this	manner,	each	subset	will	supply	the	multipliers	at	every	grid	point	as	shown	in	the	illustrative	matrix	diagram	below:	(5-161)	(5-162)	For	instance,	when
using	N	×	N	collocation	points,	the	operator	matrices	A	ij	and	Bij	will	contain	5	N	2	×	5	N	2	=	25	N	4	elements,	because	an	N	2	block	matrix	may	be	generated	for	each	of	the	five	variables	(columns)	and	equations	(rows).	In	three-dimensional	space,	assuming	that	only	five	equations	are	being	solved	in	the	five	unknown	variables,	such	as	(	ρ,	u,	υ,	w,
T	),	the	matrix	size	becomes	5N	3	×	5N	3	=	25	N6	.	Presently,	adopting	a	stencil	of	40	or	60	points	in	two-dimensional	space	will	entail	the	progressive	use	of	64	and	324	million	elements.	Then,	given	the	improved	speed	and	memory	allocations	of	available	computational	resources,	one	may	use	the	QZ	algorithm,	instead	of	Arnoldi’s,	and	solve	the
resulting	eigenvalue	problem	at	increasing	values	of	N.	This	can	be	carried	out	to	ensure	that	reported	results	are	grid	independent.	Based	on	Eqs.	(5-149)–(5-154),	the	Cartesian	operator	matrices	can	be	generated	using	(5-163)	Additionally,	it	can	be	seen	that	with	all	other	terms	in	Bij	being	null.	Similar	operators	associated	with	Eqs.	(5-155)–(5-
160)	are	deferred	to	an	exercise	problem.	Page	303	5-7.3	Numerical	Strategy	and	Boundary	Conditions	The	same	Chebyshev-based	spectral	collocation	and	grid	preconditioning	procedures	described	in	Secs.	5-6.3	and	5-6.4	for	the	treatment	of	the	incompressible	Navier-Stokes	equations	can	be	used	here.	By	applying	the	domain	mapping	and
differentiation	matrices	to	Eq.	(5-163),	the	block	matrices	in	Cartesian	coordinates	may	be	discretely	specified	using	(5-164)	where	(5-165)	In	addition	to	Eq.	(5-164),	all	terms	in	the	right-hand-side	matrix	{Bij}	vanish	except	for	B	c,ρ	=	B	x,u	=	B	y,υ	=	B	z,w	=	iI	N,	B	e,T	=	iρ	0	c	υ	I	N,	and	B	e,ρ	=	−	iR	T	0	I	N	.	Corresponding	boundary	conditions
typically	require	that	all	three	velocity	eigenfunctions	vanish	at	the	physical	boundaries	of	the	solution	domain.	A	bounded	domain	may	also	be	assumed	to	be	acoustically	closed	such	that	n	⋅	∇	p	=	0	can	be	set	at	all	boundaries,	which	translates	into	n	⋅	∇	T	=	n	⋅	∇ρ	=	0	conditions	on	the	temperature	and	density.	Since	the	pressure	can	be	deduced
straightforwardly	from	the	ideal	gas	equation	using	p	=	ρ	0	RT	+	ρR	T0,	no	boundary	conditions	are	needed	for	the	pressure.	At	the	outflow	section,	however,	different	conditions	may	be	enforced,	including	non-reflecting	conditions	on	the	velocities,	such	as	a	linear	extrapolation	in	the	streamwise	direction	(say	x	or	z)	to	allow	the	flow	to	seamlessly
transition	out	of	the	domain.	Page	304	(5-166)	The	development	of	equivalent	block	matrices	with	the	cylindrical	polar	operators	associated	with	Eqs.	(5-155)–(5-159)is	assigned	to	an	example	problem.	In	what	follows	the	application	of	this	approach	to	the	compressible	Taylor–Culick	profile	in	a	porous	tube	will	be	briefly	outlined	and	discussed.	5-7.4
Stability	Analysis	of	the	Compressible	Taylor–Culick	Flow	As	schematically	illustrated	in	Fig.	5-40,	a	solid	rocket	motor	may	be	idealized	as	a	rightcylindrical	tube	of	porous	length	Z	N	and	radius	a.	The	porous	wall	mimics	the	burning	surface	of	a	solid	propellant	grain	by	its	ability	to	sustain	a	constant	mass	injection	rate.	In	fact,	a	uniform	injection
(or	blowing)	speed	at	the	wall,	V	w,	is	often	taken	to	represent	the	inward	injection	of	a	single-phase	gaseous	substance	across	a	non-regressing	porous	wall	[Saad	and	Majdalani	(2017)].	In	this	problem,	the	intervals	0	≤	r	≤	a,	0	≤	θ	≤	2π,	and	0	≤	z	≤	Z	N	may	be	used	to	delineate	the	domain	boundaries.	However,	axisymmetry	enables	us	to	limit	our
analysis	to	half	of	the	chamber,	i.e.,	to	a	domain	that	extends	horizontally	from	z	=	0	to	z	=	Z	N	and	vertically	from	r	=	0	to	r	=	a.	It	is	also	convenient	to	set	the	chamber	aspect	ratio	as	L	=	Z	N/a	and	use	the	subscript	‘w’	to	denote	reference	properties	taken	at	the	porous	wall.	For	this	configuration,	a	closed-form	analytical	solution	is	available	for	the
mean	flow	pursuant	to	a	Rayleigh–Janzen	expansion	in	the	wall	Mach	number	squared	[Majdalani	(2007)].	Assuming	a	sound	propagation	speed	cs,	a	wall	Mach	number	of	the	basic	flow	stream	function	may	be	approximated	by	(5-167)	FIGURE	5-40	Schematics	of	a	right-cylindrical,	internal	burning	rocket	modeled	as	a	porous	tube	with	sidewall
injection.	and	so,	for	the	basic	flow	velocity	components,	we	have	(5-168)	(5-169)	The	corresponding	density,	temperature,	and	pressure	distributions	may	be	expressed	in	terms	of	η	and	expanded	as	Page	305	(5-170)	(5-171)	and	(5-172)	As	for	the	boundary	conditions,	they	can	be	specified	at	the	headwall,	sidewall,	centerline,	and	outflow	section
labeled	endwall.	For	the	reader’s	convenience,	these	conditions	are	summarized	in	Table	5-3.	Given	the	complexity	of	programming	Eqs.	(5-155)–(5-159),	a	simple	simulation	can	be	used	to	verify	the	procedure’s	accuracy	and	robustness	in	resolving	the	acoustic	pressure	waves	in	the	absence	of	wall	injection.	In	this	case,	the	conventional	wave
equation	in	a	quiescent	medium	may	be	used,	namely,	(5-173)	In	practical	systems,	the	mean	flow	will	also	affect	the	chamber’s	acoustic	frequencies,	which	may	be	determined	using	the	Convected	Wave	Equation	described,	for	example,	by	Campos	(2007).	However,	because	well-known	benchmark	cases	that	describe	resonant	acoustic	frequencies
with	mean-flow	effects	are	not	widely	available	in	the	literature,	it	is	helpful	to	demonstrate	the	effectiveness	of	the	present	scheme	in	reproducing	pure	acoustic	tones.	To	isolate	the	acoustic	waveforms,	the	method	is	first	applied	to	a	circular	port	motor	with	an	aspect	ratio	of	L	=	5,	in	a	chamber	with	no	injection	or	viscosity.	In	the	absence	of	a
mean	flow,	the	theoretical	acoustic	frequencies	may	be	readily	evaluated	using	the	standard	relations,	(5-174)	where	represents	the	dimensionless	frequency	while	k	l	=	lπ/L	and	k	mn	denote	the	longitudinal	and	transverse	wave	numbers,	respectively.	Time	may	also	be	normalized	with	respect	to	(a/c	s),	which	is	the	average	time	it	takes	for	a	sound
wave	to	cross	the	chamber’s	characteristic	length,	a.	By	taking	t	*	=	t	c	s/a,	the	normalizing	values	for	the	circular	frequency	and	time	become	reciprocals,	thus	leading	to	the	convenient	outcome,	σ	r	t	=	σ	r	*	t	*.	As	for	k	mn,	it	may	be	determined	from	the	sequential	roots	of	J	′	m(k	mn)	=	0.	For	the	purely	radial	waveforms,	one	obtains,	as	usual,	(5-
175)	TABLE	5-3	Summary	of	boundary	conditions	imposed	on	the	various	eigenfunctions	Page	306	and,	conversely,	for	the	purely	tangential	modes,	one	regains	the	complementary	eigenvalues	given	by	(5-176)	The	corresponding	pressure	wave	with	a	characteristic	amplitude	Almn	may	be	expressed	as	(5-177)	As	an	aside,	it	may	be	instructive	to	note
that	in	static	rocket	motor	firings,	longitudinal	and	tangential	modes	tend	to	be	more	frequently	encountered	than	radial	modes	because	of	their	reduced	energy	requirements.	Conversely,	radial	modes,	which	exhibit	pressure	antinodes	at	r	=	0,	require	an	energy	source	along	the	axis	of	the	chamber,	which	is	an	unlikely	occurrence	in	solid	rocket
motors.	With	the	principal	source	of	energy	being	situated	near	the	grain	surface,	tangential	mode	oscillations,	which	confront	less	resistance	and	damping,	are	more	easily	driven	and	sustained.	This	may	explain	why,	in	analyzing	experimental	measurements,	it	is	quite	common	to	identify	not	only	hydrodynamic	modes,	but	also	combined	klmn	modes
that	showcase	contributions	from	both	axial	and	transverse	wave	motions.	However,	in	the	present	biglobal	stability	approach,	tangential	modes	are	prescribed	by	the	tangential	mode	number	m.	By	setting	m	=	0,	the	eigenmodes	are	restricted	to	longitudinal	and	radial	wave	excursions	only.	If	tangential	eigenmodes	are	sought,	the	desired	mode
number	m	has	to	be	explicitly	provided.	In	contrast,	a	triglobal	solver,	which	is	not	covered	here,	can	capture	both	radial	and	tangential	modes	simultaneously.	Bearing	these	factors	in	mind,	we	proceed	by	first	exploring	the	longitudinal	and	tangential	mode	predictions	at	m	=	0.	A	comparison	between	theoretical	predictions	for	inviscid,	isentropic
flow	and	acoustic	frequencies	produced	by	the	eigensolver	for	the	first	five	longitudinal	modes	is	showcased	in	Table	5-4	using	a	large	acoustic	Reynolds	number	and	two	successive	values	of	N	=	30	and	40.	A	very	large	acoustic	Reynolds	number	is	chosen	specifically	to	recreate	conditions	for	which	viscosity	is	negligible.	Also	displayed	are	the
relative	differences	between	the	eigensolver	and	strictly	theoretical	predictions.	In	these	ten	cases,	no	manifestation	of	transverse	mode	oscillations	can	be	seen,	with	the	outcome	being	The	corresponding	Hertzian	frequencies	are	readily	for	a	closed-closed	configuration.	calculated	from	In	addition	to	the	strong	agreement	between	theory	and
simulations,	the	tabulated	differences	show	a	negligible	disparity	between	the	computed	frequencies	and	those	evaluated	analytically,	owing	no	doubt	to	the	high	degree	of	precision	associated	with	the	Chebyshev	discretization	scheme.	Furthermore,	the	numerical	discrepancies,	which	typically	increase	at	higher	frequencies,	become	virtually
insignificant	at	N	=	40	and	above.	The	corresponding	eigensolutions	for	the	pressure	fluctuations,	which	are	featured	in	Fig.	5-41	for	the	first	four	eigenmodes,	follow	purely	sinusoidal	mode	shapes	that	align	very	well	with	Eq.	(5-177).	The	latter	reduces	in	this	case	to	the	classical	irrotational	and	inviscid	form,	p	̂	=	cos(k	l	z)cos(σ	r	t),	where	we	have
used	A	lmn	=	a	=	1	for	simplicity.	For	each	axial	mode,	multiple	timelines	are	displayed	firstly	with	no	mean	flow	and	secondly	with	a	mean	flow	Mach	number	of	Ma	w	=	0.05	to	help	identify	the	effects	of	the	mean	flow	on	the	vorticoacoustic	disturbances.	In	the	presence	of	a	mean	flow,	it	is	clear	that	the	spatial	mode	shapes	are	amplified,	namely,
by	exhibiting	spatial	growth	in	the	streamwise	direction.	Such	spatial	growth	is	a	well-known	property	of	the	Taylor–Culick	profile	(see	Chedevergne	et	al.	2012).	TABLE	5-4	Computed	axial	frequencies	with	Maw	=	0	versus	pure	acoustic	modes	in	a	chamber	with	L	=	5	Page	307	FIGURE	5-41	Modulus	of	the	pressure	waveform	p	̂	for	the	first	four
longitudinal	modes	l	=	{1,	2,	3,	4}	with	Maw	=	0	(top)	and	0.05	(bottom)	and	a	radial	station	of	r/a	=	0.5.	The	compressible	biglobal	stability	solver	accurately	reproduces	the	acoustic	modes	in	a	quiescent	medium	in	all	cases	considered.	Page	308	TABLE	5-5	Computed	radial	frequencies	with	Ma	ew	=	0	versus	pure	acoustic	modes	in	a	chamber	with
L	=	5	TABLE	5-6	Computed	tangential	frequencies	with	Maw	=	0	versus	acoustic	modes	in	a	chamber	with	L	=	5	Similar	comparisons	between	theory	and	computations	for	the	radial	and	tangential	eigenmodes	are	featured	in	Tables	5-5	and	5-6,	where	the	first	four	tangential	eigenvalues	are	showcased	including	their	relative	differences	at	two
successive	discretization	schemes	of	N	=	30	and	40.	As	one	would	expect	of	the	radial	oscillations,	an	excellent	agreement	between	computed	eigenmodes	and	theoretical	k	0n	values	is	realized	for	n	=	{1,	2,	3,	4}.	For	the	tangential	modes,	the	method	is	applied	while	specifying	the	tangential	mode	number	m	=	{1,	2,	3,	4}	explicitly	in	the	biglobal
solver.	Here	too,	the	computed	eigenmodes	are	seen	to	mirror	their	theoretical	k	m0	projections.	In	comparison	to	the	axially	dominated	oscillations,	the	discrepancy	relative	to	theoretical	modes	rapidly	diminishes	as	the	number	of	Chebyshev	points	is	increased.	To	further	illustrate	this	behavior,	spatial	mode	shapes	of	the	pressure	waves	are
displayed	in	Fig.	5-42	for	the	first	four	radial	modes	at	a	polar	slice	that	is	located	midway	in	the	chamber	at	The	evolution	of	the	solution	in	the	radial	direction	exhibits	welldefined	nodal	points	that	correspond	quite	closely	to	the	J0(k0nr/a)	dependence	embedded	in	the	analytical	waveform	of	Eq.	(5-177).	From	a	three-dimensional	perspective,	each
nodal	point	that	appears	along	the	radial	axis	gives	rise	to	a	concentric	nodal	circle	that	revolves	around	the	z-axis.	In	the	presence	of	a	mean	flow,	a	small	frequency	and	therefore	time	shift	relative	to	the	case	with	no	mean	flow	may	be	detected.	In	short,	the	observations	confirm	the	ability	of	the	compressible	biglobal	approach	to	recover	the	pure
acoustic	tones	associated	with	wave	propagation	in	a	typical	enclosure.	Let	us	now	proceed	to	examine	more	closely	the	effects	of	the	mean	flow	on	acoustic	frequencies	using	both	the	biglobal	approach	and	the	strictly	irrotational	convective	wave	equation,	which	can	only	partially	account	for	mean-flow	effects.	To	elaborate,	we	make	use	of	the	same
geometric	configuration,	albeit	with	the	inclusion	of	a	steady-state	motion	that	is	driven	by	a	wall	Mach	number	of	0.05	and	an	acoustic	Reynolds	number	of	200.	We	also	hold	the	Prandtl	number	and	ratio	of	specific	heats	constant	at	0.7	and	1.4,	respectively.	Subsequent	results,	which	are	cataloged	in	Tables	5-7	and	5-8,	display	a	downward	shift	in
both	longitudinal	and	radial	frequencies	of	up	to	6.6	percent.	Overall,	the	biglobal	solver	is	seen	to	predict	a	larger	frequency	shift	than	the	strictly	irrotational	convective	wave	equation.	This	is	due	to	the	ability	of	the	biglobal	solver	to	account	for	the	two-way	coupling	that	exists	between	unsteady	pressure	and	vorticity	disturbances,	unlike	the
convective	wave	equation,	which	only	accounts	for	unsteady	pressure	disturbances.	Although	not	shown,	it	can	be	demonstrated	that	lowering	the	acoustic	Reynolds	number,	which	can	be	achieved	by	increasing	the	viscosity,	leads	to	a	larger	frequency	shift.	Conversely,	boosting	the	Reynolds	number	by	one	order	of	magnitude,	i.e.,	to	2000,	leads	to
roughly	half	of	the	frequency	shift	observed	at	Re	=	200.	This	can	be	attributed	to	the	pure	acoustic	tones	being	derived	in	the	context	of	a	strictly	inviscid,	irrotational,	isentropic,	and	injection-free	environment.	In	practice,	the	scale	of	the	frequency	shifts	may	be	viewed	as	being	characteristic	of	those	observed	in	experimental	measurements
[Gazanion	et	al.	(2014)].	In	a	rocket-related	acoustic	stability	investigation,	the	radial	frequency	shifts	remain	smaller	than	their	longitudinal	counterparts	due	to	the	lower	radial	velocities	relative	to	the	axial	mean-flow	speed.	However,	as	the	acoustic	Reynolds	number	is	decreased,	the	radial	frequency	shifts	become	more	appreciable.	As	usual,
pressure	mode	shapes	may	be	readily	extracted	from	the	computed	eigenfunctions	and	illustrated	graphically.	They	are	shown	here	in	Figs.	5-41	and	5-42,	where	their	strong	spatial	resemblance	to	those	obtained	with	no	mean	flow	is	confirmed.	Page	309	FIGURE	5-42	Pressure	waveform	p	̂	for	the	first	four	radial	modes	with	Maw	=	0	(top)	and	0.05
(bottom)	at	the	chamber's	midway	section,	z/Z	N	=	0.5.	Page	310	TABLE	5-7	Computed	axial	frequencies	versus	pure	acoustic	modes	for	Maw	=	0.05,	N	=	40,	L	=	5,	and	Re	=	200	TABLE	5-8	Computed	radial	frequencies	versus	pure	acoustic	modes	for	Maw	=	0.05,	N	=	40,	L	=	5,	and	Re	=	200	To	illustrate	the	effect	of	the	azimuthal	wave	number,
the	tangential	mode	number	can	be	reset	from	zero	to	m	=	{1,	2,	3,	4}	and	the	compressible	solver	can	be	rerun	one	azimuthal	case	at	a	time.	This	enables	us	to	capture	the	excursion	in	tangential	frequencies	caused	by	the	mean	flow.	Using	the	same	wall	Mach	number	as	before,	the	frequencies	obtained	from	the	biglobal	eigensolver	as	well	as	the
convective	wave	equation	are	cataloged	in	Table	5-9	for	the	first	four	modes,	an	acoustic	Reynolds	number	of	200,	and	N	=	40.	Here	too,	the	tangential	excursions	predicted	by	the	convective	wave	equation	remain	substantially	smaller	than	those	computed	using	the	compressible	biglobal	solver.	However,	both	remain	noticeably	smaller	than	the
longitudinal	frequency	shifts.	Such	behavior	may	be	attributed	to	the	absence	of	a	tangential	mean-flow	component	and	to	the	axisymmetric	nature	of	the	motion.	These	factors	reduce	the	sensitivity	of	the	tangential	frequency	on	the	mean	flow,	viscosity	and,	as	such,	the	acoustic	Reynolds	number.	Page	311	TABLE	5-9	Computed	tangential
frequencies	versus	pure	acoustic	modes	for	Maw	=	0.05,	N	=	40,	L	=	5,	and	Re	=	200	FIGURE	5-43	Typical	frequency	spectrum	for	a	cylindrical	rocket	motor	with	Re	=	200,	N	=	40,	m	=	0,	Maw	=	0.05	and	both	(a)	L	=	5	and	(b)	25.	As	we	turn	our	attention	to	the	complex	frequencies	generated	by	the	compressible	biglobal	solver,	these	can	be	split
into	real	and	imaginary	parts.	As	depicted	in	Fig.	5-43,	the	real	component,	σ	r,	represents	the	frequency	of	oscillations,	whereas	the	imaginary	component,	determines	the	growth	rate	which,	in	turn,	controls	the	temporal	amplification	of	the	principal	eigensolutions.	Unstable	modes	may	hence	be	associated	with	a	positive	σi	where	the	amplitude
function	increases	continuously	in	a	linear	system.	In	these	particular	runs,	the	tangential	mode	number	is	taken	to	be	m	=	0,	which	excludes	variations	in	the	θdirection	by	restricting	the	transverse	modes	to	radial	oscillations	only.	Using	Maw	=	0.05	and	Re	=	200,	typical	frequency	spectra	are	overlaid	in	Fig.	5-43	for	a	motor	with	length-to-radius
aspect	ratios	of	5	and	25	in	Figs.	5-43a	and	5-43b,	respectively.	Based	on	these	graphs,	one	may	readily	infer	the	presence	of	a	series	of	characteristic	frequencies	starting	with	the	first	three	longitudinal	modes	that	are	labeled	L1	through	L3.	Also	shown	are	the	first	three	radial	modes,	labeled	as	R1–R3,	with	trailing	modes	emanating	from	each.	The
trailing	points	represent	mixed	modes	that	combine	both	longitudinal	and	radial	contributions.	Conversely,	the	modes	appearing	at	the	lower	left	corner	of	the	graph	allude	to	the	hydrodynamic	modes	which,	for	the	configuration	at	hand,	remain	temporally	damped	because	of	their	negative	growth	rates.	Not	only	do	the	hydrodynamic	modes
associated	with	mean-flow	breakdown	appear	at	lower	frequencies,	but	their	negative	growth	rates	remain	smaller	than	those	associated	with	vorticoacoustically	coupled	modes.	In	conclusion,	the	use	of	a	compressible	biglobal	stability	procedure	enables	us	to	capture	the	characteristic	frequencies	and	growth	rates	associated	with	both
hydrodynamic	and	acoustic	disturbances	in	a	compressible	viscous	fluid	with	no	need	for	flow	decomposition.	It	thus	leads	to	a	comprehensive	view	of	the	disturbances	that	can	evolve	in	a	viscous	fluid.	SUMMARY	As	far	as	we	know,	all	laminar	flows	eventually	become	unstable	and	develop	or	“transition”	into	turbulence	at	a	sufficiently	high	speed
parameter	appropriate	to	the	flow	such	as	the	Reynolds,	Grashof,	or	Taylor	numbers.	The	stability	of	any	flow	can	be	studied	by	superimposing	small	disturbances	on	a	basic	laminar	motion.	For	boundary-layer	flows,	the	linearized	disturbance	relation	in	the	form	of	the	Orr–Sommerfeld	equation	has	been	solved	for	a	variety	of	flows.	Based	on	a
multitude	of	experimental	studies	and	computer	simulations,	several	stabilizing	parameters	have	been	identified,	and	these	include	favorable	pressure	gradients,	wall	suction,	wall	compliance,	heating	of	liquids,	and	cooling	of	gases.	Experiments	show	that	the	unstable,	plane	traveling	Tollmien–Schlichting	waves,	predicted	by	the	Orr–Sommerfeld
analysis,	grow	downstream	and	become	three-dimensional,	thus	ultimately	causing	vortex	breakdown	and	formation	of	turbulent	spots	that	coalesce	into	a	fully	turbulent	motion.	Several	empirical	correlations	have	been	advanced	for	the	prediction	of	this	final	transition	point.	Transition	is	strongly	affected	by	freestream	turbulence,	acoustic
excitations,	and	wall	roughness.	After	a	brief	discussion	of	transition	in	unsteady	shear	flows,	a	description	of	some	possible	design	criteria	for	controlling	the	onset	of	transition	is	provided.	The	chapter	ends	with	a	discussion	of	the	biglobal	stability	approach,	which	is	gaining	widespread	use	in	the	fluid	dynamics	community,	as	it	can	be	applied	to
both	incompressible	and	compressible	flows.	Page	312	PROBLEMS	5-1.	While	holding	constant,	show	that	the	right-hand	side	of	Eq.	(5-9)	has	a	minimum	at	the	wave	number	Find	experimental	data	somewhere	and	estimate	this	“critical”	wavelength	and	velocity	difference	for	air	blowing	over	gasoline.	For	further	discussion,	see	Drazin	(2002),	p.	57.
5-2.	Show	that,	if	the	upper	and	lower	velocities	in	Fig.	5-2	are	negligible	and	if	surface	tension	is	ignored,	a	disturbance	of	the	interface	will	propagate	at	the	phase	speed	where	λ	is	the	wavelength	of	the	disturbance.	Discuss	what	might	happen	if	ρ	1	<	ρ	2.	Estimate	this	propagation	speed	for	an	air–water	interface	when	the	wavelength	is	3	m.	5-3.
Derive	a	linearized	disturbance	equation	for	the	celebrated	(nonlinear)	van	der	Pol	equation,	where	C	is	a	constant.	Assume	that	X	0(t)	is	a	known	exact	solution.	Comment	on	the	disturbance	equation	but	do	not	solve	it.	5-4.	Verify	the	Orr–Sommerfeld	Eq.	(5-23)	by	eliminating	p	and	u	from	Eqs.	(5-18)–(520).	5-5.	Consider	Rayleigh’s	inviscid	stability
Eq.	(5-27).	The	perturbation	amplitude	υ(y)	is	complex,	and,	for	temporal	stability	analysis,	α	is	real	and	c	is	complex.	Show	that	Rayleigh’s	equation	may	be	split	into	real	and	imaginary	parts,	as	follows:	Explain,	in	words,	a	possible	method	for	solving	this	system	numerically	for	a	given	U(y).	5-6.	Consider	Pohlhausen’s	quartic-polynomial	profile	that
provides	a	rough	approximation	for	the	velocity	distribution	over	a	flat	plate	with	no	pressure	gradient:	Solve	the	Orr–Sommerfeld	Eq.	(5-23)	numerically	for	the	inviscid	case	with	ν	=	0.	Begin	at	y	=	2δ	assuming	that	and	integrate	inwardly	to	satisfy	the	wall	conditions	υ	=	υ′	=	0	at	y	=	0.	Assuming	temporal	amplification,	find	some	(damped)
eigenvalues	and	plot	ci	versus	α	in	dimensionless	form.	5-7.	For	stagnation	boundary-layer	flow,	U	=	Kx,	estimate	the	position	Rex	where	instability	first	occurs.	Page	313	5-8.	For	the	separating	Falkner–Skan	wedge-flow	boundary	layer,	β	=	−	0.19884,	estimate	the	position	Rex	where	instability	first	occurs.	5-9.	For	the	Howarth	freestream	velocity
estimate	the	point	(x/L)	where	boundary-layer	instability	first	occurs.	Assume	a	low	subsonic	Mach	number.	5-10.	Generalize	Prob.	5-9	to	calculate	and	plot	the	instability	point	(x/L)	crit	as	a	function	of	U0	L	/	ν.	5-11.	For	potential	freestream	flow	across	a	cylinder,	U	=	2U0	sin	(x/a),	if	Re	D	=	106,	estimate	the	position	(x/a)crit	where	boundary-layer
instability	first	occurs.	5-12.	Using	the	guidance	of	Probs.	5-5	and	5-6	and	any	numerical	method	of	your	choosing,	solve	the	Rayleigh	Eq.	(5-27)	for	simplified	boundary-layer	flow,	U	=	tanh	(y),	0	≤	y	≤	∞,	with	a	typical	value	of	α	≈	0.2	to	0.3.	Do	you	expect	any	inviscid	instability?	If	time	permits,	plot	some	computed	values	of	cr	and	α.	[Hint:	Begin	at
large	y	≤	4	with	the	exponential	approximation	of	Eq.	(5-6)	and	integrate	backward	to	the	wall.]	5-13.	Using	the	guidance	of	Probs.	5-5	and	5-6	and	any	numerical	method	of	your	choosing,	solve	the	Rayleigh	Eq.	(5-27)	for	the	Blasius	boundary-layer	flow,	which	you	should	generate	from	Eqs.	(4-60)	and	(4-61).	Do	you	expect	any	inviscid	instability?
Select	a	value	of	α	in	the	range	0.2	to	0.3.	[Hint:	Begin	at	large	η	≤	5	with	the	exponential	approximation	of	Eq.	(5-6)	and	integrate	backward	to	the	wall.]	5-14.	For	stagnation	boundary-layer	flow,	U	=	Kx,	estimate	the	position	Re	x	where	transition	first	occurs,	using	the	method	of	Michel	given	by	Eq.	(5-46).	What	makes	the	correlation	of	Granville
(Sec.	5-5.1.1)	inappropriate?	Assume	negligible	freestream	turbulence.	5-15.	For	the	separating	Falkner–Skan	wedge-flow	boundary	layer,	β	=	−	0.19884,	use	any	appropriate	correlation	to	estimate	the	position	Rex	where	transition	first	occurs.	Neglect	freestream	turbulence.	Compare	your	result	with	Fig.	5-32.	5-16.	For	the	Howarth	freestream
velocity	U	=	U0(1	−	x/L),	if	U0	L/ν	=	4	×	106,	use	the	correlation	of	Michel,	given	by	Eq.	(5-46),	to	estimate	the	point	(x/L)	where	boundary-layer	transition	occurs.	Neglect	freestream	turbulence.	Compare	your	result	with	Fig.	5-31.	5-17.	Generalize	Prob.	5-16	into	a	parametric	computer	study	to	compute	and	plot	(x	/	L)	tr	versus	U0	L	/	ν.	5-18.	For
potential	freestream	flow	across	a	cylinder,	U	=	2	U0	sin	(x/a),	if	ReD	=	2	×	106,	use	the	correlation	of	Michel	given	by	Eq.	(5-46)	to	estimate	the	position	(x/a)	tr	where	boundary-layer	transition	first	occurs.	Neglect	freestream	turbulence.	Compare	your	result	with	Fig.	5-31.	5-19.	Air	at	20°C	and	1	atm	flows	quietly	toward	a	wedge	of	half-angle	36°,
thus	resulting	in	a	power-law	freestream	and	a	laminar	boundary	layer	along	the	surface.	Use	Wazzan’s	method	given	by	Eq.	(5-50)	to	estimate	the	transition	Reynolds	number	Rex,tr.	5-20.	Modify	Prob.	5-14	for	a	freestream	turbulence	level	of	1	percent.	5-21.	Modify	Prob.	5-15	for	a	freestream	turbulence	level	of	1	percent.	5-22.	Modify	Prob.	5-16	for
a	freestream	turbulence	level	of	1	percent.	5-23.	Modify	Prob.	5-18	for	a	freestream	turbulence	level	of	1	percent.	5-24.	For	a	pipe	flow	started	from	rest	with	acceleration	a,	as	in	Fig.	5-37b,	the	momentum	thickness	initially	grows	according	to	the	formula	Apply	this	relation	to	Michel’s	steady-flow	transition	correlation,	Eq.	(5-46),	assuming	that	“U”
and	“x”	are	given	by	constant-acceleration	formulas.	Show	that	the	result	is	a	constant	value	of	the	dimensionless	transition	time	.	Why	does	the	diameter	D	not	appear?	5-25.	Air	at	20°C	and	1	atm	flows	at	U	=	12	m/s	past	a	smooth	flat	plate.	It	is	desired	to	trip	the	boundary	layer	to	turbulence	by	stretching	a	1	mm	diameter	wire	across	the	plate	at
the	wall.	Where	will	transition	occur	if	the	wire	is	placed	at	x	=	1	m?	What	wire	location	x	will	cause	the	earliest	transition?	5-26.	5-27.	Repeat	Prob.	5-25	if	the	freestream	turbulence	level	is	1	percent.	The	narrow	vertical	white	band	in	the	chaotic	area	of	the	logistic	map	in	Fig.	5-38	lies	in	the	region	3.825	<	r	<	3.865.	Beginning	at	r	=	3.825	with	an
initial	guess	x	=	0.5,	make	repeated	computer	iterations,	for	small	increments	Δr	≤	0.0005,	of	the	logistic	relation	given	by	Eq.	(5-60)	and	plot	the	results	on	an	expanded	abscissa	for	this	region.	Comment	on	the	remarkable	pattern	you	find.	5-28.	Repeat	Prob.	5-19	if	the	freestream	has	a	turbulence	level	of	4	percent.	Find	the	estimated	transition
Reynolds	number	Rex,tr	by	two	different	methods	and	compare.	5-29.	The	famous	neutral	curve	of	Taylor	(1923),	for	Couette	flow	between	rotating	cylinders,	is	shown	in	Fig.	5-22b.	The	region	above	the	curve	is	simply	labeled	unstable.	Some	amazingly	diverse	flow	regimes	lie	in	this	region,	as	shown	in	a	wonderful	chart	by	Andereck	et	al.	(1986).
Describe	this	chart	and	its	many	unstable	flow	patterns.	5-30.	For	two-dimensional	inviscid	flow,	the	vorticity	transport	Eq.	(2-103)	may	be	written	as	Defining	a	basic	flow	by	its	mean-flow	stream	function,	velocity,	and	vorticity	components	(	Ψ,	U,	V,	Ω),	and	their	corresponding	disturbances	(ψ	′	,	u	′	,	υ	′	,	ω	′	),	derive	a	linearized	disturbance	equation
for	this	flow.	Then	assume	normal	modes	as	traveling	waves:	Derive	the	disturbance	equations	and,	if	possible,	combine	them	to	obtain	a	single	differential	equation	for	a	single	disturbance	amplitude.	5-31.	Use	the	airfoil	surface-velocity	data	of	Prob.	4.49	and	Michel’s	method,	given	by	Eq.	(5-46),	to	estimate	the	position	of	transition	to	turbulence	if
Rec	=	2	×	106.	Assume	air	at	20°C	and	1	atm.	If	you	note	an	ambiguity	in	the	results,	please	criticize	them.	Consider	the	cubic	flat-plate	velocity	distribution:	5-32.	Solve	the	Orr–Sommerfeld	Eq.	(5-23)	numerically	for	the	inviscid	case	with	ν	=	0.	Begin	at	y	=	2δ	assuming	that	υ	≈	e	−αy	and	integrate	inwardly	to	satisfy	the	wall	conditions	υ	=	υ′	=	0	at
y	=	ξ	=	0.	Assuming	temporal	amplification,	find	some	(damped)	eigenvalues	and	plot	ci	versus	α	in	dimensionless	form.	5-33.	Page	314	Consider	the	sinusoidal	flat-plate	velocity	distribution:	Solve	the	Orr–Sommerfeld	Eq.	(5-23)	numerically	for	the	inviscid	case	with	ν	=	0.	Begin	at	y	=	2δ	assuming	that	υ	≈	e	−αy	and	integrate	inwardly	to	satisfy	the
wall	conditions	υ	=	υ′	=	0	at	y	=	ξ	=	0.	Assuming	temporal	amplification,	find	some	(damped)	eigenvalues	and	plot	ci	versus	α	in	dimensionless	form.	5-34.	Consider	the	Majdalani–Xuan	polynomial	profile,	which	represents	a	surprisingly	simple	and	precise	quartic	velocity	approximation	to	the	Blasius	boundary-layer	problem:	Solve	the	Orr–
Sommerfeld	Eq.	(5-23)	numerically	for	the	inviscid	case	with	ν	=	0.	Begin	at	y	=	2δ	assuming	that	υ	≈	e	−αy	and	integrate	inwardly	to	satisfy	the	wall	conditions	υ	=	υ′	=	0	at	y	=	ξ	=	0.	Assuming	temporal	amplification,	find	some	(damped)	eigenvalues	and	plot	ci	versus	α	in	dimensionless	form.	5-35.	Consider	the	Majdalani–Xuan	exponential	profile,
which	represents	a	highly	accurate	velocity	approximation	to	the	Blasius	boundary-layer	problem:	where	=	1.630398038629397	denotes	the	Blasius	slope	at	the	wall,	also	known	as	the	Blasius	constant	or	connection	parameter.	Solve	the	Orr–Sommerfeld	Eq.	(5-23)	numerically	for	the	inviscid	case	with	ν	=	0.	Begin	at	y	=	2δ	assuming	that	and
integrate	inwardly	to	satisfy	the	wall	conditions	υ	=	υ′	=	0	at	y	=	ξ	=	0.	Assuming	temporal	amplification,	find	some	(damped)	eigenvalues	and	plot	ci	versus	α	in	dimensionless	form.	5-36.	Determine	whether	the	following	profiles	are	prone	to	instability	in	the	context	of	an	inviscid,	incompressible,	external	fluid	domain	(0	≤	y	≤	∞):	5-37.	Given	an
inviscid	motion	U(y),	show	that	if	σ	represents	an	eigenvalue	of	the	Rayleigh	equation	given	by	Eq.	(5-27)	then	so	does	its	complex	conjugate.	5-38.	Compare	the	benefits	and	deficiencies	of	the	Orr–Sommerfeld	equation	to	the	e	N	method	in	the	treatment	of	boundary-layer	instability.	5-39.	Discuss	the	implications	of	Squire’s	theorem	on	the	stability
of	two-dimensional	planar	motions	that	are	subject	to	three-dimensional	disturbances	under	(a)	inviscid	and	(b)	viscous	conditions.	5-40.	Rayleigh’s	criterion	for	rotational	instability	states	that	“an	inviscid	rotating	flow	is	unstable	if	the	square	of	its	circulation	decreases	outward.”	Using	cylindrical	polar	coordinates	(r,	θ,	z),	consider	the	motion	of	an
inviscid	rotating	field	prescribed	by	over	a	finite	interval	ri	≤	r	≤	ro,	where	the	vorticity	retains	a	single	nonzero	component	in	the	z-direction,	namely,	ω	=	(0,	0,	ω	z).	(a)	Show	that	Is	the	flow	stable	or	unstable?	(b)	Assuming	Couette	flow	[Eq.	(3-22)]	between	two	long	cylinders	where	the	subscripts	i	and	o	denote	the	inner	and	outer	surfaces	rotating
at	angular	speeds	Ωi	and	Ωo,	show	that	a	condition	leading	to	instability	corresponds	to	From	this	condition,	what	can	you	say	about	the	stability	of	the	motion	if	the	outer	cylinder	is	stationary	and	the	inner	cylinder	is	rotating?	Conversely,	what	happens	if	the	inner	cylinder	is	stationary	and	the	outer	cylinder	is	rotating?	Finally,	what	happens
anytime	the	two	cylinders	rotate	in	opposite	directions?	Consider	the	following	time-dependent	convective	equation	for	u(x,	t),	5-41.	where	c	and	σ	are	positive	constants.	(a)	Show	that	any	disturbance	of	the	form	represents	a	valid	solution.	(b)	By	specifying	disturbances	to	the	zeroth-order	solution	U0	=	0	using	the	normal	mode	form	exp	[iα(x	−	ct)],
determine	the	condition	for	stability.	(c)	Assuming	illustrate	the	behavior	of	this	disturbance	graphically.	(d)	How	does	the	solution	behave	as	t	→	∞	at	a	fixed	point	in	space?	(e)	After	a	very	long	time,	if	u	becomes	unbounded	at	a	fixed	point	in	space,	it	will	signal	the	presence	of	an	absolute	instability.	Show	that	this	disturbance	becomes	absolutely
unstable	for	σ	>	2c.	Page	315	5-42.	Consider	the	following	time-dependent	convection-diffusion	equation	for	u(x,	t),	where	c,	σ,	and	σ	0	are	positive	constants.	(a)	Show	that	the	flow	will	be	stable	so	long	as	σ	<	σ	0.	(b)	If,	instead,	we	have	σ	>	σ	0,	find	the	range	of	c	that	will	give	rise	to	convectively	unstable	disturbances	as	well	as	the	range	that	will
trigger	a	case	of	absolute	instability.	5-43.	Using	cylindrical	polar	coordinates	(r,	θ,	z)	in	conjunction	with	a	velocity	vector	V	=	(υ	r,	υ	θ,	υ	z)	and	pressure	P,	the	continuity	and	momentum	equations	for	inviscid,	incompressible	motion	reduce	to	Let	us	now	consider	the	case	of	a	rotating	axisymmetric	flow	between	two	concentric	cylinders,	where	the
velocity	field	can	be	prescribed	by	V	=	V0	+	εv	̂	(x,	t)	with	0	<	ε	≪	1.	The	basic	motion	in	this	problem	may	be	captured	by	a	strictly	swirling	(azimuthal)	velocity	component	of	the	form,	V0(r)	=	[0,	V(r),	0].	(a)	Start	by	writing	the	disturbances	as	v	̂	(x,	t)	=	(u	̂	,	υ	̂	,	w	̂	)	=	(u,	υ,	w)e	iαz+αcit	and	show	that	the	radial	disturbance	must	satisfy	a	linear,
second-order,	differential	equation,	namely,	(b)	A	journal	bearing	may	be	modeled	as	being	composed	of	an	inner	cylinder	of	radius	ri,	and	an	outer	cylinder	of	radius	ro	>	ri.	Assuming	that	the	steady	viscous	motion	in	the	cylindrical	annulus	is	expressible	as	V(r)	=	C1r	+	C2r	−1,	determine	the	appropriate	constants	and	then	proceed	to	deduce	B.	(c)
By	fixing	the	longitudinal	wavenumber	α,	and	assuming	that	B	can	be	negative,	discuss	the	stability	characteristics	of	this	motion.	5-44.	Assuming	strictly	two-dimensional	flow	conditions	with	a	spanwise	wave	number	of	n	=	0	in	the	z	direction	and	a	basic	motion	that	is	prescribed	by	a	two-component	velocity	vector	of	the	form	V0(x,	y)	=	[U(x,	y),	V(x,
y),	0],	(a)	show	that	the	linearized	Navier–Stokes	equations	with	biglobal	stability	disturbance	modes,	given	by	Eqs.	(582)–(5-85),	can	be	readily	reduced	into	where	(b)	Using	a	disturbance	stream	function	that	satisfies	the	linearized	continuity	equation	identically,	eliminate	u	and	υ	from	the	remaining	momentum	equations	by	substituting	Show	that
the	resulting	momentum	equations	can	be	rearranged	into	(c)	The	pressure	can	be	eliminated	by	taking	the	partial	derivative	of	the	x-momentum	pressure	gradient	with	respect	to	y	and	setting	it	equal	to	the	partial	derivative	of	the	y-pressure	gradient	with	respect	to	x.	Bearing	in	mind	that	the	basic	flow	motion	represented	by	(U,	V	)	must	satisfy
continuity,	show	that	the	two	momentum	equations	can	be	consolidated	into	a	single	fourth-order	partial	differential	equation	for	the	disturbance	stream	function	viz.	Page	316	5-45.	.	The	Taylor	profile,	which	has	been	used	to	describe	the	ideal	gaseous	motion	in	slab-type	rocket	motors	(Taylor	1956),	corresponds	to	a	two-dimensional	self-similar
profile	in	a	porous	channel	[Griffond	and	Casalis	(2006)].	When	the	channel	half	height	is	taken	to	be	unity,	the	basic	flow	stream	function	may	be	written	as	where	ZN	represents	the	length	of	the	porous	channel	(see	Fig.	P5-45).	FIGURE	P5-45	Assuming	a	wall	injection	speed	of	unity,	the	basic	flow	velocity	may	be	expressed	as	with	As	shown	in	the
problem	above,	the	linearized	Navier–Stokes	equations	with	two-dimensional	biglobal	stability	disturbance	modes	(and	n	=	0	in	the	z	direction)	can	be	consolidated	into	a	single,	fourth-order,	partial	differential	equation	for	the	disturbance	stream	function	Since	V(y)	is	independent	of	x,	the	stream	function	formulation	can	be	further	reduced	into	The
basic	flow	boundary	conditions	require	uniform	wall-normal	injection,	no	slip	at	the	headwall,	and	symmetry	with	respect	to	the	midsection	plane,	y	=	0,	specifically:	(a)	Recalling	that	the	instantaneous	motion	is	recoverable	from	ψ	̃	=	ψ	0	+	ψ	̂	,	and	that	disturbances	are	not	allowed	to	alter	the	basic	flow	conditions	at	the	boundaries,	show	that	the
disturbances	must	satisfy:	Page	317	You	may	also	impose	the	outflow	condition	suggested	by	Theofilis,	Duck,	and	Owen	(2004)	by	setting	a	simple	extrapolation	relation	at	the	domain’s	exit	plane,	x	=	XN,	namely,	(b)	Using	the	Taylor	basic	flow	profile	and	a	numerical	solver	of	your	choice,	find	the	eigenvalues	for	n	=	0,	X	N	=	8,	and	ν	=	1/900	=	1.11
×	10	−3	m2/s.	(c)	Optional:	Compare	your	findings	to	those	of	Griffond	and	Casalis	(2001),	“On	the	nonparallel	stability	of	the	injection	induced	two-dimensional	Taylor	flow.”	5-46.	Assuming	strictly	axisymmetric	flow	conditions	with	an	azimuthal	wave	number	of	m	=	0	and	a	basic	motion	that	is	prescribed	by	a	two-component	velocity	vector	of	the
form	V0(r,	z)	=	[U	r(r),	0,	U	z(r,	z)],	(a)	show	that	the	linearized	Navier–Stokes	equations	with	biglobal	stability	disturbance	modes,	which	are	given	by	Eqs.	(586)–(5-89),	can	be	readily	reduced	into	where	(b)	Using	a	disturbance	stream	function	that	satisfies	the	linearized	continuity	equation	identically,	eliminate	u	r	and	u	z	from	the	remaining	radial
and	axial	momentum	equations	by	substituting	(c)	The	pressure	can	be	eliminated	by	taking	the	partial	derivative	of	the	radial	pressure	gradient	with	respect	to	z	and	setting	it	equal	to	the	partial	derivative	of	the	axial	pressure	gradient	with	respect	to	r.	Show	that	the	problem	reduces	to	a	single	fourth-order	partial	differential	equation	for	the
disturbance	stream	function,	namely,	the	one	advanced	by	Chedevergne	et	al.	(2006):	5-47.	The	Taylor–Culick	profile,	which	has	been	repeatedly	used	to	describe	the	ideal	gaseous	motion	in	solid	rocket	motors	(Culick	1966),	corresponds	to	an	axisymmetric,	self-similar	profile	in	a	porous	tube.	When	the	tube	radius	is	taken	to	be	unity,	the	basic	flow
stream	function	may	be	written	as	ψ	0	=	z	sin	(	1	_	2	π	r	2)	for	0	≤	r	≤	1	and	0	≤	z	≤	Z	N,	where	Z	N	represents	the	length	of	the	porous	tube	(see	Fig.	P5-47a).	FIGURE	P5-47a	Page	318	Assuming	a	wall	injection	speed	of	unity,	the	basic	flow	velocity	may	be	expressed	as	with	Navier–Stokes	equations	As	shown	in	the	problem	above,	the	linearized
with	biglobal	stability	disturbance	modes	can	be	reduced	into	a	single,	fourth-order,	partial	differential	equation	for	the	disturbance	stream	function	Following	Chedevergne	et	al.	(2012),	the	basic	flow	boundary	conditions	require	uniform	wall-normal	injection,	no	slip	at	the	headwall,	and	axisymmetry	with	respect	to	r	=	0,	specifically:	(a)	Recalling
that	the	instantaneous	motion	is	recoverable	from	ψ	̃	=	ψ	0	+	ψ	̂	,	and	that	disturbances	must	be	prevented	from	altering	the	basic	flow	conditions	at	the	boundaries,	show	that	the	disturbances	must	satisfy:	You	may	also	impose	the	outflow	condition	suggested	by	Theofilis,	Duck,	and	Owen	(2004)	by	setting	a	simple	extrapolation	relation	at	the
domain’s	exit	plane,	z	=	ZN,	namely,	(b)	Using	the	Taylor–Culick	basic	flow	and	a	numerical	solver	of	your	choice,	show	that	one	of	the	eigenvalues	for	m	=	0,ZN	=	8	and	ν	=	1/1975	m2/s	≈	5	×	10	−4	m2/s	is	approximately	σ	=	40.4	−	9.16i.	FIGURE	P5-47b	(c)	Obtain	the	“boomerang”	set	of	eigenvalues	for	ZN	=	8	and	Z	N	=	10	using	ν	=	5	×	10	−4
m2/s.	Page	319	(d)	Compare	your	results	to	those	of	Chedevergne	et	al.	(2012)	provided	in	Fig.	P547b	and	explain	the	differences.	5-48.	Identify	the	operators	that	appear	in	the	biglobal	stability	disturbance	equations	using	cylindrical	polar	coordinates,	which	are	given	by	Eqs.	(5-94)–(5-97),	in	order	to	provide	the	source	coefficients	for	the
eigenvalue	problem	represented	by	denote	the	eigenvalues	and	corresponding	eigenvectors,	while	Aij	and	Bij	refer	to	Show	that	and	that	the	only	nonvanishing	values	of	5-49.	Using	Eq.	(5-106),	provide	the	linear	coordinate	transformations	that	are	needed	to	map	an	axisymmetric	problem	defined	in	the	(r,	z)	domain	from	the	0	≤	r	≤	1	and	0	≤	z	≤	Z
N	intervals	to	the	Chebyshev	domain	of	[−1,	1].	5-50.	Using	Eq.	(5-106),	provide	the	linear	coordinate	transformations	that	are	needed	to	map	a	cylindrical	polar	problem	defined	in	the	(r,	θ,	z)	domain	from	the	0	≤	r	≤	1,	0	≤	θ	≤	2π,	and	0	≤	z	≤	Z	N	intervals	to	the	Chebyshev	domain	of	[−1,	1].	5-51.	Identify	the	block	matrices	that	must	be	used	to
convert	the	biglobal	stability	disturbance	equations	in	cylindrical	polar	coordinates,	based	on	Eqs.	(5-94)–(5-97),	to	an	eigenvalue	problem	of	the	form	A	ij	fi	=σ	Bij	fi,	where	σ	and	fi	denote	the	eigenvalues	and	corresponding	eigenvectors.	The	block	matrices	appear	as	Show	that	the	only	nonvanishing	values	of	Page	320	5-52.	Reduce	the	block
matrices	of	Eqs.	(5-94)–(5-97)	that	you	just	derived	assuming	axisymmetric	disturbances	with	no	azimuthal	variations	and	m	=	0.	5-53.	Consider	a	problem	with	a	simple	axisymmetric	viscous-flow	configuration,	namely,	a	cylindrical	fluid	domain	that	extends	over	0	≤	r	≤	1	and	0	≤	z	≤	ZN.	Assume	infinite	impedance	(hardwall)	boundaries	everywhere
along	r	=	0,	r	=	1,	and	z	=	0,	and	that	an	outflow	condition	exists	at	z	=	Z	N,	where	a	zero	normal	stress	requirement	based	on	Eq.	(5-114)	translates	into	Show	that	the	boundary	conditions	on	the	(u	r,	u	θ,	u	z,	p)	disturbance	eigenfunctions	can	be	written	as	5-54.	Using	the	cylindrical	polar	formulation	of	Probs.	5-51–5-53	and	a	numerical	solver	of
your	choice,	investigate	the	stability	of	the	Taylor–Culick	profile	corresponding	to	Here	with	find	the	spectrum	of	eigenvalues	for	ZN	=	8	and	Z	N	=	10.	Compare	your	results	to	those	of	Chedevergne	et	al.	(2012)	provided	in	Fig.	P5-47b.	5-55.	Using	the	cylindrical	polar	formulation	of	Probs.	5-51–5-53,	investigate	the	stability	of	the	Cecil–Majdalani
profile,	which	extends	the	Taylor–Culick	motion	to	spinning	rocket	motors	(see	Fig.	P5-55).	As	shown	by	Cecil	and	Majdalani	(2017)	in	their	AIAA	award-winning	paper,	the	basic	motion	can	be	described	using	Here	represents	the	tangential	speed	of	the	spinning	chamber	relative	to	the	wall	injection	speed,	and	Re	=	V	w	a/ν	stands	for	the	injection
Reynolds	number	based	on	the	wall	injection	speed	V	w,	chamber	radius	a,	and	kinematic	viscosity	ν.	When	the	injection	speed	and	chamber	radius	are	taken	to	be	unity,	the	Reynolds	number	becomes	equivalent	to	the	reciprocal	of	the	kinematic	viscosity,	Re	=	1/ν	and	the	Hertzian	frequency	of	rotation	may	be	deduced	from	fs	=	Vs/(2πa).	Using	m	=
0	and	ν	=	5	×	10	−4	m2/s,	find	the	spectrum	of	eigenvalues	for	ZN	=	8	and	ZN	=	10.	By	comparing	your	results	to	those	of	Chedevergne	et	al.	(2012)	in	Fig.	P5-47b,	what	can	you	say	about	the	effect	of	axial	rotation	on	the	stability	of	the	basic	motion?	You	may	use	the	boundary	conditions	described	in	Prob.	5-53.	FIGURE	P5-55	Page	321	5-56.
Identify	the	operators	that	appear	in	the	compressible	biglobal	stability	disturbance	equations	in	cylindrical	polar	coordinates,	which	are	given	by	Eqs.	(5-155)–(5-160),	in	order	to	provide	the	source	coefficients	for	the	eigenvalue	problem	represented	by	where	σ	and	fi	denote	the	eigenvalues	and	corresponding	eigenvectors,	while	A	ij	and	Bij	refer	to
Show	that	where	the	dissipation	function	may	be	reconstructed	from	Page	322	and	5-57.	that	the	only	nonvanishing	values	of	Identify	the	block	matrices	that	must	be	used	to	convert	the	compressible	biglobal	stability	disturbance	equations	in	cylindrical	polar	coordinates,	based	on	Eqs.	(5155)–(5-160),	to	an	eigenvalue	problem	of	the	form	where	σ
andfi	denote	the	eigenvalues	and	corresponding	eigenvectors.	The	block	matrices	appear	as	Show	that	the	only	nonvanishing	values	and	that	of	where	the	dissipation	function	may	be	reconstructed	from	†The	shower	spray	is	also	turbulent	but	not	continuous.	When	viewed	under	stroboscopic	light,	it	shows	a	striking	pattern	of	irregular	droplets.	§It
can	be	stated,	however,	that	transition	never	occurs	for	Re	<	Recrit.	**Later	work	has	added	viscous	effects	to	the	analysis.	See	the	text	by	Phillips	(1978).	††Using	u′,	υ′,	and	w′	to	denote	the	velocity	fluctuations,	the	turbulence	level	is	defined	as	‡‡Absolute	instability	refers	to	the	case	for	which	disturbances	start	and	continue	to	grow	from	the	same
initiation	point	in	space,	before	spreading	elsewhere.	Convective	instability	refers	to	the	case	for	which	disturbances	grow	while	moving	away	from	their	initiation	source.	Page	323	CHAPTER	6	INCOMPRESSIBLE	TURBULENT	MEAN	FLOW	I	am	an	old	man	now,	and	when	I	die	and	go	to	Heaven	there	are	two	matters	on	which	I	hope	for
enlightenment.	One	is	quantum	electrodynamics	and	the	other	is	the	turbulent	motion	of	fluids.	And	about	the	former	I	am	really	rather	optimistic.	Horace	Lamb	(1849–1934)	6-1	PHYSICAL	AND	MATHEMATICAL	DESCRIPTION	OF	TURBULENCE	CHAPTER	5	showed	that	smooth,	orderly	laminar	flow	is	strictly	limited	to	finite	values	of	critical
parameters—Reynolds	number,	Grashof	number,	Taylor	number,	Richardson	number,	etc.	Beyond	that,	laminar	flow	is	unstable	and	will	evolve	to	a	new	flow	regime	if	the	critical	parameter	is	large	enough.	That	new	regime,	not	predicted	by	stability	theory	but	nevertheless	inevitable,	is	a	fluctuating,	disorderly	motion	called	turbulence.	Because
turbulence	is	so	complex,	its	complete	analysis	and	quantification	will	probably	never	be	achieved.	Turbulent	flow	will	remain	the	subject	of	research	in	the	foreseeable	future,	thus	leading	to	hundreds	of	published	papers	and	articles	every	year.	Much	is	known	now	about	the	structure	of	turbulence,	due	to	excellent	experimental	techniques.	First,
there	is	advanced	flow	visualization,	as	described	in	the	monographs	by	van	Dyke	(1982),	Merzkirch	(1987),	Nakayama	(1988),	Yang	(1989,	1994),	Nakayama	and	Tanida	(1996),	and	Smits	and	Lim	(2000).	In	addition	to	still	images,	there	is	an	outstanding	list	of	fluid-flow	videotapes	and	movies	given	by	Carr	and	Young	(1996).	The	flowvisualization
community	meets	regularly.	Second,	there	is	superb	modern	miniature	instrumentation:	hot-wires	(Bruun	1995),	laser-Doppler	systems	(Durst	1992),	particle	image	velocimetry	(Raffel	et	al.	1998),	and	other	measurement	techniques	including,	but	not	limited	to,	ultrasound,	X-ray,	computed	tomography,	holography,	and	magnetic	resonance	
velocimetry	(Goldstein	1996).	The	present	chapter	provides	a	modest	survey	of	incompressible	turbulent	flow.	There	are	many	advanced	monographs	on	the	subject,	in	chronological	order:	Hinze	(1975),	Libby	(1996),	Schmitt	(1997),	Wilcox	(1998),	Mathieu	and	Scott	(2000),	Pope	(2000),	Launder	and	Sandham	(2001),	Bernard	and	Wallace	(2002),
Cebeci	(2003),	and	Tzabiras	(2003).	6-1.1	Physical	Description	A	provocative	visualization	of	transitional	and	turbulent	flat-plate	flow	is	described	by	Nakayama	(1988)	and	reproduced	computationally	in	Fig.	6-1.	Air	flows	at	3.3	past	a	plate	2.4	m	long	and	1.2	m	wide.	The	shear-layer	motion	is	visualized	by	smoke	introduced	at	the	leading	edge.	Spots
form	and	merge,	and	transition	to	turbulence	occurs	at	about	x	=	90	cm,	which	corresponds	to	a	local	Reynolds	number	of	Rex	≈	2	×	105.	After	this	point,	the	boundary	layer	is	much	thicker	and	quite	disorderly.	The	disorder	is	not	merely	white	noise.	It	has	clear	spatial	structure	and	may	be	described	by	the	following	characteristics:	FIGURE	6-1
Numerical	simulation	of	airflow	at	3.3	m/s	past	a	flat	plate	based	on	the	Reynolds	Stress	Turbulence	Model:	(a)	top	view;	(b)	side	view.	Transition	is	at	x	≈	90	cm	or	Rex	≈	2	×	105.	[Produced	by	G.	Sharma	and	J.	Majdalani	using	a	finite-volume	solver	and	4	million	hexahedral	cells.]	1.	Fluctuations	in	pressure	and	velocity	(and	also	temperature	when
there	is	heat	transfer).	The	velocity	fluctuates	in	all	three	directions.	Fluctuations	are	superimposed	upon	a	mean	value	of	each	property.	2.	Eddies	or	fluid	packets	of	many	sizes	that	intermingle	and	fill	the	shear	layer.	The	eddy	size	varies	continuously	from	a	shear-layer	thickness	δ	(about	40	mm	in	this	case)	down	to	the	so-called	Kolmogorov	length
scale,	or	about	0.05	mm	in	this	case.	Page	324	3.	Random	variations	in	fluid	properties	which	have	a	particular	form	(not	white	noise).	Each	property	has	a	specific	continuous	energy	spectrum	that	drops	off	to	zero	at	high	wave	numbers	(small	eddy	size).	4.	Self-sustaining	motion.	Once	triggered,	turbulent	flow	can	maintain	itself	by	producing	new
eddies	to	replace	those	lost	by	viscous	dissipation.	This	is	especially	true	in	wallbounded	flows.	Turbulence	production	is	not	generally	related	to	the	original	instability	mechanisms	such	as	Tollmien–Schlichting	waves.	5.	Mixing	that	is	much	stronger	than	that	due	to	laminar	(molecular)	action.	Turbulent	eddies	actively	spread	in	three	dimensions	and
cause	rapid	diffusion	of	mass,	momentum,	and	energy.	Moreover,	ambient	fluid	from	nonturbulent	zones	is	strongly	entrained	in	a	turbulent	flow.	Heat	transfer	and	friction	are	greatly	enhanced	when	compared	to	laminar	flow,	and	turbulent	mixing	is	associated	with	a	gradient	in	the	timemean	flow.	These	are	typical	descriptors	for	turbulence:	a
spatially	varying	mean	flow	with	superimposed	three-dimensional	random	fluctuations	that	are	self-sustaining	and	enhance	mixing,	diffusion,	entrainment,	and	dissipation.	It	is	not	necessary	to	have	a	nearby	wall	to	generate	turbulence.	Boundary-free	motions—	jets,	wakes,	mixing	layers—may	also	be	turbulent	and	have	all	the	characteristics
mentioned	above.	In	addition,	turbulent	flows	that	interface	with	a	nonturbulent	fluid	may	contain	visible	patterns	called	coherent	structures.	An	example	is	shown	in	Fig.	6-2	of	turbulent	flow	in	the	mixing	layer	between	two	parallel	streams	of	unequal	velocity.	Note	that	a	coherent	pattern	of	paired	vortices	that	grow	linearly	downstream	may	be
identified	within	the	disorderly	small-eddy	motions,	namely,	one	that	is	associated	with	the	Kelvin–Helmholtz	instability	of	an	inviscid	mixing	layer	[see	Fig.	5-3].	Related	coherent	structures	may	also	be	found	at	the	edges	of	turbulent	jets,	wakes,	and	boundary	layers	[Hussain	(1986),	Holmes	et	al.	(1998)].	FIGURE	6-2	Spark	shadowgraph	of	turbulent
flow	in	the	mixing	layer	between	unequal	parallel	streams.	A	large	coherent	vortical	structure	is	embedded	within	the	random	turbulent	eddies.	[After	Brown	and	Roshko	(1974).]	Since	turbulence	involves	a	wide	spectrum	of	properties	with	random	length	and	timescales,	describing	it	can	be	difficult.	The	present	chapter	will	concentrate	on
engineering	estimates	of	time-mean	velocity,	pressure,	temperature,	shear	stress,	and	heat	transfer.	There	are	many	other	worthy	measures	of	turbulent	flow.	Chapter	2	of	Bernard	and	Wallace	(2002),	for	example,	details	the	properties	of	integral	microscales,	Reynolds	stress,	turbulent	kinetic	energy,	turbulent	dissipation,	turbulent	transport,
pressure–strain	correlations,	vorticity,	and	enstrophy.	In	fluid	dynamics,	the	enstrophy	is	the	quantity	directly	related	to	the	kinetic	energy	in	the	flow	model	that	corresponds	to	dissipation	effects	in	the	fluid.	Page	325	6-1.2	Mathematical	Description	Visualizations	such	as	those	by	Nakayama	(1988)	are	illuminating,	but	fail	to	provide	much
quantitative	information.	At	a	minimum,	one	wishes	in	a	turbulent-flow	analysis	to	be	able	to	predict	(1)	velocity	and/or	temperature	profiles	and	(2)	wall	friction	and/or	heat	transfer	distributions.	Additional	information	on	the	statistical	properties	of	turbulence	is	desirable,	albeit	impossible	to	predict	the	structures	in	Fig.	6-1	using	purely	theoretical
arguments.	As	far	as	we	know,	the	Navier–Stokes	equations	from	Chap.	3	do	apply	to	turbulent	flow,	and	these	equations	can	be	modeled	on	a	digital	computer	by	finite	differences	or	finite	elements.	Such	frontal	attacks	on	turbulence	constitute	the	basis	for	the	new	research	field	on	direct	numerical	simulation	or	DNS	(Moin	and	Mahesh	1998).
Because	of	the	wide	range	of	flow	scales	involved,	DNS	solutions	require	supercomputers	and,	even	then,	are	limited	to	very	low	Reynolds	numbers.	A	flow	such	as	Fig.	6-1	is	out	of	the	question—the	smallest	eddy	size	is	about	0.04	mm,	hence	simulation	of	a	shear	layer	10	cm	high	on	a	1.2	×	2.4	m	plate	would	require	5	trillion	mesh	points,	which	still
exceed	the	capacity	of	most	computers.	The	largest	meshes	achieved	thus	far	are	only	sufficient	to	model	transitional	and	lowturbulent	flows	(Re	≤	104),	although	they	are	capable	of	yielding	much	needed	information	for	modeling	higher	Reynolds	numbers.	Let	us	recall	that,	at	one	point	in	time,	DNS	turbulence	computation	was	thought	to	be
impossible.	Emmons	(1970)	estimated	that	prediction	of	fine	details	of	turbulent	pipe	flow	would	require	1022	numerical	operations,	far	beyond	the	capability	of	any	single	supercomputer.	Since	then,	parallel	computation	using	CPU	and	GPU	platforms,	which	combine	the	efforts	of	a	multitude	of	single	computers,	has	enabled	researchers	to	exceed
Emmons’	estimate	by	several	orders	of	magnitude.	6-1.3	Fluctuations	and	Time	Averaging	Since	actual	computation	of	a	raw	velocity	component	u(x,	y,	z,	t)	is	not	possible	in	high	Reynolds	number	flow,	the	standard	analysis	of	turbulence	separates	the	fluctuating	property	from	its	time-mean	value.	Figure	6-3	shows	time	traces,	taken	by	a	hot-wire,	of
a	single	velocity	component	in	a	turbulent	flow.	Trace	a	was	taken	deep	within	a	shear	layer	and	shows	continuous	random	fluctuations	of	5–10	percent	about	a	mean	value.	Trace	b	was	taken	near	the	edge	of	a	jet	flow	and	shows	intermittent	regimes	of	turbulent	and	nonturbulent	flow.	The	flow	is	seen	to	be	turbulent	about	20	percent	of	the	time—
hence	we	define	the	intermittency	factor,	γ	=	(turbulent	time)/(total	time)	=	0.2.	Note	that	the	mean	flow	has	been	subtracted	for	convenience	in	trace	b.	The	intermittency	occurs	because	the	edge	of	a	turbulent	jet	is	sharp	and	ragged	and	regions	of	turbulent	and	nonturbulent	flow	alternately	pass	over	the	probe.	FIGURE	6-3	Hot-wire
measurements	showing	turbulent	velocity	fluctuations:	(a)	typical	trace	of	a	single	velocity	component	in	a	turbulent	flow;	(b)	trace	showing	intermittent	turbulence	at	the	edge	of	a	jet.	When	analyzed	for	energy	content,	the	frequency	spectrum	of	trace	a	is	found	to	be	continuous	(random),	with	significant	energy	in	the	range	of	1–105	Hz.	The	same	is
true	of	the	turbulent	portions	of	trace	b.	Other	properties—pressure,	temperature,	and	the	remaining	two	velocity	components—show	more	or	less	the	same	behavior	as	in	Fig.	6-3.	Suppose	that	trace	a	in	Fig.	6-3	represents	u(t)	at	a	particular	spot	(x,	y,	z).	Then	the	time	average	of	u	is	defined	as	(6-1)	Page	326	where	the	integration	interval	T	is
chosen	to	be	larger	than	any	significant	period	of	the	fluctuations	in	u.	We	may	then	define	the	fluctuation,	u′,	as	the	remainder	when	the	mean	flow	is	subtracted:	(6-2)	The	fluctuation	alone	is	shown	in	trace	b	of	Fig.	6-3.	Based	on	this	definition,	it	may	be	easily	shown	that	the	mean	fluctuation	is	strictly	zero:	.	Therefore,	to	characterize	the
magnitude	of	the	fluctuation,	we	evaluate	its	mean-square	value:	(6-3)	The	root-mean-square	(rms)	value	of	u′	is	defined	as	.	Furthermore,	if	the	integrals	in	Eqs.	(6-1)	and	(6-3)	are	independent	of	the	starting	time	t0,	the	fluctuations	are	said	to	be	statistically	stationary.	There	are	two	paths	to	turbulent-flow	analysis:	(1)	a	statistical	theory	of	turbulent
correlation	functions	and	(2)	a	semiempirical	modeling	of	turbulent	mean	quantities.	The	former	approach	focuses	on	the	statistical	properties	of	the	fluctuations:	their	frequency	correlations,	space–time	correlations,	and	interactions	with	one	another.	The	latter	approach	emphasizes	the	turbulent	properties	of	most	engineering	significance:	mean
velocity	and	temperature	profiles,	wall	friction	and	heat	transfer,	shear-layer	thickness	parameters,	and	rms	fluctuation	profiles.	With	the	increased	sophistication	in	recent	turbulent-modeling	research,	the	two	paths	are	beginning	to	overlap.	This	text	will	primarily	emphasize	the	second	approach,	which	is	focused	on	semiempirical	modeling	of
engineering	problems.	The	statistical	theory	is	treated	in	several	excellent	texts:	Monin	and	Yaglom	(1972),	Tennekes	and	Lumley	(1972),	Hinze	(1975),	and	Heinz	(2003).	6-1.4	Illustration:	Turbulence	Measurements	in	Flat-Plate	Flow	Throughout	boundary-layer	theory,	we	shall	adopt	coordinates	(u,	υ,	w)	such	that	u	is	parallel	to	the	freestream,	υ	is
normal	to	the	wall,	and	w	is	lateral	to	the	freestream.	Figure	6-4	shows	measured	values	of	and	the	covariance	,	which	is	called	the	turbulent	shear	stress	for	reasons	we	shall	soon	see,	in	a	turbulent	boundary	layer	on	a	flat	plate	at	a	Reynolds	number	Rex	≈	107,	after	Klebanoff	(1955).	Note	that	the	fluctuations	are	quite	large,	up	to	11	percent	of	the
freestream	speed.	The	presence	of	the	wall	makes	the	fluctuations	different	in	magnitude	(anisotropy,	typical	of	all	shear	flows)	for	clear	geometric	and	physical	reasons.	The	longitudinal	fluctuation	u′	is	largest,	being	unimpeded	by	the	wall	and	slightly	reinforced	by	the	freestream.	The	term	υ′	is	smallest,	being	directly	impeded	by	the	presence	of
the	wall,	and	reaches	its	maximum	much	farther	out	than	u′	or	w′.	The	lateral	component	w′	is	intermediate	and	quite	large.	The	reader	may	perhaps	be	struck	by	this	evidence	that	even	the	most	“two-dimensional”	of	turbulent	boundary	layers	has	a	thoroughly	three-dimensional	set	of	velocity	fluctuations.	However,	w′	does	not	directly	influence	the
mean	flow	in	this	case.	Finally,	the	turbulent	shear	is	much	smaller	but	ofPage	327	fundamental	importance	to	later	analysis.	Determining	its	characteristics	is	the	central	problem	in	our	analysis	of	turbulent	shear	flows.	FIGURE	6-4	Flat-plate	measurements	of	the	fluctuating	velocities	u′	(streamwise),	υ′	(normal),	and	w′	(lateral)	and	the	turbulent
shear	u′	υ′	.	[After	Klebanoff	(1955).]	Figure	6-4	has	other	interesting	features.	First,	near	the	wall,	all	fluctuations	(u′,	υ′,	w′)	should	vanish	due	to	the	no-slip	condition.	Yet	the	large-scale	graph	(0	<	y	/	δ	<	1)	shows	the	mean	flow	dropping	to	zero	but	not	the	fluctuations,	which	require	an	expanded	inset	scale	to	demonstrate	no	slip.	Turbulence	is
quite	resistant	to	wall	damping,	and	measurements	in	thick	boundary	layers	show	significant	fluctuations,	even	at	y	/	δ	=	0.0001.	Second,	at	large	y,	we	see	that	the	fluctuations	extend	outside	the	point	normally	designated	at	the	boundary-layer	“edge”	y	=	δ,	where	.	This	is	associated	with	the	intermittency	of	the	outer	layer.	Klebanoff	(1955)
demonstrated	that	a	sharp	interface	or	superlayer	exists	between	turbulent	and	nonturbulent	regions	of	the	flow.	This	interface	has	a	ragged	shape	and	undulates	while	traveling	downstream,	as	sketched	in	Fig.	6-5b.	The	superlayer	varies	between	about	0.4δ	and	1.2δ	while	propagating	downstream	at	about	0.94U∞.	The	interface	exhibits	fractal
behavior,	i.e.,	its	length	and	surface	area	rise	at	a	faster	rate	than	its	basic	size	would	predict	[see,	e.g.,	Chevray	(1989)].	FIGURE	6-5	The	phenomenon	of	intermittency	in	a	turbulent	boundary	layer:	(a)	measured	intermittency	factors	[after	Klebanoff	(1955)];	(b)	the	superlayer	interface	between	turbulent	and	nonturbulent	fluid.	Klebanoff	measured
the	intermittency	(percentage	of	time	the	flow	is	turbulent)	in	the	boundary	layer,	with	results	shown	in	Fig.	6-5a.	The	oddity	of	data	points	where	γ	>	1	(near	the	wall)	is	explained	by	Klebanoff’s	use	of	a	statistical	formula,	rather	than	the	more	recent	technique	of	conditioned	sampling	with	an	instrument	that	discriminates	between	laminar	and
turbulent	flow	[Kovaznay	et	al.	(1970)].	The	curve-fit	formula	in	Fig.	6-5a	is	often	used	in	empirical	theories,	Klebanoff	showed	that	the	intermittency	distribution	is	almost	exactly	Gaussian	in	the	rangePage	328	between	y	/	δ	=	0.4	and	1.2.	Similar	measurements	by	Corrsin	and	Kistler	(1955)	show	the	same	Gaussian	intermittency	for	turbulent	jets
and	wakes.	Klebanoff	estimated	the	dominant	wavelength	of	the	superlayer	to	be	about	2δ.	The	mean	position	of	this	interface	(where	γ	≈	0.5)	is	at	0.78δ.	Note	from	Fig.	6-4	that	the	rms	fluctuations	(u′,	υ′,	w′)	become	approximately	equal	for	y	/	δ	≥	0.8,	where	the	turbulence	becomes	isotropic	[see,	e.g.,	Bernard	and	Wallace	(2002)].	Near	the	wall,
however,	the	flow	is	strongly	anisotropic,	and	this	is	the	region	where	most	of	the	production	and	dissipation	of	turbulence	energy	take	place.	Finally,	Klebanoff	(1955)	also	measured	the	energy	content	or	turbulence	spectrum.	His	results	for	the	wave-number	spectrum	of	the	streamwise	fluctuation	u′	are	shown	in	Fig.	6-6.	The	area	under	these
curves	is	a	measure	of	the	total	mean-square	fluctuation:	(6-4)	FIGURE	6-6	The	wave-number	spectrum	of	the	streamwise	turbulent	velocity	fluctuation	in	flat-plate	flow.	[Adapted	from	Klebanoff	(1955).]	We	see	that,	for	positions	near	the	wall,	there	is	more	energy	at	a	high	wave	number	(small	eddies),	whereas	away	from	the	wall,	the	large	eddies
dominate	the	spectrum.	6-2	THE	REYNOLDS	EQUATIONS	OF	TURBULENT	MOTION	Although	statistical	theories	and	numerical	simulations	are	viable	options,	most	research	on	turbulent-flow	analysis	in	the	past	century	has	used	the	concept	of	time	averaging.	Applying	time	averaging	to	the	basic	equations	of	motion	leads	to	the	Reynolds	equations,
which	involve	both	mean	and	fluctuating	quantities.	One	then	attempts	to	model	the	fluctuating	terms	by	relating	them	to	mean	properties	or	their	gradients.	This	approach	may	now	be	yielding	diminishing	returns.	Lumley	(1989)	provides	a	stimulating	discussion	of	how	time	averaging	might	outlive	its	usefulness.	Nonetheless,	the	Reynolds	equations
are	far	from	obsolete,	and	continue	to	form	the	basis	of	most	engineering	analyses	of	turbulent	flow.	Following	the	original	idea	of	Reynolds	(1895),	we	assume	that	the	fluid	exists	in	a	randomly	unsteady	turbulent	state	to	justify	the	use	of	the	time-averaged	or	mean	equations	of	motion.	In	this	vein,	any	variable	Q	may	be	resolved	into	a	mean
quantity	and	a	fluctuating	value	Q′	where,	by	definition,	(6-5)	Page	329	Here	the	period	over	which	integration	is	carried	out,	T,	must	be	sufficiently	large	compared	to	the	relevant	period	of	the	fluctuations.	The	mean	value	itself	may	vary	slowly	with	time,	as	sketched	in	Fig.	6-7,	and	we	speak	of	this	case	as	an	unsteady	turbulent	flow.	For	example,	in
a	tidal	estuary,	the	velocities	can	have	turbulent	components	in	the	1	Hz	range	superimposed	on	a	tidal	variation	with	a	12	or	24	h	period.	After	time	averaging,	the	mean	flow	can	still	oscillate	with	tidal	periods.	FIGURE	6-7	Steady	and	unsteady	laminar	and	turbulent	flow.	To	initiate	this	analysis,	let	us	consider	incompressible	turbulent	flow	with
constant	transport	properties	and	possible	fluctuations	in	its	velocity,	pressure,	and	temperature.	The	flow	variables	may	be	decomposed	into	(6-6)	Before	substituting	these	expansions	into	the	basic	equations,	we	can	verify	from	Eq.	(6-5)	that	the	following	rules	of	averaging	apply	to	any	two	turbulent	quantities	f	and	g:	(6-7)	As	for	the	incompressible
continuity	equation,	(6-8)	we	can	substitute	in	it	the	decomposed	forms	of	u,	υ,	and	w	from	Eqs.	(6-6)	and	take	the	time	average	of	the	resulting	equation.	Realizing	that	the	time	average	of	the	partial	derivatives	of	all	fluctuations	drop	out,	one	is	left	with	(6-9)	Now	by	subtracting	Eq.	(6-9)	from	Eq.	(6-8),	we	deduce	an	important	condition	on	the
fluctuating	variables,	namely,	(6-10)	In	short,	the	mean	and	fluctuating	velocity	components	each	must	separately	satisfy	the	same	form	of	the	continuity	equation.	This	would	not	be	true	if	we	were	to	account	for	density	fluctuations,	because	terms	involving	would	couple	the	two	relations.	As	we	make	further	headway,	we	will	concentrate	on	the
mean-flow	relation	[Eq.	(6-9)],	in	lieu	of	the	fluctuations	[Eq.	(6-10)].	Next,	we	attempt	the	same	procedure	with	the	incompressible	Navier–Stokes	equations,	specifically,	(6-11)	Page	330	For	the	reader’s	convenience,	both	vector	and	indicial	forms	are	provided	in	parallel.	Before	substituting	for	u,	υ,	w,	and	p,	we	can	avoid	unnecessary	churning	by
noting	the	following	rather	clever	rearrangement	of	the	convective-acceleration	term:	The	ensuing	equality	stems	from	the	incompressible	continuity	relation	[Eq.	(6-8)].	It	can	be	readily	leveraged	in	Eq.	(6-11)	which,	when	time	averaged,	yields	(6-12)	Note	that	the	mean	momentum	equation	is	complicated	by	a	new	term	involving	the	turbulent-
inertial	tensor	.	This	new	term	is	extraordinarily	important	and	constitutes	the	source	of	our	difficulties	because	its	mathematical	form	is	not	known	beforehand.	In	essence,	the	time-averaging	procedure	introduces	nine	new	variables	(i.e.,	the	tensor	components)	that	can	be	defined	only	through	(unavailable)	knowledge	of	the	detailed	turbulent
structure.	The	components	of	relate	not	only	to	fluid	physical	properties	but	also	to	local	flow	conditions	such	as	the	velocity,	geometry,	surface	roughness,	and	upstream	conditions.	In	a	two-dimensional	turbulent	boundary	layer	,	the	only	significant	term	reduces	to	,	but	even	this	single	term	requires	extensive	speculation	to	achieve	its	closure	in	the
form	of	a	mathematical	correlation	that	is	semiempirical	at	best.	Fortunately,	some	empirical	approaches	have	been	successful,	though	rather	thinly	formulated	from	nonrigorous	postulates.	A	slight	amount	of	illumination	is	thrown	upon	Eq.	(6-12)	if	it	is	rearranged	to	display	the	turbulent-inertial	terms	as	if	they	were	stresses.	In	this	context,	we



write	(6-13)	Mathematically,	then,	the	turbulent-inertial	terms	behave	as	if	the	total	stress	on	the	system	were	composed	of	Newtonian	viscous	stresses	that	are	augmented	by	an	additional	or	apparent	turbulent-stress	tensor	.	In	boundary-layer	analysis,	the	dominant	term	is	coined	turbulent	shear.	Now	consider	the	energy	equation	(i.e.,	first	law	of
thermodynamics)	for	incompressible	flow	with	constant	properties	(6-14)	where	Φ	is	the	dissipation	function	given	by	Eq.	(2-46).	Taking	the	time	average,	we	obtain	the	mean-energy	equation	(6-15)	By	analogy	with	our	rearrangement	of	the	momentum	equation,	we	have	collected	conduction	and	turbulent	convection	terms	into	a	total-heat-flux	vector
qi,	which	combines	both	the	molecular	flux	and	the	turbulent	flux	.	The	total-dissipation	term	Φ	is	obviously	complex	in	the	general	case	but	in	two-dimensional	turbulent-boundary-layer	flow,	it	reduces	approximately	to	Page	331	Equations	(6-9),	(6-13),	and	((6-15)	represent	the	Reynolds-averaged	basic	differential	equations	for	turbulent	mean
continuity,	mean	momentum,	and	mean	thermal	energy.	They	contain	several	new	unknowns	involving	time-averaged	correlations	of	fluctuating	velocities	and	temperature.	Therefore,	solutions	cannot	be	pursued	without	additional	relations	or	empirical	modeling	ideas	to	achieve	the	necessary	closure.	6-2.1	The	Turbulence	Kinetic-Energy	Equation
Many	attempts	have	been	made	to	add	“turbulence	conservation”	relations	to	the	timeaveraged	continuity,	momentum,	and	energy	equations	above.	The	most	obvious	single	addition	is	a	relation	for	the	turbulence	kinetic	energy	K	of	the	fluctuations,	defined	by	(6-16)	Here	we	have	introduced	for	convenience	the	Einstein	summation	notation,	where
ui	=	(u1,	u2,	u3)	=	(u,	υ,	w)	and	a	repeated	subscript	implies	summation	(App.	D).	For	example,	.	If	turbulence	is	to	be	described	by	only	one	velocity	scale,	it	should	be	1/2	K	.	A	conservation	relation	for	K	can	be	derived	by	forming	the	mechanical-energy	equation,	i.e.,	the	dot	product	of	ui	and	the	ith	momentum	equation.	Then,	following	Prandtl
(1945a),	we	subtract	the	instantaneous	mechanical	energy	from	its	time-averaged	value.	The	result	is	the	turbulence	kinetic-energy	relation	for	an	incompressible	fluid:	(6-17)	We	have	labeled	this	relation	with	Roman	numerals	to	describe	the	relation	in	words.	The	rate	of	change	of	turbulent	energy	(I)	is	equal	to	its	convective	diffusion	(II),	plus	its
production	(III),	plus	the	work	done	by	turbulent	viscous	stresses	(IV),	plus	turbulent	viscous	dissipation	(V).	The	terms	in	this	relation	are	so	complex	that	they	cannot	be	computed	from	first	principles.	For	this	reason,	modeling	ideas	are	considered.	6-2.2	The	Reynolds	Stress	Equation	From	Eq.	(6-3),	the	turbulent	or	“Reynolds”	stresses	have	the
form	.	From	this	point	of	view,	turbulence	kinetic	energy	is	actually	proportional	to	the	sum	of	the	three	turbulent	normal	stresses,	.	Of	more	importance	to	the	engineer	are	the	turbulent	shear	stresses,	where	i	≠	j.	It	is	possible	to	develop	a	conservation	equation	for	a	single	Reynolds	stress	and	the	derivation	involves	subtracting	the	time-averaged
momentum	Eq.	(612)	from	its	instantaneous	value,	in	both	the	i	and	j	directions.	In	this	manner,	the	ith	result	is	multiplied	by	uj	and	added	to	the	jth	result	multiplied	by	ui.	This	relation	is	then	time	averaged	to	yield	the	Reynolds	stress	equation:	(6-18)	Here	the	Roman	numerals	denote	the	following:	(I)	rate	of	change	of	Reynolds	stress,	(II)
generation	of	stress,	(III)	dissipation,	(IV)	pressure–strain	effects,	and	(V)	diffusion	of	Reynolds	stress.	In	their	full	three-dimensional	form,	Eqs.	(6-17)	and	(6-18)	are	extremely	complex,	with	many	unknown	correlations	to	model.	We	will	confine	our	attention	in	subsequent	sections	to	the	much	simpler	two-dimensional	boundary-layer	forms	of	these
relations.	If	buoyancy	and	temperature	dependence	of	fluid	properties	are	neglected,	we	may	uncouple	the	mean-energy	Eq.	(6-15)	and	solve	for	mean	temperature	later.	The	mean	velocity	and	pressure	may	be	solved	from	the	continuity	and	momentum	relations	[Eqs.	(6-9)	and	(6-13)],	given	a	judicious	set	of	turbulence	modeling	assumptions.	Page
332	6-3	THE	TWO-DIMENSIONAL	TURBULENT-	BOUNDARY-LAYER	EQUATIONS	We	must	face	the	fact	that	our	chief	success	in	turbulent-flow	analysis	lies	with	twodimensional	boundary	layers.	If	we	define	a	boundary	layer	as	one	in	which	large	lateral	(cross-streamwise)	changes	occur	relative	to	the	longitudinal	(streamwise)	changes	in	flow
properties,	our	definition	would	then	include	not	only	wall	flows	but	also	pipe	flow,	channel	flow,	wakes,	and	jets.	As	usual,	we	let	x	be	the	freestream	or	streamwise	direction	and	y	be	normal	to	the	wall.	By	analogy	with	laminar	boundary-layer	analysis,	we	can	assume	the	boundary-layer	thickness	δ(x)	≪	x	and	write	(6-19)	In	addition,	the	mean-flow
structure	may	be	considered	to	be	two-dimensional	such	that	(6-20)	In	this	case,	the	mean	lateral	turbulence	is	actually	not	zero,	,	but	its	z	derivative	may	be	ignored.	Then	we	can	easily	verify	that	the	basic	turbulent	Eqs.	(6-9),	(6-13),	and	(6-15)	reduce	to	the	boundary-layer	approximations	for	incompressible	turbulent	flow,	specifically,	(6-21a)	(6-
21b)	(6-21c)	where	Ue(x)	represents	the	freestream	velocity	and	where	we	have	adopted	the	short	notation	(6-22)	We	see	that	Eqs.	(6-21a)	to	(6-21c)	closely	resemble	the	laminar-flow	equations	from	Chap.	4,	except	that	q	and	τ	contain	a	turbulent	heat	flux	and	turbulent	shear	stress,	respectively,	which	must	be	modeled.	The	y-momentum	equation
reduces	to	which	may	be	integrated	across	the	boundary	layer	to	yield	(6-23)	Thus,	unlike	laminar	flow,	the	pressure	slightly	varies	across	the	boundary	layer	due	to	velocity	fluctuations	normal	to	the	wall.	From	Fig.	6-4,	the	rms	υ′	fluctuations	are	no	more	than	4	percent	of	the	stream	velocity	and	the	pressure	differs	from	freestream	pressure	by	no
more	than	about	0.4	percent	of	the	freestream	dynamic	pressure,	a	negligible	variation.	Note	that,	due	to	the	no-slip	condition,	the	wall	pressure	equals	the	freestream	pressure.	Since	Bernoulli’s	relation	is	assumed	to	hold	in	the	(inviscid)	freestream,	we	can	write	(6-24)	This	relation	has,	in	fact,	been	used	in	Eq.	(6-21b).	Considering	that	the
freestream	conditions	Ue(x)	and	Te(x)	are	known,	the	boundary	conditions	become	(6-25)	Here	too,	the	velocity	and	thermal	boundary-layer	thicknesses	(δ,	δ	T)	are	not	necessarily	equal	depending	on	the	Prandtl	number,	as	in	laminar-flow	analysis.	Equations	(6-21a)	and	(6-21b)	can	be	solved	for	and	if	a	suitable	correlation	for	the	total	shear	τ	is
known.	Subsequently,	the	temperature	can	be	found	from	Eq.	(6-21c)	if	the	turbulent	heat	flux	q	can	be	correlated.	Page	333	6-3.1	Turbulent	Energy	and	Reynolds	Stress	Since	Eqs.	(6-21)	contain	the	two	new	unknowns,	q	and	τ,	they	need	to	be	supplemented	in	order	to	achieve	mathematical	closure.	One	avenue	is	through	the	boundary-layer	forms
of	the	turbulence	equations.	The	turbulence	kinetic-energy	Eq.	(6-17)	has	the	two-dimensional	boundary-layer	form	(6-26)	Unfortunately,	this	introduces	two	additional	turbulence	parameters,	the	pressure–strain	term	and	the	dissipation,	which	also	require	some	modeling,	as	we	will	see	later	in	this	chapter.	The	two-dimensional	boundary-layer	form
of	the	Reynolds	stress	[Eq.	(6-18)]	becomes	(6-27)	Again,	several	new	turbulence	correlations	are	introduced	that	will	need	to	be,	and	have	been,	successfully	modeled.	6-3.2	Turbulent-Boundary-Layer	Integral	Relations	The	momentum-integral,	energy,	etc.,	relations	for	turbulent	flow	may	be	derived	by	using	continuity	Eq.	(6-21a)	to	eliminate	in
favor	of	and	then	integrating	the	result	across	the	boundary	layer.	Alternatively,	one	may	use	a	control	volume	of	width	dx	and	height	δ.	The	momentum-integral	equation	was	first	derived	by	Kármán	(1921)	and	has	a	form	identical	to	the	laminar-flow	relation	(4–122):	(6-28)	This	equation	contains	three	variables,	θ,	H,	and	Cf.	In	laminar	flow,	we	can
relate	these	three	quantities	reasonably	well	with	one-parameter	velocity	profile	approximations	such	as	those	given	in	Table	4–1.	The	turbulent-flow	profile	is,	however,	more	complicated	in	shape,	and	many	different	correlations	or	additional	relations	have	been	proposed	to	achieve	closure	in	Eq.	(6-28).	There	are	over	50	different	ideas	in	the
literature.	In	a	likewise	manner,	the	two-dimensional	turbulent	integral-energy	equation	is	identical	to	its	laminar	counterpart,	Eq.	(4-145).	For	steady	flow	with	impermeable	walls,	it	may	be	written	as	(6-29)	Equation	(6-29)	can	be	used	to	develop	approximate	theories	for	turbulent	heat	convection	by	making	suitable	assumptions	about	the	form	of
the	(turbulent)	velocity	and	temperature	profiles.	Since	the	momentum-integral	relation	Eq.	(6-28)	contains	unknown	functions,	it	has	often	been	supplemented	by	additional	integral	relations.	One	of	these	uses	“mechanical	energy”	and	is	formed	by	multiplying	Eq.	(6-21b)	by	and	integrating	across	the	layer.	The	result	is	the	two-dimensional
mechanical-energy	integral	relation,	which	takes	the	same	form	for	either	laminar	or	turbulent	flow:	(6-30)	Page	334	The	right	hand	side	of	Eqn.	(6-30)	is	called	the	dissipation	integral	and,	for	turbulent	flow,	contains	new	information	that	can	be	used	for	closure.	Kline	et	al.	(1968)	discuss	seven	integral-boundary-layer	methods	that	use	this	relation.
Finally,	some	workers	use	the	integrated	form	of	the	continuity	relation	(6-21a),	which	becomes,	for	an	impermeable	wall,	where	Leibnitz’	rule	is	used	to	evaluate	the	integral.	By	introducing	δ	*	from	the	definition	of	displacement	thickness	in	Eq.	(6-28),	we	may	rewrite	this	expression	as	(6-31)	The	result	represents	the	rate	at	which	the	outer	fluid	is
brought	into	the	boundary	layer.	It	is	called	the	entrainment	relation,	valid	for	either	laminar	or	turbulent	flow,	and	was	first	derived	by	Head	(1958).	Kline	et	al.	(1968)	outline	four	turbulent-flow	methods	that	use	this	relation.	Turbulent-boundary-layer	integral	methods	were	once	the	mainstay	of	design	calculations,	but	now	they	have	mostly	been
replaced	by	commercial	CFD	turbulencemodeling	codes,	assisted	by	large-eddy	simulation	(LES)	and	DNS.	Integral	methods	are	reviewed	by	Cousteix	in	Kline	et	al.	(1982,	vol.	2,	pp.	650–671),	and	some	excellent	integral	methods	are	incorporated	into	the	online	Java	applets	(Boundary	Layer	Applets)	of	Devenport	and	Schetz	(2002).	The	advantage	of
integral	methods	includes	their	ease	of	implementation	on	simple	spreadsheets.	6-4	VELOCITY	PROFILES:	THE	INNER,	OUTER,	AND	OVERLAP	LAYERS	Now	let	us	consider	velocity	profiles	for	turbulent	flow.	First,	what	do	they	look	like?	Figure	6-8	shows	some	experimental	profiles	of	for	various	pressure	gradients	in	turbulent	flow.	The	profiles
have	a	distinctive	look	about	them	that	seems	to	spell	analytic	trouble.	They	are	about	as	nonlaminar	as	they	can	possibly	be.	They	seem	to	smash	up	against	the	wall	as	if	there	were	velocity	slip	at	the	wall;	actually,	they	drop	linearly	to	zero	within	a	thickness	that	is	hardly	measurable.	For	the	uppermost	profile,	for	example,	the	linear	(viscous)	drop-
off	occurs	in	the	region	0	≤	y	/	δ	<	0.002.	The	profiles	also	seem	to	have	a	characteristic	concavity	near	y	/	δ	≈	0.2,	as	if	a	gremlin	were	sitting	upon	them.	This	is	the	beginning	of	the	wakelike	behavior	of	the	outer	(fully	turbulent)	layer.	FIGURE	6-8	Experimental	turbulent-boundary-layer	velocity	profiles	for	various	pressure	gradients.	[Data	from
Coles	and	Hirst	(1968).]	For	the	key	to	profile	shape,	we	are	indebted	to	the	physical	insight	of	Ludwig	Prandtl	and	Theodore	von	Kármán.	They	deduced	that	the	profile	consists	of	an	inner	and	an	outer	layer,	plus	an	intermediate	overlap	between	the	two:	Inner	layer:	viscous	(molecular)	shear	dominates.	Outer	layer:	turbulent	(eddy)	shear
dominates.	Overlap	layer:	both	types	of	shear	are	important,	and	the	profile	smoothly	connects	the	inner	and	outer	regions.	Page	335	For	the	inner	law,	Prandtl	reasoned	in	1933	that	the	profile	would	depend	upon	wall	shear	stress,	fluid	properties,	and	distance	y	from	the	wall,	but	not	upon	the	freestream	parameters.	He	proposed:	Conversely,	for
the	outer	layer,	Kármán	deduced	in	1930	that	the	wall	acts	merely	as	a	(6-32)	source	of	resistance,	reducing	local	velocity	below	the	stream	velocity	Ue	in	a	manner	independent	of	viscosity	μ	but	dependent	upon	the	wall	shear	stress,	layer	thickness,	and	freestream	pressure	gradient:	(6-33)	Finally,	for	the	overlap	layer,	we	simply	specify	that	the
inner	and	outer	functions	merge	together	seamlessly	over	some	finite	intermediate	region:	(6-34)	Interestingly,	the	physical	characteristics	of	the	problem	determine	the	mathematical	form	of	this	overlap	profile.	6-4.1	Dimensionless	Profiles	The	functional	forms	in	Eqs.	(6-32)	to	(6-34)	are	guided	by	dimensional	analysis	and	determined	from
experiment.	These	relations	contain	three	primary	dimensions	(mass,	length,	and	time).	Therefore,	Eq.	(6-32),	with	five	variables,	reduces	to	5	−	3	=	2	dimensionless	parameters.	The	reader	may	show	that	the	proper	dimensionless	inner	law	is	(6-35)	The	variable	υ	*	has	units	of	velocity	and	is	called	the	wall-friction	velocity.	We	shall	use	υ	*	over	and
over	again	in	our	turbulent-flow	analyses.	In	like	manner,	Eq.	(6-33)	may	be	nondimensionalized	using	(6-36)	This	is	often	called	the	velocity-defect	law,	with	)	being	the	“defect”	or	retardation	of	the	flow	due	to	wall	effects.	At	any	given	position	x,	the	defect	shape	g(y	/	δ)	will	depend	upon	the	local	pressure	gradient	P.	Note	that	the	definition	of	P
resembles	Clauser’s,	Pohlhausen’s,	or	Thwaites’	pressure	parameters	(App.	H2).	The	overlap	function	follows	immediately	by	setting	the	inner	and	outer	profiles	equal	in	the	intermediate	region	where	they	both	share	the	same	pressure	gradient	P:	(6-37)	The	resulting	expression	is	supposedly	an	identity,	yet	the	function	f	contains	a	multiplicative
constant	and	the	function	g	an	additive	constant.	Using	functional	analysis,	it	can	be	shown	that	the	expression	will	be	true	only	if	both	f	and	g	are	logarithmic	functions	of	the	form	(6-38a)	(6-38b)	where	κ	and	B	are	near-universal	constants	for	turbulent	flow	past	smooth,	impermeable	walls	and	A	varies	mainly	with	the	pressure	gradient	P.	The
original	pipe-flow	measurements	in	1930	by	Prandtl’s	student	J.	Nikuradse	suggested	that	κ	≈	0.40	and	B	≈	5.5,	but	later	data	correlations,	e.g.,	Coles	and	Hirst	(1968),	adjust	these	values	to	(6-39)	which	are	adopted	in	this	text.	The	validity	of	the	inner	law,	including	the	logarithmic	overlap,	is	quickly	established	by	replotting	the	velocity	profiles
from	Fig.	6-8	in	terms	of	the	inner	variables,	and	.	This	is	done	in	Fig.	6-9,	with	smashing	success.	With	the	exception	of	the	separating	flow,	all	of	the	curves,	which	looked	so	different	in	Fig.	6-8,	now	collapse	into	a	single	logarithmic	relation	in	the	overlap	region	,	corresponding	roughly	to	thePage	336	range	0.02	≤	y	/	δ	≤	0.2,	after	which	the	curves
either	turn	upward	in	the	outer	(wakelike)	layer	or	turn	downward	in	the	inner	(viscous)	layer.	FIGURE	6-9	Replot	of	the	velocity	profiles	of	Fig.	6-8	using	inner	law	variables	y+	and	u+.	The	near-separating	flow	profile	in	Fig.	6-9	zooms	to	the	left	and	up	off	the	chart	because	approaches	zero	and	hence	becomes	very	large	and	very	small.	Near
separation,	then,	scaling	based	on	wall	shear	stress	deteriorates.	The	outer	law	holds,	but	the	inner	and	overlap	layers	become	vanishingly	small.	Note	also	from	Fig.	6-9	that	there	is	little	to	choose	between	(0.40,	5.5)	or	(0.41,	5.0)	for	the	logarithmic-law	constants	κ	and	B.	The	latter	values	will	be	used	here	when	numerical	results	are	needed.	The
validity	of	the	outer	law	[Eq.	(6-36)]	becomes	less	evident	when	the	profiles	from	Fig.	6-8	are	replotted	using	the	outer	variables	of	velocity	defect	versus	y	/	δ.	The	result	is	shown	as	Fig.	6-10.	At	first	glance,	we	may	be	momentarily	distressed	by	the	fact	that	the	profiles	do	not	collapse	into	a	single	“universal”	curve.	Upon	closer	scrutiny,	it	becomes
apparent	that	the	graphical	disparities	can	be	attributed	to	the	differences	in	the	pressure	gradient	parameter,	P,	which	accompanies	each	of	the	profiles:	FIGURE	6-10	Replot	of	the	velocity	profiles	of	Fig.	6-8	using	outer	law	variables	from	Eq.	(636).	Success	is	not	evident	because	each	profile	has	a	different	value	of	the	pressure	gradient	parameter
P.	According	to	Fig.	6-10,	each	shape	is	different	depending	on	the	value	of	its	constant	A.	As	such,	the	overlap	laws	do	not	collapse	either.	However,	for	a	given	P,	a	nearly	unique	profile	develops.	For	example,	all	flat-plate	data	fall	near	the	open-triangle	points	in	Fig.	6-10.	6-4.2	Inner	Layer	Details:	The	Law	of	the	Wall	From	Fig.	6-9,	we	see	that	the
inner	law,	Eq.	(6-35),	rises	from	no	slip	at	the	wall	to	merge	smoothly,	at	about	y+	≈	30,	with	the	overlap	log-law,	Eq.	(6-38a).	Not	shown	in	the	figure	is	the	behavior	very	near	the	wall,	where	turbulence	is	damped	out	and	the	boundary	layer	is	dominated	by	viscous	shear.	At	very	small	y,	the	velocity	profile	is	linear:	(6-40)	This	(very	thin)	region	near
the	wall	is	called	the	viscous	sublayer.	Its	thickness	is,	by	general	agreement,	δsub	=	5ν	/	υ*,	and	the	quantity	(ν	/	υ*)	is	often	called	the	viscous	length	scale	of	a	turbulent	boundary	layer.	For	Wieghardt’sPage	337	flat-plate	airflow	data	in	Fig.	6-8,	for	example,	with	υ*	=	1.24	m/s	and	νair	≈	1.51	×	10−5	m2	/	s,	we	find	δsub	=	5(1.51	×	10−5)	/	1.24	≈
0.06	mm,	which	is	500	times	thinner	than	the	3	cm	boundary-layer	thickness.	Between	5	≤	y+	≤	30,	the	so-called	buffer	layer,	the	velocity	profile	is	neither	linear	nor	logarithmic,	but	rather	a	smooth	blend	of	the	two	regions.	For	decades,	separate	relations	were	assigned	to	the	sublayer,	the	buffer	layer,	and	the	log	layer,	until	Spalding	(1961)	Eqn.	6-
41	is	the	log	law	of	the	wall	deduced	a	single	composite	formula	that	covered	the	entire	wall-related	region:	(6-41)	This	expression	represents	an	excellent	fit	to	inner	law	data	all	the	way	from	the	wall	to	the	point	(usually	at	y+	=	100)	where	the	outer	layer	begins	to	rise	above	the	logarithmic	curve.	It	should	be	noted	that	for	decades,	there	were	no
mean-velocity	data	close	enough	to	the	wall	to	test	the	inner	law,	until	Lindgren	(1965),	testing	a	smooth	pipe	with	distilled	water,	provided	the	data	shown	in	Fig.	6-11.	Clearly,	the	agreement	with	Spalding’s	formula	Eq.	(641)	is	excellent	even	past	y+	>	300,	where	the	outer	law	begins.	This	outer	“wake”	is	very	slight	because	fully	developed	pipe
flow	has	a	favorable	gradient	with	P	≈	−	2,	or	about	halfway	between	the	“favorable”	and	“flat-plate”	data	in	Fig.	6-9.	Note	the	(acceptable)	use	in	Fig.	6-11	of	the	older	log	constants	(κ,	B)	=	(0.40,	5.5).	FIGURE	6-11	Comparison	of	Spalding’s	inner	law	expression	with	the	pipe-flow	data	of	Lindgren	(1965).	6-4.3	Outer	Layer	Details:	Equilibrium
Turbulent	Flows	The	inner	law	may	be	viewed	as	a	complete	success	for	smooth-wall	turbulent	flow,	namely,	Eq.	(6-41)	or	its	equivalent.	The	outer	law,	though,	is	highly	sensitive	to	the	pressure	gradient	parameter	P	=	(δ	/	τw)(d	pe	/	dx)	and	its	variation	with	x,	as	shown	by	Eq.	(6-36)	and	Fig.	610.	In	two	classic	papers,	Clauser	(1954,	1956)
developed	the	idea	of	specific	cases	for	which	P	is	constant,	that	he	termed	equilibrium	turbulent	flows.	Clauser	replaced	the	fuzzily	defined	thickness	δ	by	the	rigorously	defined	displacement	thickness,	thus	leading	to	a	dimensionless	equilibrium	pressure	gradient	parameter,	specifically	(6-42)	Page	338	It	turns	out	that	constant-β	flows	correspond
to	a	power-law	freestream	distribution	for	which	Ue	=	C	xm,	strikingly	analogous	to	the	laminar	Falkner–Skan	similarity	flows	of	Sec.	4-3.4.	With	considerable	experimental	effort,	Clauser	(1954)	shows	that	a	boundary	layer	with	variable	pe(x)	but	constant	β	can	achieve	turbulent	equilibrium	in	the	sense	that	all	gross	properties	of	that	boundary	layer
can	be	scaled	with	a	single	parameter.	The	most	relevant	characteristic	length	for	equilibrium	flow	is	determined	by	Clauser	to	be	the	defect	thickness	Δ	(6-43)	where	is	a	measure	of	the	local	skin	friction	(λ	will	be	very	useful	in	some	approximate	analyses	which	follow).	Velocity	profiles	can	thus	be	scaled	with	y	/	Δ;	a	shape	factor	G	that	remains
constant	in	an	equilibrium	boundary	layer	is	also	defined	by	Clauser	using	(6-44)	The	conventional	Kármán-type	shape	factor,	H	=	δ*	/	θ,	can	be	related	to	G	via	(6-45)	We	remark	that	since	the	skin	friction	varies	with	x,	H	is	not	constant	in	an	equilibrium	boundary	layer.	There	is	no	longer	any	doubt	about	the	validity	of	Clauser’s	outer	layer
structural	assumptions.	Figure	6-12	shows	the	outer	layer	defect	profile	for	a	flat	plate	(β	=	0),	including	data	for	rough	walls.	The	data	can	be	seen	to	collapse	beautifully	about	the	eddyviscosity	calculations	of	Mellor	and	Gibson	(1966).	Also	shown	are	the	two	equilibrium	adverse	gradients	generated	in	the	original	experiments	by	Clauser	(1954),
again	with	excellent	agreement.	The	two	distributions	are	now	commonly	called	Clauser	I	(β	≈	1.8,	G	≈	10.1)	and	Clauser	II	(β	≈	8.0,	G	≈	19.3).	The	equilibrium	concept	is	even	valid	at	the	ultimate	limit	(β	→	∞),	as	measured,	for	example,	by	Stratford	(1959).	Finally,	the	case	of	negative	β	(favorable	gradient)	stands	in	equally	good	agreement	with
experiments,	as	shown	by	Herring	and	Norbury	(1967),	among	others.	FIGURE	6-12	Equilibrium-defect	profiles,	as	correlated	by	the	Clauser	parameter	β	and	the	theory	of	Mellor	and	Gibson	(1966):	(a)	flat-plate	data;	(b)	equilibrium	adverse	gradients.	6-4.4	An	Alternative	View:	Coles’	Law	of	the	Wake	From	an	application	point	of	view,	there	are	two
difficulties	with	the	outer	layer	approach	of	Clauser:	(1)	nonequilibrium	flows	deviate	in	shape	from	the	“similarity”	profiles	of	Fig.	612,	and	(2)	even	the	equilibrium	shapes	have	noPage	339	simple	analytical	forms	to	use	in	an	engineering	theory.	These	points	were	resolved	by	Coles	(1956),	who	noted	that	the	deviations	or	excess	velocity	of	the	outer
layer	above	the	log	layer	(see	Fig.	6-9)	have	a	wakelike	shape	when	viewed	from	the	freestream.	If	normalized	by	the	maximum	deviation	at	y	=	δ,	the	data	nearly	collapse	into	a	unique	function	of	y	/	δ.	In	other	words,	Coles	proposed	that	where	the	wake	function	f	is	normalized	to	be	zero	at	the	wall	and	unity	at	y	=	δ.	Two	popular	curve	fits	are	used
for	the	S-shape	expected	for	the	wake	function:	(6-46)	The	polynomial	fit	is,	of	course,	easier	to	use	in	an	integral	formulation.	By	adding	the	wake	to	the	log-law,	we	arrive	at	an	accurate	approximation	for	both	the	overlap	and	outer	layers:	(6-47)	The	quantity	Π	=	κA	/	2,	called	Coles’	wake	parameter,	is	directly	related	to	the	previously	defined	outer
constant	A.It	is	also	approximately	related	to	Clauser’s	equilibrium	parameter	β	(see	Fig.	6-27).	For	equilibrium	flows,	Π	should	vary	only	with	β.	The	beauty	of	Eq.	(6-47)	is	that	it	represents	a	complete	and	reasonably	accurate	expression	for	any	two-dimensional	turbulent-boundary-layer	profile,	whether	in	equilibrium	or	not.	If	y+	105,	thus
unpredicting	the	effect	of	friction.	However,	the	Blasius	formula	can	be	used	to	reveal	interesting	trends	by	rewriting	it	in	terms	of	the	wall	shear	stress,	(6-55)	FIGURE	6-15	Analytical	friction	factor	formulas	for	fully	developed	pipe	flow.	Compare	with	the	data	in	Fig.	3-7.	Thus,	in	turbulent	pipe	flow,	wall	shear	increases	nearly	linearly	with	the
density,	almost	quadratically	with	the	velocity,	very	weakly	with	the	viscosity,	and	decreases	weakly	with	the	pipe	size.	The	transition	curve	in	Fig.	6-15	is	typical	of	the	change	from	laminar	to	turbulent	flow	between	ReD	=	2000	and	4000.	This	region	is	rather	uncertain,	and	the	flow	pulsates	as	turbulent	“slugs”	propagate	through	the	pipe.	It	should
be	avoided	in	the	design	of	a	pipeflow	system.	6-5.2	Channel	Flow	between	Parallel	Plates	The	case	of	a	fully	developed	laminar	flow	between	parallel	plates	was	solved	as	Eq.	(3-44),	resulting	in	a	parabolic	velocity	distribution	u(	y)	and	a	friction	factor	Cf	=	6/Reh,	where	h	denotes	the	half-width	between	plates.	ThePage	343	geometry	is	shown	in	Fig.
6-16	and	illustrates	the	contrast	between	laminar	and	turbulent	velocity	profiles.	Also	shown	is	the	total	shear-stress	distribution	τ(y),	which,	like	pipe	flow,	drops	linearly	from	the	wall	value	to	zero	at	the	centerline.	FIGURE	6-16	Fully	developed	laminar	and	turbulent	flow	in	a	channel.	Here	too,	the	wake	is	small	and	the	sublayer	negligible,	so	it	is
possible	to	use	the	log-law	Eq.	(6-38a)	to	represent	the	velocity	profile	across	the	entire	channel.	Using	a	wall	variable	of	Y	=	(h	−	y),	the	average	velocity	may	be	approximated	from	the	log-law:	Since	,	we	can	now	solve	for	the	corresponding	friction	factor.	For	a	channel,	it	is	convenient	to	employ	the	hydraulic	diameter	concept	from	Eq.	(3-55)	and
write	(6-56)	where	A	and	denote	the	flow	area	and	wetted	perimeter,	respectively.	Introducing	these	definitions	into	the	expression	for	u	av,	using	base-10	logarithms,	and	rearranging,	we	obtain,	for	smooth-wall	turbulent	channel	flow,	(6-57)	The	result	is	strikingly	similar	to	the	pipe	relation,	Eq.	(6-54),	but	predicts	a	slightly	higher	Λ,	namely,	7
percent	at	Re	=	105	and	down	to	4	percent	at	Re	=	108.	Page	344	Note	that	by	using	the	law	of	the	wall	to	analyze	pipe	and	channel	flows,	the	evaluation	of	uav	leads	to	the	final	result	straightforwardly.	No	differential	equations	are	solved,	and	no	theoretical	arguments	are	made.	6-5.3	The	Effective	Diameter	for	Turbulent	Noncircular	Duct	Flow	The
channel-flow	relation	Eq.	(6-57)	is	close	enough	to	the	pipe-flow	result	that	it	substantiates	the	common	engineering	practice	[e.g.,	White	(2012,	p.	373–374)]	of	computing	noncircular	duct	friction	by	using	the	hydraulic	diameter	Dh	and	the	pipe-friction	relation	Eq.	(6-54).	Indeed,	experiments	with	turbulent	flow	through	triangular,	square,
rectangular,	and	annular	ducts	[see	Schlichting	(1979,	Fig.	20.12)]	show	only	a	few	percent	error	when	this	scheme	is	adopted.	As	such,	the	hydraulic	diameter	approximation	is	much	better	for	turbulent	than	for	laminar	flow	(recall	Fig.	3-13	for	comparison).	A	further	improvement	may	be	obtained	by	modifying	Dh	using	laminar	duct	theory	for	the
same	cross	section.	For	example,	Eq.	(6-57)	for	the	channel	will	resemble	the	circular	pipe	law	Eq.	(6-54)	if	rewritten	as	(6-58)	The	best	agreement	between	channel	and	pipe	configurations	is	predicted	when	we	use	(0.64Dh)	as	the	effective	diameter	of	the	channel.	Recall	that	in	laminar	flow,	Cf	(pipe)	=	16	/	ReD	and	Cf	(channel)	=	24	/	ReDh,	and	so
the	ratio	of	these	two	is	16	/	24	=	0.667,	which	is	quite	near	the	prediction	of	0.64.	This	is	no	coincidence.	A	general	rule	for	estimating	turbulent	friction	in	noncircular	ducts	is	to	use	the	pipe-friction	law	Eq.	(6-54)	based	on	an	effective	Reynolds	number	(6-59)	This	concept	was	proposed	and	proved	experimentally	by	O.	C.	Jones	in	tests	involving
rectangular	[Jones	(1976)]	and	concentric	annular	ducts	[Jones	and	Leung	(1981)].	One	could	take	(Cf	Re)laminar	for	the	given	section	from	the	results	in	Sec.	3-3.3.	In	fact,	the	method	should	work	well	for	any	squatty	or	blocky	cross	section,	i.e.,	with	no	unusually	thin	regions.	For	example,	an	experiment	by	Eckert	and	Irvine	(1957)	on	a	12	o
isosceles	triangle	gave	poorer	results,	because	the	flow	in	the	12	o	corner	remained	laminar	up	to	surprisingly	high	Reynolds	numbers.	Obot	(1988)	reviewed	the	entire	subject	of	noncircular	ducts,	including	small	apex	angles	and	rough	walls.	While	agreeing	with	the	effective	diameter	scheme,	Obot	went	further	and	proposed	a	“critical	friction”	or
transition-oriented	method	for	correlating	the	data	in	any	duct.	6-5.4	Turbulent	Flow	in	Rough	Pipes	The	previous	formulas	are	valid	only	for	smooth-wall	turbulent	duct	flow.	Although	wall	roughness	has	little	bearing	on	laminar	flow,	even	a	small	degree	of	roughness	will	break	up	the	thin	viscous	sublayer	and	greatly	increase	the	wall	friction	in
turbulent	flow.	Denoting	the	average	roughness	height	by	k,	the	wall	law	and	friction	law	become,	respectively,	The	logarithmic	overlap	layer	still	exists	but,	as	k+	increases,	the	intercept	B	begins	to	move	downward	monotonically	and	the	effective	“wall”	position	begins	to	move	outwardly:	(6-60)	As	illustrated	in	Fig.	6-17,	the	downward	shift	can	be
large,	with	a	correspondingly	large	increase	in	friction.	While	Kármán’s	constant	κ	≈	0.41	does	not	change	with	roughness,	ΔB	proves	to	be	a	non-unique	function	of	k+,	which	varies	with	the	type	of	roughness	(uniform	sand,	sand	mixtures,	rivets,	threads,	spheres,	etc.).	This	is	seen	in	Fig.	6-18,	taken	from	a	compilation	by	Clauser	(1956).	Although	a
substantial	variation	occurs	at	small	k	+,	the	asymptotic	variation	at	large	k+	is	logarithmic	with	a	slope	of	1	/	κ	in	all	cases	considered.	Note	that	the	outer	or	defect	layer	is	not	affected	by	wall	roughness	(the	data	in	Fig.	6-12a	include	rough	and	very	rough	surfaces!).	Page	345	FIGURE	6-17	Experimental	rough-pipe	velocity	profiles,	showing	the
downward	shift	ΔB	of	the	logarithmic	overlap	layer.	The	dashed	line	in	Fig.	6-18	denotes	the	classic	Prandtl–Schlichting	sand-grain	roughness	curve.	For	k+	<	4,	there	is	no	roughness	effect,	and	for	k+	>	60,	ΔB	is	logarithmic.	This	defines	the	three	roughness	regimes:	(6-61)	FIGURE	6-18	Composite	plot	of	the	profile-shift	parameter	ΔB(k+)	for
various	roughness	geometries,	compiled	by	Clauser	(1956).	To	derive	a	pipe-friction	formula	with	sand-grain	roughness,	we	may	curve	fit	the	dashed	curve	in	Fig.	6-18	with	the	following	expression:	(6-62)	When	this	relation	is	substituted	back	into	Eq.	(6-60),	it	reduces	to	(6-63)	In	this	condition,	there	is	no	effect	of	viscosity	on	the	velocity	profile.
Page	346	Similarly,	the	introduction	of	(B	−	ΔB)	into	the	pipe-friction	formula	(6-53)	yields,	after	rearranging	and	introducing	base-10	logarithms,	(6-64)	This	expression	should	be	viewed	as	a	suitable	representation	of	sand-grain	pipe	friction	over	the	entire	turbulent-flow	regime.	The	denominator	term	shows	that	if	Commercial	pipes	have
roughnesses	that	do	not	precisely	follow	sand-grain	behavior,	so	C.	F.	Colebrook	in	1939	devised	a	formula,	different	from	Eq.	(6-64),	which	was	plotted	by	Moody	(1944)	and	shown	in	Fig.	6-19.	The	Colebrook	interpolation	formula	is	(6-65)	FIGURE	6-19	Friction	factors	for	turbulent	flow	in	rough	pipes.	[After	Moody	(1944).]	The	plot	of	this
expression,	now	celebrated	as	the	Moody	chart	for	commercial	pipe	friction,	is	shown	in	Fig.	6-19.	The	pipe	roughness	height	may	be	estimated	from	the	list	given	in	Table	6-1.	TABLE	6-1	Roughness	of	commercial	pipes	Page	347	The	Colebrook–Moody	formula	is	implicit,	i.e.,	if	ReD	and	k	/	D	are	known,	one	has	to	iterate	to	compute	Λ.	This
annoyance	is	avoided	by	instead	using	an	explicit	formula	proposed	by	Haaland	(1983):	(6-66)	This	relation	varies	by	less	than	±	2	percent	from	Eq.	(6-65)	and	enables	us	to	evaluate	the	friction	factor	directly	(see	App.	E).	6-6	THE	TURBULENT	BOUNDARY	LAYER	ON	A	FLAT	PLATE	The	problem	of	flow	past	a	sharp	flat	plate	at	high	Reynolds
numbers	has	been	extensively	studied,	and	numerous	formulas	have	been	proposed	for	the	corresponding	friction	factor.	The	studies	vary	in	sophistication	from	data	curve	fits,	use	of	the	Kármán	integral	relation	and/or	law	of	the	wall,	to	numerical	simulations	using	models	of	turbulent	shear	(Sec.	6-7).	6-6.1	Momentum-Integral	Analysis	An	integral
approach	is	ideally	suited	for	this	problem.	The	pressure	gradient	is	zero,	and	the	momentum-integral	relation	(6-28)	reduces	to	(6-67)	Since	this	is	an	equilibrium	flow	(	β	=	0),	the	velocity	profile	is	well	approximated	by	the	wall–wake	law	Eq.	(6-47)	with	Π	≈	0.45.	Evaluation	of	the	profile	function	(6-47)	at	y	=	δ	then	gives	By	analogy	with	Eq.	(6-53),
this	relation	represents	a	friction	relation	between	Cf	and	Re	δ.	It	is	laborious	algebraically,	so	we	may	proceed	to	substitute	several	values	for	Cf	from	0.001	to	0.005,	and	then	construct	an	excellent	power-law	curve-fit	approximation:	(6-68)	This	secures	the	left-hand	side	of	Eq.	(6-67).	To	evaluate	the	momentum	thickness	without	undue	algebra,
Prandtl	suggested	in	1921	[Prandtl	(1961,	vol.	II,	pp.	620–626)]	a	simple	one-seventh	power-law	profile,	taken	from	pipe	data:	(6-69)	Substitution	of	Eqs.	(6-68)	and	(6-69)	in	Eq.	(6-67)	leads	to	the	simple	first-order	ordinary	differential	equation	Integrating	with	the	knowledge	that	δ	=	0	at	x	=	0,	we	extract	(6-70)	These	simple	power-law	expressions
prove	to	be	in	favorable	agreement	with	turbulent	flatplate	data	and	are	recommended	for	general	use.	A	slightly	more	detailed	relation	can	be	obtained	using	the	wall–wake	momentum	thickness	result,	Eq.	(6-48),	with	κ	=	0.41	and	Π	≈	0.45:	(6-71)	Page	348	Unfortunately,	the	use	of	this	expression	in	Eq.	(6-67)	leads	to	results	that	are	not	any	more
accurate	than	Eq.	(6-71).	We	give	this	analysis	as	a	problem	exercise.	Meanwhile,	Prandtl	in	1927	used	,	to	produce	the	power-law	approximations	or,	alternatively,	(6-72)	These	relations,	though	often	quoted	in	the	literature,	were	developed	from	very	limited	low	Reynolds	number	data.	Because	of	the	popularity	of	power-law	profiles	in	turbulent
boundary	layer	studies,	a	generalization	of	the	foregoing	solutions	is	warranted.	As	shown	by	Majdalani	in	his	2018	class	notes,	this	can	be	readily	accomplished	by	applying	von	Kármán’s	momentum-integral	analysis	to	a	normalized	velocity	profile	of	the	form	where	ξ	represents	the	fractional	distance	within	the	velocity	boundary	layer	and	q	=	{5,	6,
7,	8,	9}	sets	the	power-law	exponent	that	best	reflects	the	motion	under	consideration.	Then	based	on	Eq.	(6-28),	it	can	be	readily	shown	that	the	normalized	displacement	and	momentum	thicknesses,	η	*	and	θ	*,	as	well	as	the	shape	factor	H,	can	be	expressed	as	direct	functions	of	q,	namely,	For	example,	using	q	=	7,	one	gets	η*	=	1	_	8	,	θ*	=	7	_	72
,	and	H	=	9	_	7	.	To	make	further	headway,	it	is	essential	to	specify	the	wall	shear	stress	as	a	function	of	Re	δ.	In	fact,	both	Eqs.	(6-68)	and	(6-72),	which	are	associated	with	the	wall–wake	and	Prandtl’s	power	law	approximations,	depend	on	a	shear	stress	correlation	of	the	form	where	the	empirical	constants	Cw	and	m	are	characteristics	of	the
problem	under	consideration.	For	example,	Prandtl’s	1927	model	uses	m	=	4	whereas	the	wall–wake	powerlaw	formulation	relies	on	m	=	6.	In	all	such	cases,	the	momentum-integral	balance,	given	by	Eq.	(6-67)	for	a	zero	pressure	gradient,	leads	to	Using	our	initial	condition	of	δ(0)	=	0,	we	can	integrate	straightforwardly	to	obtain	Solving	for	δ(x),
rearranging,	and	simplifying,	we	have	and	These	relations	may	be	conveniently	expressed	as	Page	349	where	The	validity	of	these	expressions	can	be	confirmed	by	taking	Prandtl’s	Cw	=	0.0233,	q	=	7,	and	m	=	4	to	reproduce,	within	the	round-off	error	affecting	Eq.	(6-72),	the	following	correlations:	The	same	may	be	repeated	for	the	wall–wake	law.
Using	Cw	=	0.010,	q	=	7,	and	m	=	6,	we	may	bypass	intermediate	calculations	and	recover	which	coincide	with	the	expressions	given	by	Eq.	(6-70).	Note	that	the	transverse	velocity	can	be	obtained	from	the	continuity	equation,	namely,	6-6.2	Flat-Plate	Computation	Using	Inner	Variables	A	very	interesting	alternative	approach	was	suggested	by
Kestin	and	Persen	(1962).	The	idea	is	to	assume	that	the	streamwise	velocity	u	in	the	boundary	layer	is	correlated	by	inner	variables:	(6-73)	The	wall	function	f	(	y+)	could	be	Spalding’s	formula	Eq.	(6-41)—it	is	not	necessary	to	specify	at	this	point.	The	wake	component	(Π	W	/	κ)	can	be	neglected,	albeit	not	strictly	necessary.	Then	the	normal	velocity
may	be	retrieved	through	straightforward	integration	of	the	continuity	equation:	(6-74)	Kestin	and	Persen	(1962)	substituted	these	velocity	assumptions	directly	into	the	streamwise	boundary-layer	momentum	equation,	with	d	Ue	/	dx	=	0:	The	result	can	be	expressed	entirely	in	terms	of	inner	variables:	This	relation	can	then	be	integrated	across	the
entire	boundary	layer,	from	y+	=	0	to	y+	=	δ	+,	while	noting	that	τ	=	0	at	y	=	δ.	The	result	is	(6-75)	and	λ	=	(2	/	Cf)	1/2,	as	in	Eq.	(6-71).	This	is	a	first-order	differential	equation	for	the	distribution	of	wall-friction	velocity	υ*(x)	or,	equivalently,	τ	w	(x).	Before	integrating,	we	replace	υ*	by	the	dimensionless	variable	λ	=	Ue	/υ*.	The	result	can	be
integrated	once	again	to	obtain:	(6-76)	Page	350	where	we	have	assumed	that	the	turbulent	boundary	layer	begins	at	x	=	0.	Kestin	and	Persen	evaluated	the	integral	from	Spalding’s	wall	formula	Eq.	(6-41),	with	a	somewhat	algebraically	involved	but	very	accurate	result:	(6-77)	where	Z	=	κλ.	Since	λ	=	(2	/Cf)	1/2,	Eq.	(6-77)	encapsulates	the	desired
flat-plate	wall-friction	law	for	turbulent	flow.	However,	it	is	implicit	in	Cf	and	therefore	awkward	to	evaluate.	White	(1969)	noted	that	the	function	G,	in	its	practical	range	20	<	λ	<	40,	is	well	approximated	by	an	exponential:	By	introducing	this	approximation	into	Eq.	(6-76),	integrating,	and	rearranging,	we	obtain	the	desired	explicit	formula:	(6-78)
This	simpler	expression	falls	within	±1	percent	of	Eq.	(6-77)	and	is	recommended	as	a	more	or	less	“exact”	engineering	relation	for	flat-plate	turbulent	skin	friction,	especially	that	its	maximum	error	remains	smaller	than	the	error	associated	with	the	model	itself.	Figure	6-20	shows	laminar	and	turbulent	theories	for	Cf	(Rex),	with	transition	occurring
around	Rex	≈	5	×	105.	We	see	that	Prandtl’s	traditional	power-law	expression	(6-72)	deteriorates	very	rapidly	past	Rex	≈	6	×	106.	We	also	see	that	the	newer	power-law	theory	of	Eq.	(6-70)	remains	in	favorable	agreement	with	the	“exact”	solution—so	why	bother	with	the	more	complicated	inner	variable	theory?	The	answer	is	that	the	latter	can	be
readily	extended	to	variable	pressure	gradients.	FIGURE	6-20	Local	skin	friction	on	a	smooth	flat	plate	for	turbulent	flow,	showing	several	theories.	Other	formulas	for	flat-plate	skin	friction	that	are	of	comparable	accuracy	abound	in	the	literature	[Chap.	XXIa,	Schlichting	(1979)].	Note	that	the	foregoing	formulas	assume	turbulent	flow	beginning	at	x
=	0.	If	there	is	a	laminar-flow	segment	that	is	followed	by	transition,	one	should	interpolate	to	estimate	the	“effective”	turbulent	point	of	origin.	6-6.3	Total	Friction	Drag	of	a	Flat	Plate	Let	F	be	the	total	drag	force	per	unit	width	on	one	side	of	a	plate	of	length	L	and	width	b.	As	in	laminar	flow,	F	may	be	calculated	by	integrating	the	local	wall	shear
stress:	(6-79)	Page	351	where	CD	is	called	the	drag	coefficient.	In	this	particular	case	of	a	thin	plate	at	zero	incidence,	there	is	no	form	drag	because	all	pressure	forces	remain	normal	to	the	freestream.	By	introducing	our	power	law,	Eq.	(6-70),	into	Eq.	(6-79)	and	integrating,	we	find	that	CD	is	one-sixth	larger	than	the	trailing-edge	value	of	Cf	:	(6-80)
This	simple	approximation	remains	valid	over	the	whole	Reynolds	number	range	in	turbulent	smooth-wall	flow.	Alternatively,	the	log-squared	law	given	by	Eq.	(6-78)	may	be	integrated,	albeit	vexing	analytically.	The	result	can	be	approximated	as	(6-81)	This	relation	is	quite	accurate	and	practically	equivalent	to	Eq.	(6-80).	Here	too,	a	plethora	of
comparable	formulas	may	be	found	in	the	literature,	but	we	will	use	Eq.	(6-81)	as	our	standard.	6-6.4	Turbulent	Flow	Past	a	Rough	Plate	Suppose	now	that	the	plate	has	a	uniform	average	roughness	height	k,	and	we	wish	to	know	the	spatial	wall-friction	variation	Cf	(Rex,	k	/	x).	The	inner	variable	approach	works	for	this	case	also,	if	we	assume	that,
say,	the	sand-grain	correlation	(6-62)	holds	locally	in	the	boundary	layer:	Substitution	in	the	streamwise	boundary-layer	momentum	equation	yields	Following	the	same	procedure	as	Sec.	6-6.3,	this	relation	may	be	integrated	twice,	nondimensionalized,	and	rearranged	as	(6-82)	This	result,	although	implicit	in	all	three	variables	(Rex	,	Cf	,	k	/	x),	is	valid
for	uniform	sandgrain	roughness	over	the	complete	range	of	hydraulically	smooth,	transitional,	and	fully	rough	walls	in	turbulent	flat-plate	flow.	Some	numerical	values	of	Cf	are	plotted	in	Fig.	6-21	for	various	(x	/	k)	and	Rex.	These	values	may	not	be	accurate	for	other	types	of	roughness	elements	such	as	spheres	or	rivets.	FIGURE	6-21	Local	skin
friction	on	a	uniformly	rough	plate,	from	Eq.	(6-82).	Page	352	As	k+	becomes	large,	the	effect	of	the	Reynolds	number	vanishes	and	the	flow	becomes	fully	rough.	An	approximation	of	Eq.	(6-82)	for	this	case	is	(6-83)	This	expression	stands	in	good	agreement	with	experiments	on	sand-roughened	plates	by	Nikuradse	(1933),	for	which	Schlichting
(1979,	p.	654)	recommends	the	following	curve-fit	relations:	(6-84a)	(6-84b)	These	correlations	may	not	be	accurate	for	other	than	sand-grain	roughness	types.	A	general	review	of	rough-wall	effects	is	given	by	Raupach	et	al.	(1991).	Although	the	roughness	log-law	shift	ΔB	is	employed	in	turbulence	modeling,	it	is	judiciously	criticized	by	Patel	(1998),
who	points	out	that	there	is	“uncertainty	in	the	dependence	of	ΔB	on	the	size	and	type	of	roughness	and	the	effective	location	of	the	fictitious	wall.”	Schlichting	and	Gersten	(2000,	Chap.	17)	classify	a	number	of	roughness	element	shapes.	For	uniform	periodic	roughness,	such	as	ribs	and	grooves,	CFD	results	by	Grégoire	et	al.	(2003)	show	that	the
fictitious	wall	(y	=	0)	is	close	to	the	crests	of	the	elements.	An	alternative	approach	called	the	discrete-element	model,	Taylor	et	al.	(1985,	1988),	makes	direct	calculations	of	the	form	drag	and	blockage	of	individual	elements.	Finally,	although	the	computational	effort	is	large	and	the	Reynolds	numbers	low,	it	is	now	possible	to	simulate	rough-wall
flows	by	either	LES	[Lee	(2002)]	or	DNS	tools	[Miyake	et	al.	(2001)].	6-6.5	Turbulent	Flow	with	Continuous	Wall	Suction	or	Blowing	An	effect	as	strong	as	roughness	is	that	of	nonzero	normal	velocity	at	the	wall	(also	called	crossflow,	transverse,	or	radial,	depending	on	the	geometry	and	fluid	dynamics	community):	υw	<	0	(suction)	or	υw	>	0
(blowing).	Such	a	crossflow	component	adds	a	strong	streamwise	convective	acceleration,	,	to	the	near-wall	boundary	layer.	If	we	assume	zero	pressure	gradient	(flat-plate)	flow,	the	momentum	equation	in	the	direct	vicinity	of	the	wall	becomes	(6-85)	We	see	that	wall	transpiration	changes	the	shear	distribution	significantly.	By	matching	Eq.	(6-85)	to
an	“eddy-viscosity”	model	of	turbulent	shear	(see	Sec.	6-7),	Stevenson	(1963)	derived	the	following	modification	of	the	logarithmic-law	of	the	wall	with	suction	or	blowing:	(6-86)	where	.	We	assign	this	derivation	as	a	problem	exercise.	When	υw	=	0,	this	expression	reduces	to	the	impermeable	law	of	the	wall	given	by	Eq.	(6-38a).	The	typical	range	of	.
Figure	6-22	shows	some	law	of	the	wall	profiles	plotted	from	Eq.	(6-86)—the	sublayer	is	not	shown.	Recalling	that	,	we	see	that	a	small	amount	of	wall	transpiration	causes	a	large	friction	change.	For	example,	if	δ+	=	1000,	the	impermeable	wall	friction	is	Cf	0	≈	0.0042.	For	moderate	blowing,	,	or	19	percent	lower;	for	equivalent	suction,	,	Cf	≈
0.0053,	or	26	percent	higher.	So	while	suction	increases	the	degree	of	friction	at	the	wall,	injection	decreases	it.	In	fact,	the	viscous	layer	at	the	wall	can	be	entirely	blown	off	to	an	unlocalized	region	in	the	case	of	large	injection	(also	called	hard	blowing),	as	shown	by	Cole	and	Aroesty	(1968).	FIGURE	6-22	Illustration	of	the	effect	of	suction	and
blowing	on	the	law	of	the	wall,	using	the	correlation	of	Stevenson	(1963),	Eq.	(6-86).	Figure	6-22,	though	satisfying	physically,	does	not	depict	an	exact	correlation.	Schetz	(1984,	pp.	151–155)	criticizes	both	Stevenson’s	law	Eq.	(6-86)	and	a	comparable	law	proposed	by	Simpson	(1968)	on	the	grounds	that	they	do	not	collapse	all	available	porous	flat-
plate	data.	One	problem	is	that	real	porous	walls	are	rough,	at	least	slightly,	so	multiple	effects	can	occur.	However,	Schetz’	own	data	suggest	that	even	a	very	smooth	porous	wall	will	increase	skin	friction	over	the	impermeable	case.	Thus,	if	one	is	trying	to	reduce	friction	(or	heat	transfer)	by	blowing,	a	certain	amount	of	blowing	is	needed	just	to
bring	one	back	to	the	nonporous	condition.	Suction	and	blowing	have	little	effect	on	the	outer	defect	law,	so	one	can	add,	say,	the	Coles’	wake	function	Eq.	(6-47)	to	Eq.	(6-86)	to	simulate	the	full	velocity	profile	of	a	transpired	boundary	layer.	Page	353	Overall,	Stevenson’s	algebraic	formula	(6-86)	remains	quite	adequate	for	engineering	estimates	of
turbulent	wall	suction	and	blowing	(and	for	homework	assignments).	Further	details	of	suction/blowing	effects	can	be	found	in	CFD	studies.	Turbulence	modeling	yields	satisfactory	results,	as	reported,	for	example,	by	Sofialidis	and	Primos	(1996,	1997).	Furthermore,	DNS	measurements	that	are	limited	to	low-turbulence	Reynolds	numbers	can	assist
in	model	improvement	and	flow	visualization	[Sumitani	and	Kasagi	(1995)	and	Kim	et	al.	(2002)].	6-7	TURBULENCE	MODELING	Very	quickly	we	run	out	of	simple	turbulent	shear-flow	cases	for	which	we	can	use	the	wall–	wake	law	[Eq.	(6-47)],	and	a	bit	of	algebra,	to	wrap	up	the	whole	problem.	What	are	we	to	do	for	arbitrarily	variable:	(1)	pressure
gradients,	(2)	wall	roughness,	or	(3)	blowing	and	suction?	What	can	we	do	if	asked	for	more	details	than	just	the	wall	friction,	for	example:	(1)	the	complete	velocity	profile,	(2)	the	turbulent	shear	stress,	or	(3)	the	rms	turbulent	fluctuations?	The	answers	lie	in	turbulence	modeling.	Turbulence	modeling	has	become	a	mature	field	and	has	spawned
several	monographs,	notably	by	Wilcox	(1998),	Chen	and	Jaw	(1997),	Durbin	and	Pettersson	(2001),	Piquet	et	al.	(2001),	Launder	and	Sandham	(2001),	Gross	and	Burchard	(2002),	and	Cebeci	(2003).	Many	commercial	CFD	turbulence	codes	are	now	available	and	are	being	(slowly)	merged	with	computer-aided	design	(CAD)	systems	[Thilmany
(2003)].	The	present	chapter	merely	highlights	modeling	concepts	and	leaves	CFD	programs	for	advanced	reading.	A	hierarchy	of	turbulence	models	exists,	ranging	from	the	simplest	algebraic	correlations	to	full-blown	unsteady	Navier–Stokes	treatment.	Wilcox	(1998)	gives	an	excellent	discussion.	Here	the	term	“n-Equation”	model	means	that,	in
addition	to	the	time-mean	continuity	and	momentum	relations,	n	time-mean	partial	differential	equations	have	been	added.	The	six	different	classifications,	in	order	of	increasing	complexity,	are	as	follows:	1.	Zero-equation	model:	simply	adds	algebraic	eddy-viscosity	formulas	to	the	system.	2.	One-equation	model:	adds	the	time-mean	equation	of
either	(1)	turbulence	kinetic	energy	or	(2)	eddy	viscosity	to	the	system,	plus	some	algebraic	formulas	to	model	its	various	terms.	This	idea	has	not	been	too	successful	but	is	still	used	today.	3.	Two-equation	model:	adds	turbulent	kinetic	energy	and	a	second	partial	differential	equation,	usually	involving	time-mean	turbulence	dissipation,	to	the	system,
plus	more	algebraic	modeling	formulas.	4.	Second-moment	closure	model:	This	is	the	most	complex	time-mean	turbulence	model.	It	skips	the	turbulent	kinetic-energy	equation,	keeps	the	dissipation	equation,	and	models	the	full	Reynolds	stress	relation	[Eq.	(6-18)].	Page	354	5.	Large-eddy	simulation	(LES):	Carries	out	full	unsteady	Navier–Stokes
calculations	for	motion	scales	of	the	order	of	the	grid	size	or	larger,	then	uses	a	turbulence	model	for	the	smaller	sub-grid-scale	motions.	The	system	is	computationally	intensive	and	limited	to	moderate	Reynolds	numbers.	See,	for	example,	the	review	by	Lesieur	and	Métais	(1996)	or	the	monographs	by	Sagaut	and	Germano	(2002),	Geurts	(2003),	or
Volker	(2003).	6.	Direct	numerical	simulation	(DNS):	Attacks	the	full	unsteady	Navier–Stokes	equations	for	all	turbulence	scales	using	no	model	at	all.	It	is	limited	to	low-turbulent	Reynolds	numbers.	A	very	important	use	of	DNS	is	to	provide	details	for	improving	turbulence	models.	See	the	review	by	Moin	and	Mahesh	(1998)	or	the	monographs	by	
Baritaud	(1996)	or	Geurts	(2003).	6-7.1	Zero-Equation	Models:	The	Eddy	Viscosity	In	two-dimensional	turbulent-boundary-layer	flow,	the	only	additional	unknown	in	the	momentum	equation	is	turbulent	shear	.	The	traditional	modeling	assumption,	following	J.	Boussinesq	in	1877,	is	to	make	this	a	gradient	diffusion	term,	analogous	to	molecular	shear:
(6-87)	The	eddy	viscosity	μ	t	has	the	same	dimensions	as	μ,	although	it	is	not	a	fluid	property;	it	varies	with	flow	conditions	and	geometry.	In	like	manner,	we	will	define	an	eddy	conductivity	later	for	turbulent	heat	transfer.	The	first	thing	to	notice	is	that	μt	is	positive,	i.e.,	the	shear	correlation	is	negative.	To	explain	this,	consider	a	position	y	in	shear
flow	where	.	An	eddy	coming	down	(υ	′	<	0)	to	position	y	will	generally	bring	with	it	a	higher	streamwise	velocity	(u′	>	0).	Similarly,	a	slower	eddy	moving	up	from	below	(υ′	>	0)	will	cause	a	decrement	in	velocity	(u	′	<	0).	Thus,	the	majority	of	eddy	motions	are	associated	with	a	negative	correlation	.	The	second	point	is	that	gradient	diffusion	of	eddies
is	only	an	approximation,	albeit	a	reasonable	one.	In	a	typical	boundary	layer,	increases	monotonically	to	Ue,	hence	throughout	and	approaches	zero	in	the	freestream,	where	τt	→	0	also.	The	whole	profile	supports	a	plausible	(positive)	correlation	between	τt	and	.	There	are	some	profiles,	however,	that	exhibit	a	local	maximum	(or	minimum),	e.g.,	a
wall	jet	(or	an	asymmetrical	wake).	The	turbulent	shear	changes	sign,	and	the	measured	values	of	τt	are	not	necessarily	zero	where	vanishes.	The	trend	is	right,	though,	and	the	use	of	the	eddyviscosity	concept	should	not	cause	any	serious	concern	in	such	cases.	6-7.1.1	MIXING-LENGTH	THEORY.	A	very	popular	approach	is	the	mixing-length
concept	of	Prandtl	(1925),	who,	by	analogy	with	kinetic	theory,	proposed	that	each	turbulent	fluctuation	could	be	related	to	a	length	scale	and	a	velocity	gradient.	He	proposed	where	the	scales	l1	and	l2	are	called	mixing	lengths,	which	represent	some	mean	eddy	size	much	larger	than	the	fluid’s	mean-free	path.	For	convenience,	one	may	replace
(const)	(l1l2)	by	a	single	scale	ℓ2,	where	ℓ	represents	the	characteristic	distance	over	which	a	given	turbulent	eddy	will	travel	while	retaining	its	momentum,	before	dispersing.	In	other	words,	the	mixing	length	scales	with	the	distance	over	which	a	fluid	eddy	will	retain	its	original	characteristics	before	dispersing	them	into	the	surrounding	fluid.
When	Prandtl’s	expression	is	compared	with	Eq.	(6-87),	one	deduces	(6-88)	The	model	is	complete	if	we	can	relate	the	mixing	length	ℓ	to	the	flow	conditions.	The	primary	effect	is	the	distance	y	from	the	wall.	Prandtl	and	Kármán	took	turns	with	these	estimates	and	arrived	at	the	following:	(6-89a)	(6-89b)	(6-89c)	Page	355	It	is	possible	to	merge	all
three	conditions	into	one	single	magnificent	composite	function.	However,	most	researchers	merge	only	(a)	and	(b)	and	then	transfer	to	(c)	at	some	matching	condition.	The	most	popular	composite	for	(a)	and	(b)	is	due	to	van	Driest	(1956a),	who	added	a	“damping	factor”	to	condition	(b)	to	take	care	of	(a):	(6-90)	where,	as	usual,	y+	=	yυ*	/	ν.	The	van
Driest	damping	factor	in	brackets	[	]	is	derived	from	oscillating	laminar	flow	near	a	wall,	Eq.	(3-111).	The	dimensionless	damping	constant	A	varies	with	flow	conditions	such	as	the	pressure	gradient,	wall	roughness,	and	blowing	or	suction.	For	a	smooth,	impermeable	wall	with	zero	pressure	gradient,	A	≈	26.	In	the	outer	layer,	condition	(6-89c)	is
satisfied	by	relating	the	mixing	length	to	the	boundary-layer	thickness.	The	most	popular	model	is	(6-91)	This	same	idea	of	a	mixing	length	that	is	proportional	to	a	layer	thickness	is	used	in	the	analysis	of	jets,	wakes,	and	free-shear	layers.	The	crossover	point	between	Eqs.	(6-90)	and	(6-91)	occurs,	where	κy	≈	0.09δ,	or	ymatch	≈	0.22δ.	These	models
enable	us	to	introduce	into	the	momentum	Eq.	(6-21b).	With	μ	t	calculated	from	Eqs.	(6-90)	and	(6-91),	these	models	lead	to	an	excellent	prediction	for	the	complete	velocity	profile	in	the	linear	sublayer,	buffer	layer,	log	layer,	and	wavelike	outer	layer.	6-7.1.2	MODELING	WITHOUT	THE	MIXING	LENGTH.	It	is	possible	to	estimate	the	eddy	viscosity
directly	without	the	mixing-length	concept,	in	both	inner	and	outer	layers.	For	example,	the	inner	layer	model,	which	Spalding	(1961)	used	to	derive	Eq.	(6-41)—see	Fig.	6-11—was	(6-92)	Despite	the	absence	of	a	mixing	length	or	velocity	gradient,	the	agreement	with	the	data	in	Fig.	6-11	is	excellent.	Similarly,	a	popular	outer	layer	formulation	by
Clauser	(1956)	is	(6-93)	or,	equivalently,	free-shear	layers.	.	This	type	of	model	is	also	used	in	simulating	jets,	wakes,	and	One	can	mix	and	match	also:	Equations	(6-90)	and	(6-93)	are	the	basis	of	the	widely	used	Cebeci–Smith	model	outlined	in	their	text	[Cebeci	and	Smith	(1974)]	and	at	the	Stanford	1968	Conference	[Kline	et	al.	(1968,	pp.	346–355)].
They	modified	the	outer	law	to	account	for	intermittency	near	the	edge	of	the	boundary	layer	(see	Fig.	6-5a):	(6-94)	Figure	6-23	illustrates	these	composite	models,	Eqs.	(6-92)	and	(6-93)	or	Eq.	(6-94),	for	three	different	local	Reynolds	numbers.	We	see	that	μ	t	remains	linear	in	the	inner	region—	except	for	a	nearly	invisible	region	near	the	origin
where	damping	reduces	μ	t	to	a	cubic	function	of	y.	Although	Eqs.	(6-88)	and	(6-92)	have	completely	different	formulations	and	parameters,	both	reduce	in	the	inner	layer	to	the	linear	relation	(6-95)	FIGURE	6-23	Eddy-viscosity	distribution	in	a	turbulent	boundary	layer	computed	from	the	inner	law	Eq.	(6-92)	and	outer	law	(6-93).	An	expanded	view
near	the	origin	(y	/	δ	<	0.01)	would	be	needed	to	show	the	cubic	damping	effect.	except,	as	noted,	in	the	sublayer	region.	In	the	outer	layer,	Fig.	6-23	shows	that,	depending	on	the	local	Reynolds	number,	μt	is	tens	or	even	hundreds	of	times	greater	than	the	molecular	viscosity.	A	turbulent	shear	layer	basically	has	a	high	outer	and	low	inner	effective
viscosity,	which	is	why	turbulent	velocity	profiles	are	so	steep	at	the	wall	and	so	flat	further	out.	A	display	of	μt	by	the	mixing-length	formulas	Eqs.	(6-90)	and	(6-91)	would	be	similar,	but	not	identical,	to	Fig.	6-23.	Either	approach—or	a	mixture	of	the	two—will	lead	to	an	adequate	prediction	of	a	turbulent-boundary-layer	velocity	profile.	Page	356	6-
7.1.3	APPLICATION	TO	FLAT-PLATE	FLOW.	When	the	pressure	gradient	is	zero,	the	total	shear	stress	becomes	constant	near	the	wall,	and	one	can	immediately	compute	the	overlap	layer	from	the	definition	of	eddy	viscosity	and,	say,	the	mixing-length	model	in	Eq.	(6-90):	where	we	have	neglected	μ	≪	μt.	Taking	the	square	root,	separating	and
integrating	this	relation,	we	obtain	The	overlap	law	(6-38a)	is	hence	reproduced	faithfully	by	the	mixing-length	theory,	which	was	probably	Prandtl’s	goal	in	proposing	the	model.	We	have	no	“boundary	condition”	for	the	constant	B	≈	5.0,	so	an	experiment	would	be	needed.	If	we	further	incorporate	the	molecular	viscosity	term	and	the	van	Driest
damping	term	from	Eq.	(6-90),	then	we	may	integrate	all	the	way	from	the	wall,	using	the	no-slip	condition.	After	considerable	algebra,	we	get	(6-96)	If	we	choose	the	particular	value	of	A	=	26,	the	entire	inner	law—sublayer,	buffer	layer,	and	overlap—can	be	accurately	reproduced	with	the	correct	log-law	constant	B	≈	5.0.	If	we	choose	the	wrong	A,
we	get	the	wrong	B.	If	we	add	other	effects,	e.g.,	pressure	gradient,	to	the	analysis,	we	have	to	modify	A	as	shown	in	the	next	section.	In	like	manner,	if	we	choose,	instead,	Spalding’s	expression	Eq.	(6-92)	for	μt	and	keep	the	molecular	viscosity	term,	integration	will	yield	Spalding’s	law	of	the	wall	[Eq.	(6-41)],	which	is	also	a	complete	expression	for
the	inner	law.	Both	approaches	are	very	successful	for	impermeable	flat-plate	flow.	6-7.1.4	MODIFICATION	FOR	PARAMETRIC	EFFECTS.	The	eddy-viscosity	model	has	to	be	modified	for	pressure	gradients	or	blowing	or	suction.	Early	efforts	centered	about	changing	only	the	damping	constant	A	in	Eq.	(6-90).	Later	it	was	realized	that	the	linear
variation	(κy)	itself	needed	changing	because	the	total	shear	stress	was	no	longer	constant	near	the	wall.	With	a	pressure	gradient	or	nonzero	wall	velocity,	the	variation	of	shear	stress	near	the	wall	is,	to	first	order,	(6-97)	Page	357	The	changes	in	slope	near	the	wall	are	substantial.	Thomas	and	Hasani	(1989)	extended	Eq.	(6-97)	into	an	interpolation
formula	for	τ(y),	which	is	reasonably	accurate	across	the	entire	boundary	layer:	(6-98)	This	relation	is	plotted	in	Fig.	6-24	for	an	impermeable	wall	(φ	=	0)	and	three	simple	cases	of:	(1)	flat	plate,	P	=	0;	(2)	a	moderate	adverse	pressure	gradient,	P	=	+	4;	and	(3)	a	strong	favorable	gradient,	P	=	−3.	The	purpose	of	the	figure	is	to	illustrate	the	strong
effect	of	pressure	gradients	on	the	shear	stress.	To	account	for	these	effects,	Galbraith	et	al.	(1977)	show	convincingly	that	Eq.	(6-90)	should	be	modified	by	the	square	root	of	the	shear:	(6-99)	FIGURE	6-24	Illustration	of	the	effect	of	a	pressure	gradient	on	the	shear-stress	distribution	in	a	turbulent	boundary	layer.	Plotted	from	Eq.	(6-98)	for	an
impermeable	wall	(φ	=	0)	.	Such	an	adjustment	causes	the	profile	to	start	well	for	any	pressure	gradient.	To	merge	into	the	log	layer	smoothly,	however,	one	needs	to	modify	A.	Granville	(1989)	suggests	that	the	smoothest	merge	(with	the	log-law	intercept	and	its	slope)	can	be	accomplished	by	the	following	damping-constant	variation:	(6-100)	where
b	=	12.6	if	p+	>	0	and	b	=	14.76	if	p+	<	0.	Equations	(6-99)	and	(6-100)	are	recommended	for	general	use	in	turbulent	boundary	layers	with	impermeable	walls.	6-7.1.5	THE	BALDWIN–LOMAX	MODEL.	When	using	the	previous	eddyviscosity	models,	iteration	is	always	required,	even	when	marching	downstream	with,	say,	an	explicit	finite-difference
procedure.	The	chief	reason	is	that	the	inner	law	is	correlated	with	wall	shear	stress	τw	or	its	equivalent,	υ*,	which	is	unknown.	A	second	reason	is	that	the	outer	law	formulas	also	contain	unknowns:	δ	for	the	mixing-length	model	[Eq.	(6-91)]	and	δ*	for	the	Clauser	model	[Eq.	(6-93)].	To	avoid	this	second	iteration,	Baldwin	and	Lomax	(1978)	proposed
an	entirely	different	model	for	the	outer	law,	eliminating	δ	or	δ*	in	favor	of	a	certain	maximum	functionin	the	boundary	layer.	In	their	notation,	(6-101)	and	where	ymax	specifies	the	value	of	y	corresponding	to	Fmax.	The	parameters	Ccp	and	Ckleb	were	suggested	to	be	constants	of	the	order	of	unity.	This	model	has	become	especially	popular	in	the
aerospace	literature.Page	358	However,	it	results	in	discrepancies	with	other	generally	accepted	outer	layer	relations,	such	as	Coles’	law	of	the	wake.	Granville	(1987)	suggested	that	the	“constants”	should	really	be	variables	that	can	be	retrofitted	to	known	properties	of	Coles’	wake	law	and	equilibrium	pressure	gradients.	His	suggested	correlations
consist	of	(6-102)	It	is	believed	that	this	modification	will	give	the	Baldwin–Lomax	model	accuracy	comparable	to	the	mixing-length	and	Clauser	iterative	models.	6-7.2	Higher	Order	Modeling	The	eddy-viscosity	approach	adds	zero	equations	and	leads	to	a	direct	algebraic	correlation	for	Reynolds	stresses	in	the	momentum	equation.	Althought	it	can
be	pruned	and	tuned	for	various	types	of	flows,	it	remains	limited	to	only	one	type	of	output:	the	mean	velocities	and	as	well	as	the	turbulent	shear,	.	It	cannot	compute	the	turbulent	energy	K	or	any	of	its	fluctuating	components	(u′,	υ′,	w′)rms.	Additional	partial	differential	equations	are	therefore	needed.	Modeling	of	the	fluctuations	began	with
Prandtl	in	1945	and	has	taken	many	paths:	kinetic	energy,	turbulent	dissipation,	turbulence	length	scale,	vorticity	fluctuations,	dissipation	time	scale,	pressure–strain	correlations,	and	various	stress	relations.	There	are	excellent	monographs	on	turbulence	modeling,	such	as	Wilcox	(1998),	Piquet	et	al.	(2001),	and	Cebeci	(2003).	Turbulence	modeling
with	CFD	was	in	its	infancy	at	the	seminal	1968	Stanford	Conference	on	Turbulent	Boundary	Layers	[Kline	et	al.	(1968)].	Now,	nearly	40	years	later,	hundreds	of	modeling	papers	and	their	applications	are	published	each	year.	The	most	popular	two-equation	models	are	available	in	commercial	CFD	codes	and	are	widely	used.	One	can	contrast	the
many	CFD	vendors	by	perusing	any	issue	of	the	Mechanical	Engineering	Magazine.	Eight	different	commercial	codes	are	compared	in	an	interesting	paper	by	Freitas	(1995).	6-7.2.1	ONE-EQUATION	MODEL:	TURBULENT	KINETIC	ENERGY.	For	convenience,	let	us	repeat	here	the	two-dimensional	boundary-layer	form	of	the	turbulent	kinetic-energy
equation:	(6-26)	where	denotes	the	kinetic	energy	and	ϵ	stands	for	the	turbulent	dissipation	with	units	of	power	per	unit	mass	or	velocity3/length.	Let	L	be	a	turbulence	length	scale	or	effective	eddy	size.	Such	an	eddy	would	have	a	velocity	scale	of	K1/2.	Its	dissipation	should	then	scale,	by	dimensional	reasoning,	as	(6-103)	It	follows	that	if	an	eddy	of
size	L	travels	at	a	speed	K1/2,	the	power	it	dissipates	per	unit	mass	must	be	proportional	to	The	second	or	“production”	term	on	the	right-hand	side	of	Eq.	(6-26)	has	already	been	modeled	by	eddy	viscosity,	.	The	first	or	“convective	diffusion”	term	on	the	right-hand	side	is	vexing	because	it	cannot	be	measured	in	a	boundary	layer.	The	reason	is	that,
although	small	flush-mounted	sensors	do	measure	wall	pressure	fluctuations,	there	is	presently	no	instrument	which	measures	fine-scale	fluctuations	p′	in	the	fluid	body	itself.	By	analogy	with	turbulent	shear	stress,	it	is	reasonable	to	assume	that	this	term	is	akin	to	gradient	diffusion,	i.e.,	Then	our	generic	model	for	the	turbulent	kinetic-energy
equation	simplifies	into	(6-104)	Page	359	This	relation	is	to	be	paired	with	the	continuity	and	momentum	Eqs.	(6-21a)	and	(6-21b).	However,	closure	is	not	obtained	until	the	length	scale	L	is	suitably	modeled.	Three	of	the	differential	methods	at	the	1968	Stanford	Conference	[Kline	et	al.	(1968)]	used	Eq.	(6-104)	with	algebraic	correlations	for	L.	The
results	were	satisfactory	but,	apparently,	no	better	than	the	best	zero-equation	models,	which	merely	used	a	conjectured	relation	for	eddy	viscosity.	This	fact,	coupled	with	the	extreme	difficulty	of	extending	a	length-scale	correlation	to	complex	flows,	led	to	the	realization	that	a	one-equation	model	could	not	be	widely	adopted.	6-7.2.2	TWO
EQUATIONS:	THE	K	−	Ε	MODEL.	The	turbulent	kinetic-energy	Eq.	(6-104)	performs	better	if	coupled	with	a	second	equation	that	models	the	rate	of	change	of	either	(1)	the	dissipation	ϵ	or	(2)	the	turbulent	length	scale	L.	Dissipation	is	very	popular,	perhaps,	because	of	a	seminal	paper	by	Jones	and	Launder	(1972),	which	opened	up	the	field	of
turbulence	modeling	to	users	as	opposed	to	specialists.	These	researchers	modeled	the	complete	dissipation	equation	[found	in	Tennekes	and	Lumley	(1972)]	in	a	manner	similar	to	Eq.	(6-104).	The	resulting	two	models	are	given	for	fully	elliptical	(nonboundary-layer)	high	Reynolds	number	flow	as	(6-105a)	(6-105b)	where	σK	and	σϵ	are	effective
“Prandtl	numbers”	that	relate	eddy	diffusion	of	K	and	ϵ	to	the	momentum	eddy	viscosity:σ	K	=	νt/νK	and	σ	ϵ	=	νt/νϵ.	The	eddy	viscosity	itself	is	modeled	using	(6-106)	The	five	empirical	constants	that	appear	in	these	relations	have	the	following	recommended	values	for	attached	boundary-layer	calculations:	(6-107)	These	values	are,	unfortunately,	not
universal	but	have	to	be	modified	for	other	problems	such	as	jets,	wakes,	and	recirculating	flows.	Equations	(6-105)	to	(6-107),	combined	with	continuity	and	momentum	Eqs.	(6-21a,	b),	form	the	complete	K	−	ϵ	model	for	analysis	of	two-dimensional	turbulent	shear	flow.	Except	for	flat-plate	flow,	to	which	the	constants	in	Eq.	(6-107)	are	tuned,
accuracy	is	often	only	fair.	For	this	reason,	other	researchers	have	proposed	different,	but	related,	two-equation	models:	(1)	The	K	−	ϵ	model	using	Renormalization	Group	methods	by	Yakhot	and	Smith	(1992).	(2)	The	K	−	ω	model	by	Prandtl	(1945a)	and	Wilcox	(1998).	(3)	The	K–L	model	by	Rotta	(1986).	(4)	The	K	−	ω2	model	by	Wilcox	and	Rubesin
(1980).	In	the	same	spirit	is	a	K	−	ϵ	model	with	two	additional	equations,	i.e.,	a	four-equation	model,	namely:	(5)	The	K	−	ϵ	−	υ	′2	−	f	model,	sometimes	simply	called	the	υ′2	−	f	model	by	Durbin	(1995).	In	this	fifth	model,	υ′2	represents	the	fluctuating	normal	velocity,	and	f	denotes	its	rate	of	production.	Recall	that	L	captures	the	turbulence	length
scale,	and	ω	refers	to	the	dissipation	per	unit	turbulent	kinetic	energy,	as	modeled	by	the	relation	ω	=	ϵ	/	(KCμ).	Both	L	and	ω	require	their	own	partial	differential	equations	to	join	the	equation	for	K	[see	detail	in	the	text	by	Wilcox	(1998)].	The	five	models	above	are	generally	more	accurate	than	the	standard	K	−	ϵ	model	for	adverse	pressure
gradients,	low	Reynolds	numbers,	and	separated	flows	[Wilcox	(1998)].	But	the	standard	model	is	still	widely	used	and	is	qualitatively	satisfactory.	A	stringent	case	for	testing	these	models	is	reported	by	Iaccarino	(2001)	for	flow	through	an	asymmetrical	two-dimensional	diffuser	with	a	flat	upper	wall	and	a	lower	wall	expanding	at	a	10°	angle.	The
Reynolds	number,	based	on	inlet	channel	height,	is	20,000,	for	which	experimental	data	are	available	from	Obi	et	al.	(1993).	Iaccarino	uses	a	grid	of	124	streamwise	and	65	transverse	nodes,	packed	especially	closely	near	the	walls.	Figure	6-25	shows	the	computed	isovelocity	contours	for	(1)	the	υ′2	−	f	model	and	(2)	the	K	−	ϵ	model	with	low
Reynolds	number	corrections.	The	υ′2	−	f	model	predicts	a	long	thin	separation	bubble	in	the	corner	(the	dashed	lines),Page	360	which	proves	to	be	in	excellent	agreement	with	experiments.	The	K	−	ϵ	model	does	not	predict	separation,	but	is	otherwise	qualitatively	correct.	FIGURE	6-25	Turbulence	modeling	isovelocity	contours	of	an	asymmetrical
diffuser	with	a	10°	lower	wall	expansion	at	Re	≈	20,000:	(a)	the	υ′2	−	f	model	correctly	predicts	the	experimental	separation	bubble	(dashed	lines);	(b)	the	K	−	ϵ	model	fails	to	predict	separation	but	is	qualitatively	reasonable.	[From	Iaccarino	(2001),	with	permission	of	the	author].	6-7.2.3	WALL	FUNCTIONS	AND	LOW	REYNOLDS	NUMBER
MODIFICATIONS.	Most	standard	two-equation	models	are	developed	for	“high	Reynolds	numbers.”	Note	that	the	K	−	ϵ	model	Eqs.	(6-105a)–(6-105b)	to	(6-106)	do	not	contain	the	molecular	viscosity	μ.	The	model	is	meant	to	be	applied	in	the	fully	turbulent	region	away	from	any	viscosity-dominated	near-walls.	Two	options	are	possible	for	the
nearwall	regions:	(1)	use	of	wall-function	inner	law	relations	that	patch	into	the	first	computational	node	in	the	overlap	region	or	(2)	add	viscosity	and	damping	terms	to	the	model	itself	and	use	a	fine	mesh	right	up	to	the	wall.	The	wall-function	formulas	are	essentially	log-law	relations	tailored	to	the	K	−	ϵ	−	ω	parameters.	For	example,	if	yP	denotes
the	grid	point	nearest	to	the	wall,	we	could	specify	(6-108)	This	approach	is	generally	satisfactory,	certainly	for	qualitative	calculations.	Unfortunately,	the	results	are	numerically	sensitive	to	the	position	of	the	match	point	yP	and	are	often	inaccurate	in	separated-flow	and	corner-flow	regions.	The	advantage,	of	course,	is	the	gratifying	increase	in	grid
size.	A	substantial	improvement	is	reported	by	Craft	et	al.	(2002),	who	derive	new	analytical	wall-function	formulas	for	velocity,	temperature,	and	dissipation	rate.	Their	approach	accounts	for	buoyancy,	pressure	gradient,	and	molecular	transport	property	variations.	The	second	near-wall	option	is	to	add	molecular	viscosity	and	damping	terms	and
then	use	a	fine	mesh	that	accounts	for	local	dynamics.	Jones	and	Launder	(1973)	add	these	terms	directly	to	both	the	K	and	ϵ	differential	equations.	The	fine	grid	should	reach	into	the	viscous	sublayer	with	points	as	close	as	y+	<	1.	Jones	and	Launder	suggest	the	following	modifications	to	(6-105a)–(6-105b):	(6-109a)	(6-109b)	where	we	have	added
viscosity	μ	and	the	“constants”	C1,	C2,	and	Cμ	can	now	vary	near	the	wall.	In	addition	to	the	Jones	and	Launder	(1973)	formulation,	Wilcox	(1998)	discusses	three	other	low	Reynolds	number	models	and	compares	them	to	data	for	12	different	boundary-	layer	experiments	from	Coles	and	Hirst	(1968).	All	four	models	have	defects,	whereas	the	K	−	ω
model	performs	quite	well	for	all	12	flows.	The	review	by	Patel	et	al.	(1985)	tests	seven	low	Reynolds	number	models,	along	with	the	K	−	ω2	model	of	Wilcox	and	Rubesin	(1980),	and	finds	that	all	have	inaccuracies,	especially	for	favorable	pressure	gradients.	Wilcox	(1998)	speculates	that	the	inaccuracy	occurs	because	the	ϵ	relation	in	Eq.	(6-105b)	is
improperly	formulated.	A	variation	on	low	Reynolds	number	modifications	is	the	υ′2	−	f	model	of	Durbin	(1995)	that	uses	no	damping	or	wall	functions.	Rather,	it	uses	the	fact	that	the	normal	velocity	υ′2	is	a	natural	damper,	as	one	approaches	the	wall.	Modeled	correctly,	it	reproduces	the	sublayer	and	inner	layer	quite	well.	The	equation	modeled	by
Durbin	can	be	written	as:	(6-110)	Page	361	where	the	term	f22	represents	the	source,	or	rate	of	production,	of	υ′2	and	can	be	modeled	by	a	relaxation-type	differential	equation.	In	addition	to	(C1,	C2,	Cμ,	σK,	σϵ)	from	the	K	−	ϵ	equations,	Durbin	introduces	three	more	tuned	constants	to	complete	the	model.	Durbin’s	examples	and	those	of	Iaccarino
(2001)	lead	to	reasonably	accurate	models	that	hold	great	promise	for	separation	bubbles,	backstep	flows,	and	even	vortex	shedding	from	bluff	bodies.	6-7.2.4	REYNOLDS	STRESS	MODELS.	The	modeling	of	Reynolds	stresses	is	a	level	higher	than	the	previous	schemes	and	is	usually	called	a	second-order	closure.	The	eddy	viscosity	and	velocity
gradient	approaches	are	discarded,	and	the	stresses	computed	directly	by	either	(1)	an	algebraic	stress	model	or	(2)	a	differential	equation	for	the	rate	of	change	of	stress.	The	modeling	itself	is	carried	out	at	a	higher	level	that	is	rather	complex	and	computationally	intensive.	This	subject	is	reviewed	by	Rodi	(1984),	Launder	et	al.	(1975),	and	Wilcox
(1998).	Following	the	discussion	by	Rodi	[Kline	et	al.	(1982,	pp.	681–690)],	one	breaks	the	Reynolds	stress	equation	into	separate	terms.	Using	the	indicial	summation	notation,	we	have	(6-111)	This	equation	is	to	be	used	in	concert	with	relations	for	K	and	ϵ	(it	does	not	replace	them).	The	production	term	Pij	is	already	in	Reynolds	stress	form,	but	one
must	model	the	other	three	terms:	dissipation,	turbulent	transport,	and	pressure–strain.	We	observe	that	all	three	are	complex	statistical	correlations,	difficult	or	even	impossible	(pressure–strain)	to	measure.	Wilcox	(1998)	discusses	these	subtleties	nicely,	projecting	a	bright	future	for	second-order	closure.	Since	dissipation	is	isotropic	away	from	the
wall	and	anisotropic	near	the	wall,	Hanjalic	and	Launder	(1976)	suggest	the	following	model:	(6-112)	where	the	overall	dissipation	and	turbulence	intensity,	ϵ	and	K,	continue	to	be	calculated	from	their	particular	differential	relations,	such	as	Eqs.	(6-105a)–(6-105b).	As	for	the	coefficient	fs,	it	represents	a	damping	function.	The	turbulent	transport
term	Dij	=	−	∂	(	β	ijk)	/	∂	xk	has	been	studied	by	DNS	calculations,	e.g.,	Moin	and	Mahesh	(1998),	which	support	a	model	by	Hanjalic	and	Launder	(1976).	For	convenience,	we	denote	.	Then	their	model	for	the	three-term	quantity	βijk	becomes	(6-113)	with	a	constant	Cs	≈	0.11.	This	model	is	used	in	the	popular	Launder–Reece–Rodi	(LRR)	(1975)	and
Speziale–Sarkar–Gatski	(SSG)	(1991a)	approaches.	Finally,	the	pressure–strain	term	π	ij	is	still	undergoing	intensive	evolution	because	it	is	(1)	unmeasurable	and	(2)	difficult	to	model.	The	SSG	version,	for	example,	contains	11	terms	and	seven	empirical	constants.	The	Wilcox	and	Rubesin	(1980)	model	encompasses	eight	terms	and	five	constants.	A
simpler	model	is	due	to	Rodi	(1984),	specifically,	(6-114)	Page	362	These	terms	may	be	collected	into	the	Reynolds	stress	relation	(6-106)	and	solved	simultaneously	with	the	continuity,	momentum,	and	rate	equations	for	the	dissipation	ϵ.	The	eddy-viscosity	model	in	Eq.	(6-111)	is	also	discarded,	since	turbulent	shear	may	be	computed	directly.
Modifications	are	necessary	to	use	the	model	in	the	direct	vicinity	of	the	wall.	The	constants	suggested	for	use	in	this	model	are:	(6-115)	Note	that	Reynolds	stress	modelers	often	use	K	−	ε	models	that	are	different	from	those	presented	here	in	Sec.	6-7.2.2	[see	Rodi	(1984)	for	more	detail].	6-7.2.5	ALGEBRAIC	STRESS	MODELS.	Although	Reynolds
stress	closure	models	constitute	an	improvement,	in	principle,	over	one-	and	two-equation	models,	they	involve	three	to	six	additional	partial	differential	equations	and	are	thus	computationally	intensive.	Beginning	with	Hanjalic	and	Launder	(1972),	many	researchers	have	proposed	replacing	the	differential	Eq.	(6-111)	with	an	algebraic	stress	model
(ASM)	that	mimics	the	dissipation,	turbulent	transport,	and	pressure–strain	effects	captured	by	Eq.	(6-111).	For	example,	Rodi	(1976)	proposes	the	nonlinear	relation:	(6-116)	to	be	supplemented	by	extremely	complex	three-dimensional	correlations	for	the	dissipation	ϵij	and	pressure–strain	πij	terms.	The	idea	here	is	comparable	to	a	nonlinear	eddy-
viscosity	model.	However,	ASMs	are	not	popular,	especially	for	separating	and	reattaching	flows.	It	should	be	clear	that	the	present	Sec.	6-7	only	offers	a	brief	overview	of	the	extensively	broad	research	area	of	turbulence	modeling.	For	a	detailed	discussion,	see	Wilcox	(1998),	Bernard	and	Wallace	(2002),	or	Cebeci	(2003).	6-8	ANALYSIS	OF
TURBULENT	BOUNDARY	LAYERS	WITH	A	PRESSURE	GRADIENT	Using	the	tools	outlined	earlier	in	this	chapter,	a	variety	of	methods	have	been	developed	to	analyze	turbulent	boundary	layers	under	fairly	arbitrary	conditions.	Among	those,	two	basic	groups	can	be	identified	along	with	their	subcategories:	1.	Integral	methods,	which	are	based	on
(1)	the	Kármán	integral	relation	or	(2)	inner	variables.	2.	Finite-difference	(differential)	methods,	which	are	based	on	(1)	eddy	viscosity,	(2)	turbulence	kinetic	energy,	(3)	two	equations,	e.g.,	energy	(K)	and	dissipation	ϵ,	or	(4)	Reynolds	stress	equations.	Integral	methods,	being	averaged	across	the	boundary	layer,	lead	to	ordinary	differential	equations
that	yield	gross	parameters	such	as	skin	friction	and	momentum	thickness	information.	Differential	methods	yield	those	same	parameters	and	also	the	complete	profiles	of	velocity,	turbulent	shear,	and	whatever	else	is	being	modeled.	However,	integral	methods	are	easy	to	program,	unlike	differential	methods,	which	usually	require	the	use	or
development	of	complex	computer	codes.	Both	types	of	methods	can	provide	accurate	predictions	for	a	variety	of	problems.	Let	us	discuss	these	methods	now	for	variable	pressure	gradients	but	limit	ourselves	to	two-dimensional	steady	turbulent	flow	with	smooth	impermeable	walls.	6-8.1	Methods	Using	the	Kármán	Integral	Relation	Most	integral
methods	in	the	literature	rely	on	the	famous	momentum	relation	of	Kármán	(1921),	which	we	repeat	here	for	convenience:	(6-28)	With	Ue(x)	assumed	known,	there	are	three	unknowns—θ,	H,	and	Cf	—hence	at	least	two	additional	relations	are	necessary.	One	of	these	is	a	purely	algebraic	relation	that	arises	because	the	wall–wake	law	Eq.	(6-47)	fits



the	profile	data	so	well.	Ludwieg	and	Tillmann	(1949)	found	the	following	classic	correlation	simply	by	relating	measured	values	of	(θ,	H,	Cf)	in	a	variety	of	flows:	(6-117)	Page	363	When	compared	to	data,	the	accuracy	is	±10	percent;	Separation	is	not	predicted;	that	is,	Cf	does	not	tend	toward	zero	for	finite	H.	Many	similar	correlations	have	since
been	proposed,	as	reviewed	by	Cousteix	[Kline	et	al.	(1982,	p.	657)].	For	example,	Felsch	et	al.	[Kline	et	al.	(1968,	p.	170)]	propose	(6-118)	Accordingly,	separation	(Cf	=	0)	is	predicted	at	H	=	3.0,	which	is	quite	reasonable.	The	validity	of	all	such	correlations	rests	upon	the	excellence	of	the	Coles	wall–wake	law,	whose	integral	parameters	are
provided	in	Eqs.	(6-48).	Let	us	rearrange	those	formulas	as	follows:	(6-119a)	(6-119b)	If	we	eliminate	Π	between	these	two	formulas,	we	obtain	a	unique	relation	among	Cf	=	2	/λ2,	H,	and	Reθ.	The	results	are	plotted	in	Fig.	6-26	and	have	been	curve-fitted	quite	accurately	(±3	percent)	by	the	following	relation:	(6-120)	FIGURE	6-26	Computations	from
the	law	of	the	wake,	Eqs.	(6-119a)–(6-119b),	for	skin	friction	as	a	function	of	momentum	thickness	and	shape	factor.	This	correlation	stands	among	the	most	accurate	to	use	in	conjunction	with	Kármán-based	methods.	6-8.1.1	SIMPLE	KÁRMÁN-TYPE	CLOSURE	WITH	A	Π	−	Β	CORRELATION.	The	approximate	correlation	between	Coles’	wake
parameter	Π	and	the	Clauser	parameter	β,	discussed	earlier	in	Sec.	6-4.4,	can	be	used	to	close	the	Kármán-type	integral	method.	The	first	edition	of	this	text	proposed	the	simple	formula	Π	=	0.8	(β	+	0.5)3/4,	which	fits	a	limited	number	of	experimental	equilibrium	flows.	Since	then,	Das	(1987)	has	correlated	hundreds	of	data	points	from	the	1968
Stanford	Conference	[Coles	and	Hirst	(1968)]	into	the	following	polynomial	correlation:	(6-121)	This	formula	is	compared	with	equilibrium	and	nonequilibrium	data	in	Fig.	6.27.	The	considerable	scatter	of	data	does	not	invalidate	the	formula’s	quite	serviceable	use	in	an	integral	method.	The	large	scatter	for	negative	β	(favorable	gradients)	is	not	due
to	experimental	error;	it	results	from	subtracting	numbers	that	are	nearly	equal	when	Π	is	very	small.	Although	Eq.	(6-121)	provides	a	“third	relation,”	it	introduces	new	parameters,	Π	and	β,	that	must	be	related	to	(Cf,	H,	Req).	The	resolution	is	straightforward:	Π	is	already	related	to	Cf	and	H	through	Eq.	(6-119a),	and	β	can	be	easily	determined
from	its	defining	expression:	(6-122)	Page	364	To	proceed,	one	solves	Eqs.	(6-28),	(6-119a),	(6-120),	(6-121),	and	(6-122)	simultaneously	using,	say,	a	Runge–Kutta	method	to	integrate	dθ	/	dx.	The	initial	conditions	are	known	Cf	(0)	and	θ	(0)	at,	say,	x	=	0.	At	each	step	(x	+	Δx),	iteration	is	required	to	compute	H,	Cf,	etc.,	among	the	four	algebraic
relations,	after	which	one	can	step	forward	to	the	next	position	(	x	+	2Δx).	Although	this	method	has	no	pedigree,	it	makes	quite	adequate	predictions	for	both	favorable	and	adverse	pressure	gradients.	6-8.1.2	ENTRAINMENT	INTEGRAL	METHODS.	Many	workers	believe	that	the	“third	relation”	should	not	be	an	algebraic	correlation	but	rather	a
second	differential	equation,	namely,	the	entrainment	relation	discussed	earlier:	(6-31)	To	be	useful,	E	needs	to	be	correlated	with	other	integral	parameters.	The	original	method	of	Head	(1958)	defines	a	new	shape	factor	and	writes	Eq.	(6-31)	as	a	curve-fit	correlation	in	terms	of	this	factor:	(6-123)	Head	then	showed	that	H1	is	related	to	the	standard
shape	factor	H,	and	his	correlation	is	later	curve-fitted	to	the	following	formulas:	(6-124)	Equations	(6-28),	(6-120),	(6-123),	and	(6-124)	constitute	a	closed	system	to	be	solved	for	(θ,	Cf,	H,	H1)	with	a	known	freestream	velocity	Ue(x).	The	agreement	is	favorable	except	for	separating	flows.	For	strong	adverse	gradients	and	separating	flows,	Ferziger
et	al.	(1982)	suggest	reformulating	the	entrainment	in	terms	of	the	shape	factor	Their	entrainment	correlation	takes	the	form	(6-125)	Page	365	In	addition,	Ferziger	et	al.	(1982)	discount	the	Ludwieg–Tillmann	relation	in	favor	of	a	skinfriction	correlation	that	is	directly	related	to	η*:	(6-126)	Accordingly,	separation	(Cf	=	0)	occurs	at	a	value	of	.	This
expression	can	be	used	even	past	the	separation	point,	where	Cf	<	0	and	the	wall	flow	is	reversed.	Finally,	they	relate	η*	to	Cf	and	H	by	manipulating	the	Coles’	wall–wake	law	[Eq.	(6-49)]	into	the	following	correlation:	(6-127)	Equations	(6-28),	(6-125),	(6-126),	and	(6-127)	may	be	solved	simultaneously	for	(θ,	Cf,	H,	η*):	The	agreement	is	satisfactory
for	adverse	gradients	but,	unfortunately,	unreliable	for	favorable	gradients.	6-8.2	An	Inner	Variable	Integral	Method	The	inner	variable	method	that	led	to	Eq.	(6-76)	for	a	flat	plate	can	be	extended	to	pressure	gradient	conditions	by	adding	a	wake	component.	The	result	is	a	first-order	ordinary	differential	equation	with	known	algebraic	coefficients	for
the	skin	friction	Cf	(x).	An	early	attempt	by	White	(1969),	using	a	wake	that	varied	linearly	with	y,	was	reasonably	effective—even	for	hand	calculation.	It	has	been	supplanted,	however,	by	a	more	accurate	model	by	Das	(1988),	who	uses	Coles’	wall–wake	velocity	profile	in	the	form:	(6-128)	The	polynomial	wake,	suggested	by	Moses	[Kline	et	al.	(1968,
p.	78)],	replaces	the	sinesquared	law	of	Eq.	(6-46)	to	simplify	the	integration.	With	known	from	Eq.	(6-128),	the	normal	velocity	component	follows	from	continuity	[Eq.	(6-21a)].	We	get	(6-129)	In	a	similar—but	algebraically	more	complicated—fashion	to	Sec.	6-6.2,	and	can	be	substituted	into	the	momentum	Eq.	(6-21b)	and	integrated	across	the
boundary	layer	from	(	y+	=	0,	τ	=	τw)	to	the	edge	of	the	layer	at	(	y+	=	δ+,	τ	=	0).	The	result	of	this	intermediate	step	is	(6-130)	where	coefficients	A1,2,3	are	given	by	Das	(1988).	To	eliminate	dδ+	/	dx	from	Eq.	(6-130),	we	use	the	differential	form	of	the	wall–wake	friction	law	of	Eq.	(6-49)	and	rearrange	terms	such	that:	(6-131)	To	further	eliminate
dΠ	/	dx	from	Eq.	(6-130),	we	first	recall	the	definition	of	the	Clauser	parameter,	(6-132)	where	the	latter	follows	from	Eq.	(6-48).	Finally,	we	relate	β	to	Π,	approximately,	by	the	polynomial	fit	of	Eq.	(6-121),	as	shown	in	Fig.	6-27.	In	this	way,	dΠ	/	dx	is	also	eliminated	from	Eq.	(6-130).	The	result	is	a	(dimensional)	differential	equation	containing	only
dυ*	/	dx.	Finally,	Das	(1988)	nondimensionalizes	this	relation	by	defining	FIGURE	6-27	Correlation	of	the	Coles’	wake	parameter	with	the	Clauser	parameter	for	equilibrium	and	nonequilibrium	boundary	layers.	[After	Das	(1987).]	(6-133)	where	L	and	U0	stand	for	any	convenient	reference	length	and	velocity,	respectively.	Page	366	The	final
differential	equation	has	the	form	(6-134)	where	RL	=	U0	L	/	ν	and	the	dimensionless	coefficients	T1−9	are	given	in	Table	6-2.	A	known	initial	value	ζ(0)	is	necessary.	Once	ζ(x*)	is	computed,	the	skin	friction	follows	from	the	identity	Cf	=	2ζ	2.	If	desired,	one	can	calculate	estimates	of	δ*(x),	H(x),	and	θ(x)	from	the	wall–wake	law:	TABLE	6-2	The
coefficient	functions	Ti	for	use	in	Eq.	(6-134)	[After	Das	(1988).]	(6-135)	This	method	requires	a	reasonably	smooth	function	for	the	freestream	velocity	V(x*)	and	its	first	two	derivatives	in	order	to	perform	adequately.	A	related,	and	slightly	simpler,	polynomial-shear	integral	method	is	proposed	by	Thomas	and	Kadry	(1990).	Also,	the	method	of	Das
[Eq.	(6-134)]	is	extended	to	wall	transpiration	by	Oljaca	and	Sucec	(1997).	Their	results,	which	are	straightforward	but	lengthier	than	Table	62,	stand	in	excellent	agreement	with	blowing/suction	experiments.	6-8.2.1	RELAXATION	EFFECTS:	LAG	EQUATIONS.	Most	integral	methods	employ	correlations	developed	from	equilibrium	turbulent	flows
such	as	the	flat	plate	configuration.	They	perform	well	in	nonequilibrium	flows	if	the	changes	are	gradual.	When	changes	become	rapid,	the	actual	integral	parameters	will	lag	behind	the	equilibrium	prediction.	For	example,	Fig.	6-28	shows	a	relaxing	boundary	layer,	where	a	strong	adverse	pressure	gradient	is	suddenly	removed.	The	wall	region
reacts	quickly,	but	the	outer	wake	slowly	relaxes	toward	equilibrium	over	a	distance	of	five	to	ten	boundary-layer	thicknesses.	A	theory	tied	directly	to	the	sudden	change	from	large	positive	β	to,	say,	β	=	0	leads	to	premature	predictions	that	do	not	actually	occur	until	further	downstream.	To	avoid	premature	changes,	some	workers	use	an
exponential-type	“lag	equation”	of	the	form	(6-136)	FIGURE	6-28	Schematic	of	the	relaxation	zone	following	a	sudden	removal	of	a	pressure	gradient.	where	Q	represents	any	integral	property	(H,	Π,	etc.),	C	denotes	a	dimensionless	constant,	and	Qeq	captures	the	downstream	asymptote.	For	example,	in	their	entrainment	method	from	Sec.	6-8.1.2,
Ferziger	et	al.	(1982)Page	367	suggest	that	Eq.	(6-136)	be	used	in	certain	rapidly	changing	pressure	gradients,	where	Q	is	taken	to	be	E	and	C	≈	0.025.	6-8.3	Finite-Difference	Analysis	of	Boundary	Layers	The	integral	methods	discussed	above	lead	to	ordinary	differential	equations	that	are	solved	in	the	streamwise	direction	for	parameters	such	as	Cf
(x)	and	θ(x).	Details	of	the	flow	field	can	be	deduced	only	from	algebraic	approximations.	In	contrast,	differential	methods	consider	the	full	partial	differential	equations	of	motion	and	compute	flow-field	ingredients	such	as	υ	̅	(x,	y),	K(x,	y),	ϵ(x,	y),	etc.	In	principle,	they	tend	to	be	more	accurate	than	integral	methods.	In	practice,	being	based	on
modeling	assumptions	rather	than	pure	physics,	they	often	show	deviations	from	experimental	data.	All	of	the	aforementioned	methods	require	a	digital	computer	and	a	two-dimensional	(or	three-dimensional)	nodal	mesh.	Such	a	mesh	must	be	finer	near	the	wall,	where	changes	in	turbulent	flow	occur	very	rapidly.	In	modeling	swirling	flows,	it	is
necessary	to	refine	the	mesh	both	at	the	wall	and	around	the	axis	of	rotation.	Although	the	finite-element	method	[Löhner	(2001)]	is	applicable	to	this	problem,	such	as	the	method	of	Hytopoulos	et	al.	(1993),	most	schemes	presently	use	either	finite	differences	or	the	finite-volume	method	popularized	by	Patankar	(1980).	A	variety	of	boundary-layer
computation	schemes	are	discussed	in	the	texts	by	Schetz	(1992),	Cebeci	and	Cousteix	(1998),	and	Schlichting	and	Gersten	(2000).	Furthermore,	the	boundary-layer	Applet	codes	of	Devenport	and	Schetz	(2002)	are	available	for	direct	use	over	the	Internet.	6-8.3.1	ZERO-EQUATION	MODELS.	These	methods	use	the	eddy-viscosity	concept	to	solve	the
continuity	and	momentum	Eqs.	(6-21a)	and	(6-21b)	with	no	additional	differential	equations.	In	a	method	discussed	in	detail	in	their	text,	Cebeci	and	Smith	(1974)	use	the	van	Driest	inner	layer	model	of	Eq.	(6-90)	and	the	Clauser	outer	layer	model	of	Eq.	(6-93)	to	capture	the	eddy	viscosity.	In	this	context,	the	damping	constant	A	in	Eq.	(6-90)	is
adjusted	for	the	pressure	gradient	in	a	manner	similar	to	Eq.	(6-100).	Moreover,	Cebeci	and	Smith	use	a	Blasius-type	coordinate	across	the	boundary	layer,	namely,	which	makes	the	same	method	very	convenient	for	laminar	boundary	layers.	For	turbulent	motion,	they	use	a	mesh	size	Δη	that	is	very	fine	near	the	wall,	becoming	coarser	in	the	outer
layer.	Their	computer	code	has	been	tested	for	a	variety	of	parametric	conditions—rough	walls,	suction	and	blowing,	low	Reynolds	numbers,	free	convection—and	has	been	popular	since	its	inception.	6-8.3.2	TWO-EQUATION	MODELS.	The	K	−	ϵ	method	of	Sec.	6-7.2.2	is	the	best	known	two-equation	model,	although	numerous	other	formulations	have
been	advanced.	Jones	and	Launder	(1972)	used	the	Patankar–Spalding	stream	function	variable	with	100	cross-stream	steps	Δω	and	a	streamwise	step	of	Δx	≈	0.3δ,	with	satisfactory	results	for	boundary	layers.	It	is	less	accurate	for	recirculating	flows,	i.e.,	flows	with	separated	(backflow)	regions.	Wilcox	(1998)	has	shown,	by	comparison	to	numerous
data	sets,	that	the	K	−	ω	model	is	superior	to	the	K	−	ϵ	model	for	boundary	layers,	especially	with	adverse	pressure	gradients.	Two-equation	models	can	be	extended	to	separated,	wall	blowing/suction,	and	high-speed	compressible	flows.	Page	368	6-8.3.3	REYNOLDS	STRESS	MODELS.	The	best	of	these	RSM	models	are	superior	for	complex	flows,
such	as	separation	and	reattachment,	and	they	even	surpass	the	K	−	ω	model	in	the	treatment	of	attached	boundary	layers.	The	RSM	can	easily	account	for	gravity	and	wall	curvature	and	extend	rather	seamlessly	to	three-dimensional	flows,	albeit	with	much	computational	effort.	Since	LES	and	DNS	tools	are	limited	to	low	Reynolds	numbers,	RSM
will	probably	remain	a	dominant	CFD	approach,	as	speculated	by	Speziale	(1991b),	Hanjalic	(1994),	and	Wilcox	(1998).	6-8.4	Turbulent	Flow	Past	a	Flat	Plate	A	simple	but	important	test	of	any	model	is	the	flat-plate	flow	measured	by	Wieghardt	and	Tillmann	(1951).	In	this	problem,	air	with	ν	≈	1.51	×	10−5	m2/	s	flows	at	past	a	5	m	long	waxed
plywood	plate.	The	flow	is	tripped	at	the	leading	edge	so	that	the	first	measurement	station,	x	=	0.087	m,	is	barely	turbulent	(Rex	≈	1.9	×	105,	Reθ	≈	460)	and	very	thin	(δ	≈	4	mm);	so	only	five	velocity	profile	data	points	are	taken.	In	fact,	for	all	stations	with	x	<	0.8	m,	there	is	considerable	uncertainty	in	both	the	velocity	profiles	and	the	skinfriction
coefficient.	In	spite	of	this	defect,	the	experiment	constitutes	an	excellent	preliminary	test	for	any	predictive	tool.	Figure	6-29	provides	a	side-by-side	comparison	of	skin	friction	and	momentum	thickness	data	using	four	different	methods	described	earlier:	Head	(1958)	and	Ferziger	et	al.	(1982)	from	Sec.	6-8.1.2,	Das	(1988)	from	Sec.	6-8.2,	and	Cebeci
and	Smith	(1974)	from	Sec.	68.3.1.	To	avoid	some	of	the	data	uncertainty,	the	prediction	is	initiated	at	the	fourth	station,	x	=	0.387	m.	All	four	methods	are	found	to	be	fairly	accurate	except	that	Head	(1958)	predicts	low	values	of	Cf,	the	problem	being	that	the	given	(uncertain)	initial	values	of	Cf,	H,	and	θ	are	incompatible	with	the	algebraic
correlations	of	Eq.	(6-117)	or	(6-120).	For	example,	when	compared	with	Eq.	(6-78),	the	experimental	value	Cf	(0)	=	0.00364	proves	to	be	compatible	with	an	effective	origin	x(0)	=	−0.15	m.	When	compared	with	Eq.	(6-70),	the	experimental	value	θ(0)	=	0.092	cm	proves	to	be	compatible	with	a	different	origin,	x(0)	=	−0.09	m.	FIGURE	6-29
Comparison	of	four	boundary-layer	prediction	methods	with	the	flat-plate	data	of	Wieghardt	[flow	1400	of	Coles	and	Hirst	(1968)].	Page	369	To	avoid	clutter	in	Fig.	6-29,	we	omit	the	Kármán-based	method	of	Sec.	6-8.1.1	[results	similar	to	Das	(1988)]	or	the	K	−	ω	and	Reynolds	stress	models	[Kline	et	al.	(1982,	pp.	1249–1250)],	all	of	which	show
favorable	agreement.	The	differential	models,	being	field	methods,	can	also	predict	the	velocity	profiles	with	adequate	precision.	This	test	shows	that	all	of	the	previously	mentioned	integral	and	differential	methods	are	reasonably	accurate	and	well	behaved	for	flat-plate	flow.	6-8.4.1	VISUALIZATION	AND	SIMULATION	OF	FLAT-PLATE	FLOW.	The
results	shown	in	Fig.	6-29	are	typical	of	“boundary-layer	analyses”	that	predict	timemean	properties	such	as	Cf	(x),	θ(x)	and,	in	the	case	of	the	differential	methods,	.	The	time-varying	fluctuations	themselves—or	the	unsteady	flow	field—are	not	computed.	But	the	instantaneous	turbulent	flow	field	can	be	photographed	and	now,	with	the	advent	of
supercomputers,	simulated	numerically.	For	example,	hydrogen	bubble	visualizations	of	water	flow	past	a	flat	plate	have	been	reported	by	Hirata	and	colleagues	at	the	University	of	Tokyo	[see	also	Nakayama	(1988,	p.	27)].	Figure	6-30a	shows	the	mean	velocity	profile	at	five	dissimilar	locations	corresponding	to	Hirata’s	experiment.	The	latter
captures	the	sublayer	and	shows	a	characteristic	spanwise	variation	of	fast	and	slow	“streaks”	of	streamwise	vorticity.	In	the	buffer	layer,	the	flow	mixes	better	and	the	streaks	become	less	pronounced.	In	the	log	layer,	mixing	is	thorough	and	the	streaks	disappear.	In	the	outer	(wake)	layer,	the	scale	of	the	eddies	becomes	much	larger	and	the	flow	is
slightly	intermittent.	Unfortunately,	these	experimental	observations	are	lost	when	the	time-mean	is	taken	in	Fig.	6-30a.	FIGURE	6-30	Flat-plate	flow	results	showing:	(a)	velocity	profile	based	on	5	dissimilar	locations;	(b)	supercomputer	simulation	of	vorticity	contours	at	Reθ	=	1410.	[From	Spalart	(1988).]	Along	similar	lines,	Spalart	(1988)	solves	the
three-dimensional	time-dependent	Navier–	Stokes	equations	with	a	spectral	method	for	flat	plate	flow	at	Reθ	=	225,	300,	670,	and	1410.	This	well-known	DNS	study	uses	the	NASA-Ames	Laboratory	supercomputer	with	10	million	mesh	points.	Figure	6-30b	shows	the	computed	instantaneous	vorticity	contours	at	the	highest	Reynolds	number.	When
those	10	million	point-values	are	correlated	over	time	and	space,	Spalart	is	able	to	verify	the	following	results:	1.	Friction	coefficients	and	shape	factors	accurate	to	±5	percent.	2.	Velocity	profiles	that	verify	the	inner	law,	the	log-law	with	κ	≈	0.41	and	B	≈	5.0,	and	an	outer	wake	with	Π	slightly	lower	than	Coles’	(1956).	3.	Accurate	estimates	of
Reynolds	stress	and	rms	fluctuations	of	both	velocity	and	pressure.	4.	Reasonably	accurate	frequency	spectra	of	both	velocity	and	pressure	whose	trends	agree	with	statistical	theories	[Hinze	(1975)].	Although	the	computed	Reynolds	numbers	are	small,	of	low	turbulence,	the	value	of	such	simulations	in	providing	a	wealth	of	space–time	information
about	turbulent	flows	is	striking	and	bringing	engineering	analysis	of	turbulent	flow	to	a	new	level.	6-8.5	Equilibrium	Flow	with	an	Adverse	Pressure	Gradient	A	more	difficult	case	than	flat-plate	flow	is	flow	2200	of	Coles	and	Hirst	(1968),	from	the	experiments	of	Clauser	(1954),	who	was	first	to	demonstrate	the	properties	of	equilibrium	turbulent
boundary	layers.	The	flow	was	meant	toPage	370	have	constant	β	≈	1.8	[Eq.	(642)],	but	in	fact	the	measured	β	increased	from	about	1.4	to	2.3	over	a	25	ft	distance.	The	flow	was	a	thick	boundary	layer	in	a	narrow	wind	tunnel	and	almost	certainly	contained	three-dimensional	effects.	Figure	6-31a	shows	the	measured	freestream	velocity	which,	as
expected	for	equilibrium	flows,	fits	a	power-law	distribution	quite	well.	Figure	6-31b	compares	the	measured	skinfriction	coefficients	with	the	same	four	theories	used	in	Fig.	6-29	along	with	the	Kármánbased	method	of	Sec.	6-8.1.1.	The	Kármán-based	and	Das	predictions	yield	the	best	agreement,	as	might	be	expected,	since	both	use	an	equilibrium
correlation	[Eq.	(6-121)].	The	other	methods	consistently	predict	friction	far	too	low.	FIGURE	6-31	Comparison	of	theory	and	experiment	for	the	equilibrium	flow	of	Clauser	(1954),	flow	2200	of	Coles	and	Hirst	(1968).	Figure	6-31c	compares	the	computed	and	measured	momentum	thickness	variations.	All	five	methods	lead	to	similar	overpredictions—
perhaps	another	indication	of	unknown	effects	in	the	data.	However,	an	excellent	prediction	of	θ(x)	for	flow	2200	resulted	from	a	oneequation	turbulent	kinetic-energy	method	by	Bradshaw	and	Ferriss	[Kline	et	al.	(1968,	pp.	264–274)].	6-8.6	Nonequilibrium	Separating	Flow:	The	Newman	Airfoil	Newman	(1951)	carried	out	a	wind	tunnel	study	of	flow
at	120	ft/s	past	an	airfoil	section.	The	measurements	on	the	upper	(suction)	surface	proceed	along	an	adverse	pressure	gradient	toward	separation	at	x	≈	5	ft.	Figure	6-32a	showsPage	371	the	measured	freestream	velocity,	which	fits	a	least-squares	cubic	polynomial	quite	well.	Approximately	one-third	of	the	methods	used	in	Kline	et	al.	(1968)
rendered	reasonably	accurate	predictions	for	this	nonequilibrium	flow.	FIGURE	6-32	Comparison	of	theory	and	experiment	for	the	separating	airfoil	flow	of	Newman	(1951),	flow	3500	of	Coles	and	Hirst	(1968).	Figure	6-32b	shows	the	skin-friction	data	compared	to	our	five	methods.	The	Das	and	Kármán-based	equilibrium-oriented	methods	lead	to
(unrealistic)	relaxation	of	Cf	before	separation.	Ferziger	et	al.	(1982)	predict	separation	too	early.	Head	(1958)	appears	to	be	reasonable	but	too	low.	Only	the	Cebeci	and	Smith	(1974)	predictions	stand	in	very	good	agreement.	Figure	6-32c	shows	the	prediction	and	data	for	momentum	thickness.	Although	Das’	projection	is	too	high,	the	other	four
methods	give	reasonable	agreement.	In	fact,	the	typical	trend	of	being	more	accurate	at	predicting	θ(x)	than	Cf	(x)	seems	to	be	a	general	characteristic	of	the	methods	under	consideration.	We	conclude	that,	although	the	techniques	presented	here	seem	“adequate”	for	engineering	use	in	turbulent	boundary-layer	prediction,	no	single	method	can	be
reliably	adopted	to	provide	consistent	agreement	with	all	available	data.	6-8.6.1	SEPARATING	FLOWS:	INVERSE	TECHNIQUES.	Near	separation,	Cf	→	0,	β	and	Π	approach	infinity,	and	most	boundary-layer	methods	become	inaccurate—	primarily	because	of	heightened	sensitivity	to	the	freestream	velocity	Ue	(x).	After	separation,	τw	and	υ*	turn
negative,	the	displacement	thickness	becomes	very	large,	and	the	boundary-layer	approximations	become	inaccurate;	normal	velocity	and	streamwise	gradients	become	much	larger.	Under	these	conditions,	the	most	fundamental	approach	is	to	solve,	with	finite	differences,	the	full	equations	of	motion	in	thePage	372	whole	flow	field—freestream	and
wall	regions—a	computer-intensive	procedure.	Yet	boundary-layer	theory	can	still	be	used	effectively	in	an	“inverse”	mode.	The	appropriate	interaction	near	separation	is	to	assume	that	the	displacement	thickness	distribution	δ	*(x)	is	known	and	the	freestream	velocity	Ue	(x)	is	unknown—hence	the	term	inverse	method.	With	this	modification,
satisfactory	agreement	with	measured	separating	flows	can	be	obtained	by	both	finite-difference	methods	[Pletcher	(1978)]	and	integral	methods	[Moses	et	al.	(1979)	and	Strawn	and	Kline	(1983)].	Das	(1987)	modifies	the	“direct”	inner	variable	method	of	Sec.	6-8.2	into	an	inverse	technique	most	elegantly.	First	the	wall–wake	law	Eq.	(6-128)	is
written	in	terms	of	a	wake	velocity	υβ	=	Πυ*:	(6-137)	The	advantage	is	that	υβ	remains	finite	and	positive	throughout	separation,	whereas	υ*	changes	sign	and	Π	becomes	singular.	The	new	form	of	the	momentum-integral	relation	in	Eq.	(6-130)	becomes	(6-138)	where	Aij	are	given	by	Das	(1987).	The	derivative	form	of	the	wall–wake	law	in	Eq.	(6-131)
also	takes	the	form	of	Eq.	(6-138),	(6-139)	Equation	(6-132)	is	combined	with	the	Π	−	β	correlation	[Eq.	(6-121)]	and	retained	as	a	third	relation	for	dUe	/	dx,	except	that	(1	+	Π)υ*	is	replaced	by	(υ*	+	υβ),	in	the	following	rearrangement,	(6-140)	Finally,	the	derivative	form	of	Eq.	(6-132)	yields	a	fourth	differential	equation,	(6-141)	where	Bi	are	given
by	Das	(1987).	Equations	(6-138)	to	(6-141)	are	four	first-order	ordinary	differential	equations	to	be	solved	for	Ue,	υ*,	υβ,	and	δ+,	assuming	a	known	input	distribution	δ*(x).	For	example,	when	this	inverse	scheme	is	applied	to	the	Newman	airfoil	problem	of	Fig.	6-32	(for	which	the	direct	inner	variable	method	is	not	very	accurate),	the	results	agree
well	with	the	measurements	for	Ue,	Cf,	and	θ(x)—even	in	the	separated-flow	region.	Other	satisfactory	examples	are	given	by	Das	(1987).	In	principle,	such	inverse	methods	can	be	used	to	design	“tailored”	flows	to,	say,	avoid	separation	or	reduce	body	drag.	6-8.7	Complex	Turbulent	Flows	Although	the	emphasis	in	this	section	has	been	on	developing
relatively	simple	turbulentboundary-layer	methods	for	engineering	use,	there	are	complex	motions	for	which	such	methods	fail.	In	the	late	1970s,	many	computer-oriented	methods	were	developed	to	analyze	such	complicated	flows.	Such	efforts	continue	to	this	day.	Simply	put,	a	“complex”	turbulent	flow	is	one	that	is	more	complicated	than	the	two-
dimensional,	steady,	incompressible,	and	attached	thin	shear	layers	that	are	thoroughly	covered	in	the	literature.	Three-dimensionality	is	the	most	obvious	complexity.	Other	contributing	factors	include:	1.	Fluid	effects:	polymer	additives,	chemical	reactions,	multiple	phases,	compressibility,	surface	tension,	and	non-Newtonian	behavior.	2.
Fluctuations,	turbulence,	and	periodicity	in	the	freestream.	3.	Wall	effects:	irregular	geometry,	suction	and	blowing,	roughness,	compliance,	and	moving	walls.	4.	Body	forces,	especially	due	to	streamline	curvature.	5.	Strain	interactions,	especially	in	three	dimensions.	Page	373	One	straightforward	example	is	an	irregular	geometry.	As	illustrated	in
Fig.	6-33,	right-angle	variations	in	the	wall	or	body	shape	will	immediately	cause	the	flow	to	separate	and,	if	wall	length	permits,	to	reattach	further	downstream.	The	separation	“bubble”	does	not	exhibit	a	boundary-layer	character	and	interacts	strongly	with	the	freestream.	A	full	flow-field	computation	is	required	to	predict	each	of	the	seven
examples	in	Fig.	6-33.	FIGURE	6-33	Seven	examples	of	right-angle	wall-	and	body-shape	configurations	which	cause	two-dimensional	flow	separation	and	reattachment.	[Courtesy	of	I.	S.	Gartshore	and	N.	Djilali,	University	of	British	Columbia.]	The	question	of	whether	a	sufficient	number	of	reliable	data	sets	could	be	assembled	in	a	timely	fashion	to
study	a	given	problem	turns	out	to	be	a	moot	point.	A	total	of	66	test	cases,	including	26	incompressible-flow	and	18	compressible-flow	experiments,	are	incorporated	in	vol.	II	of	Kline	et	al.	(1982),	many	of	which	have	multiple	cases.	Among	the	incompressibleflow	experiments	are	the	following	typical	problems:	1.	Corner	flows.	2.	Diffuser	flows.	3.
Freestream	turbulence.	4.	Curved	streamlines.	5.	Suction	or	blowing.	6.	Separated	flows.	7.	Wall	jets.	8.	Relaminarizing	flows.	9.	Wakes—near	and	far.	10.	Decay	of	grid	turbulence.	11.	Backward-facing	steps	(Fig.	6-33a).	12.	Secondary	flows.	Needless	to	say,	no	single	method	could	successfully	handle	the	complete	spectrum	of	this	rich	variety	of
cases.	Page	374	A	total	of	35	computer	groups	are	featured	in	these	studies,	using	67	methods	in	all,	including	(1)	integral	methods,	(2)	eddy	viscosity,	(3)	two-equation	models,	(4)	algebraic	stress	models,	and	(5)	differential	Reynolds	stress	models.	To	quote	from	the	Evaluation	Committee	report	[Kline	et	al.	(1982,	pp.	979–986)]:	“No	method	had	any
significant	universality.	Likewise,	no	method	proved	to	be	universally	bad.”	Because	different	methods	worked	in	different	cases,	they	recommended	that	all	methods	receive	further	attention	and	refinement.	Best	progress	toward	predictive	accuracy	seems	to	have	occurred	in	separated	flows,	shock-wave–boundary-layer	interactions,	calculation	of
fluctuating	velocities	(u′,	υ′,	w	′),	decay	of	turbulence	toward	laminar	flow,	and	transonic	flow.	Further	conclusions	consist	of:	1.	The	weakest	part	of	two-equation	models	is	the	ϵ	relation.	Agreement	in	particular	cases	may	be	found	by	“tweaking	its	constants,”	but	in	general	a	better	dissipation	model	is	needed.	2.	Algebraic	stress	models,	though
expected	to	be	better	than	eddy-viscosity	closures,	do	not	yield	significant	improvements.	3.	Differential	methods	that	integrate	down	to	the	wall	yield	better	results	than	“wall	functions.”	4.	Grid	spacing	and	numerical	uncertainty	are	often	inadequate.	5.	In	some	difficult	cases—transonic	airfoils,	curved	walls,	and	diffusers—the	simplest	(integral)
methods	are,	vexingly,	the	most	accurate.	In	general,	there	is	no	correlation	between	the	complexity	of	the	models	used	and	their	actual	predictive	capability.	6.	Predictive	accuracy	for	separated	flows,	e.g.,	Fig.	6-33,	is	substantially	worse	than	that	for	the	corresponding	attached	flows.	The	present	status	is	one	of	uncertainty	as	to	whether	we	will
ever	achieve	“universal”	models	that	handle	all	(or	most)	turbulent	flows,	or	whether	instead	we	should	assemble	groups	of	zonal	models	that	are	each	effective	for	certain	regions,	classes,	or	types	of	motion.	6-8.7.1	RELAMINARIZATION.	An	intriguing	test	case—not	computed	by	many	researchers—corresponds	to	flows	that	undergo	reverse
transition	or	relaminarization.	About	30	experiments	in	the	literature,	reviewed	by	Narasimha	and	Sreenivasan	(1979),	Sreenivasan	(1982),	Warnack	(1998),	and	Majdalani	et	al.	(2002),	have	studied	this	interesting	phenomenon.	Disregarding	special	effects	due	to	buoyancy	and	electromagnetic	forces,	there	are	two	fluid-flow	mechanisms	causing
reversion	of	turbulent	to	laminar	flow.	These	consist	of	strong	convective	acceleration	of	a	boundary	layer	(Fig.	6-34a),	and	gradual	expansion	of	fully	developed	duct	flow	(Fig.	6-34b).	FIGURE	6-34	Two	examples	of	reverse	transition	experiments:	(a)	convective	acceleration	of	an	initially	turbulent	boundary	layer;	(b)	reduction	of	duct	Reynolds
number	due	to	gradual	(unstalled)	expansion.	In	Fig.	6-34a,	“weak”	laminarization	occurs,	in	the	sense	that	the	turbulence	does	not	disappear,	but	mean	parameters	such	as	the	velocity	profile	and	skin	friction	approach	laminar	values.	Turbulence	becomes	smaller	only	in	an	absolute	sense:	remains	almost	constant	during	the	laminarization	process
but	becomes	a	sharply	decreasing	fraction	of	the	stream	energy	.	Although	it	is	thought	that	turbulence	cannot	exist	for	Reynolds	numbers	Reθ,	<	300,	this	critical	value	does	not	correlate	laminarization	in	Fig.	6-34a.	The	proposed	critical	parameter	is	a	dimensionless	acceleration,	specifically,	(6-142)	Typically,	this	value	is	reached	about	20
boundary-layer	thicknesses	after	acceleration	begins.	However,	Sreenivasan	(1982)	points	out	that	K	cannot	truly	be	a	fundamental	parameter	since	it	contains	no	boundary-layer	information.	The	case	of	Fig.	6-34b	may	be	called	“strong”	laminarization	because,	far	downstream,	the	turbulence	disappears	altogether.	For	a	small	(1	−	2o)	expansion
angle,	the	duct	Reynolds	number	drops	gradually	until	turbulent	flow	can	no	longer	be	sustained.	Turbulent	shear	decreases	faster	than	the	rms	fluctuations,	but	both	decay	slowly	over	tens	or	even	hundreds	of	diameters.	As	this	expansion	occurs,	dissipation	will	exceed	turbulent	production	to	the	extent	that	Fig.	6-34b	may	be	viewed	as	a	“viscous”
laminarization,	whereas	in	Fig.	6-34a,	where	dissipation	remains	small,	the	reversion	may	be	attributed	to	the	stabilizing	effect	of	acceleration	on	the	flow	field.	According	to	Kline	et	al.	(1982,	p.	1165),	few	methods	could	predict	relaminarization	very	effectively,	although	the	original	K	−	ϵ	model	of	Jones	and	Launder	(1972)	was	developed	for	this
purpose.	Later,	however,	it	has	become	possible	to	predict	this	effect,	both	with	a	second-moment	closure	[Shima	(1993)]	and	also	with	DNS	calculations	[Iida	and	Nagano	(1998)].	Page	375	6-9	FREE	TURBULENCE:	JETS,	WAKES,	AND	MIXING	LAYERS	The	previous	sections	have	been	concerned	with	wall-bounded	flows,	where	the	interaction
between	an	inner	and	outer	layers	is	crucial	to	rational	analysis.	We	now	turn	our	attention	to	consider	free	turbulence,	which	refers	to	high	Reynolds	number	shear	flow	in	an	open	ambient	fluid	(i.e.,	unconfined	and	uninfluenced	by	walls).	Several	monographs	and	reviews	are	devoted	to	free	turbulent	flows,	notably,	those	by	Pai	(1954),	Abramovich
(1963),	List	(1982),	Ho	and	Huerre	(1984),	Sherman	(1990),	Middleman	(1995),	Morris	et	al.	(2002),	Lee	and	Chu	(2003),	and	others.	Figure	6-35	shows	the	three	most	common	types	of	free	turbulence:	(1)	a	mixing	layer	between	two	streams	of	different	velocity,	(2)	a	jet	issuing	into	a	still	(quiescent)	or	moving	stream,	and	(3)	a	wake	behind	a	body.
In	all	three	cases,	there	is	a	characteristic	velocity	scale,	U	max	(x)	or	Δu	max	(x),	and	a	characteristic	shear-layer	width,	b(x).	Since	these	flows	are	“free,”	or	unconfined,	the	pressure	is	approximately	constant	throughout	the	flow,	except	for	(small)	turbulent	fluctuations	within	the	layer.	FIGURE	6-35	Three	types	of	free	turbulent	flow:	(a)	mixing
layer;	(b)	free	jet;	(c)	wake	of	a	body.	In	Fig.	6-35,	we	are	looking	at	the	asymptotic	downstream	behavior	of	free	turbulence,	traditionally	assumed	to	be	independent	of	the	type	of	source	that	generated	the	flow.	The	source,	thus	ignored,	is	also	assumed	to	be	symmetrical,	so	that	the	shear	layer	is	not	skewed	in	shape.	One	then	analyzes	the
asymptotic	behavior	of	width	and	velocity	scales	and	the	velocity	profile,	,	for	plane	flow	or	for	axisymmetric	flow.	Actually,	there	are	certain	effects,	to	be	discussed,	of	the	precise	form	of	the	jet	source	or	the	body	creating	the	wake.	Page	376	Figure	6-36	shows	the	details	of	the	initial	formation	of	a	jet,	assuming	a	still	ambient	fluid.	The	figure	is
valid	only	for	similar	jet	and	ambient	fluids,	e.g.,	air-into-air,	not	waterinto-air.	Velocity	profiles	are	shown	as	thick	dark	lines	across	the	flow.	The	jet	typically	issues	at	a	nearly	flat,	fully	developed,	turbulent	velocity	Uexit.	Mixing	layers	form	at	the	lip	of	the	exit,	as	in	Fig.	6-35a,	growing	between	the	still	ambient	and	the	nearly	inviscid	potential	core
flowing	at	velocity	Uexit.	The	potential	core	vanishes	quickly	at	a	distance	of	about	one	diameter	from	the	exit,	where	the	velocity	profile	loses	its	mixing-layer–flat-core	shape.	Downstream	of	the	core,	the	flow	begins	to	develop	into	the	distinctive	Gaussian-type	shape	we	think	of	as	a	“jet.”	Finally,	at	about	20	diameters	downstream	of	the	exit,	the
velocity	profile	reaches	and	maintains	a	self-preserving	shape,	FIGURE	6-36	Details	of	the	early	development	of	a	real	jet.	(6-143)	depending	upon	whether	the	jet	is	plane	or	axisymmetric.	It	is	this	asymptotic	self-similar	form	of	free	turbulent	flows	that	we	wish	to	study	here.	Equation	(6-143)	is	satisfying	physically	but	hardly	surprising.	Most	curves
of	this	shape—falling	from	a	maximum	through	a	point	of	inflection	to	approach	zero—will	collapse	together	reasonably	well	when	normalized	with	their	maximum	values	and	their	characteristic	widths.	The	developed	or	selfsimilar	region	seems	to	grow	from	an	“apparent	origin”	in	front	of	the	exit,	as	sketched	in	Fig.	6-36.	Note	that	the	velocity
profiles	in	Fig.	6-36	possess	the	same	momentum	but	not	the	same	mass	flow.	Fluid	is	entrained	in	the	jet	from	the	ambient	region	and	the	jet	mass	flow	increases	downstream.	One	should	also	emphasize	that	Fig.	6-36	is	a	schematic	of	the	timemean	flow	field—the	instantaneous	flow	might	resemble	the	unsteady	structure	depicted	in	Fig.	6-2.	6-9.1
Self-Similarity	of	Turbulent	Jets	Assuming	that	we	are	sufficiently	downstream	for	the	jet	velocity	to	become	self-similar,	as	in	Eq.	(6-143),	the	jet	momentum	J	must	remain	constant	at	each	cross	section	in	the	absence	of	a	pressure	gradient	[recall	Eq.	(4-125)	for	laminar	jets]:	(6-144)	In	the	self-similar	region,	the	centerline	velocity	and	jet	width
should	depend	only	upon	jet	momentum,	density,	and	distance,	but	not	upon	molecular	viscosity	since	there	are	no	walls:	Page	377	By	dimensional	analysis,	the	width	can	only	grow	linearly,	and	so	one	can	take	b	=	(const)	x	for	both	plane	and	axisymmetric	configurations.	Recall	from	Chap.	4	that	this	was	also	true	for	a	laminar	circular	jet,	Fig.	4-37,
but	there	the	constant	depended	upon	jet	momentum	and	molecular	viscosity.	Here	the	constant	is	unique:	a	single	growth	rate	for	all	self-similar	turbulent	jets,	regardless	of	the	Reynolds	number.	Also	recall	that	the	growth	of	a	plane	laminar	jet,	Eq.	(4-128),	is	b	=	C	x2/3.	Dimensional	analysis	of	Umax	leads	to	the	following	two	relations:	Unlike
laminar	flow,	the	constants	here	are	unique,	independent	of	the	Reynolds	number,	and	often	determined	from	experimental	data.	An	elegant	discussion	of	the	restrictions	on	these	self-preserving	assumptions	is	given	by	George	(1989).	Page	378	6-9.1.1	THEORETICAL	VELOCITY	PROFILE	FOR	A	PLANE	JET.	With	the	forms	of	b(x)	and	Umax	(x)
established	by	dimensional	analysis,	the	jet	profile	shape	may	be	captured	by	solving	the	turbulent-boundary-layer	continuity	and	momentum	relations	with	a	zero	pressure	gradient:	(6-145)	As	suggested	by	Prandtl	in	1926,	shear	stress	can	be	modeled	by	an	eddy	viscosity	that	depends	only	upon	x	and	has	the	form	of	Clauser’s	outer	wake	model	for	a
boundary	layer	[Eq.	(6-93)]:	(6-146)	where	the	x1/2	variation	follows	from	our	dimensional	analysis.	Görtler	(1942)	made	the	same	assumption	for	a	plane	jet	and	defined	the	following	similarity	variables:	(6-147)	where	σ	denotes	an	arbitrary	constant	and	(U0,	b0)	represent	the	values	of	(Umax,	b)	at	an	initial	reference	point	x0.	Substitution	of	Eqs.	(6-
146)	and	(6-147)	into	Eqs.	(6-145)	yields	a	similarity	differential	equation	for	the	characteristic	function	f:	(6-148)	where	the	coefficient	has	been	chosen	for	convenience	by	specifying	that	(6-149)	Equation	(6-148)	is	subject	to	symmetry	at	the	centerline,	where	vanishing	velocity	as	y	→	∞.	These	conditions	translate	into	at	y	=	0,	and	a	(6-150)	We	also
recognize	that	f	′	(0)	=	1	from	the	velocity	definition	in	Eq.	(6-147).	Comparing	these	with	their	laminar-jet	equivalents,	Eqs.	(4-124)	and	(4-127),	we	see	that	the	solution	for	a	turbulent	plane	jet	is	(6-151)	This	distribution	proves	to	be	in	excellent	agreement	with	experiments	for	plane	jets.	Görtler	(1942)	matched	the	data	at	the	half-velocity	point,
y1/2,	where	and	η1/2	=	sech	−2(0.5)	=	0.88,	thereby	obtaining	the	estimate	The	“width”	of	the	jet	remains	ill-defined,	since	the	velocity	drops	asymptotically	to	zero	at	large	y.	If	we	define	b	=	2y1/2,	then	the	jet	grows	as	Thus,	a	turbulent	plane	jet	grows	at	a	half-angle	of	13o,	independently	of	the	Reynolds	number;	as	for	the	eddy	viscosity,	it	stands
in	reasonable	agreement	with	Clauser’s	formula	given	by	Eq.	(6-93).	6-9.1.2	SOLUTION	FOR	A	CIRCULAR	JET.	The	analysis	for	a	round	jet	is	quite	similar,	except	that	one	takes	Umax	to	be	proportional	to	x−1	and	uses	the	axisymmetric	boundary-layer	relations	specified	by	Eqs.	(4-222).	The	Görtler	(1942)	theory	for	this	case	leads	to	the	profile	(6-
152)	This	motion	has	the	same	form	as	the	laminar	round	jet	corresponding	to	Eq.	(4-228).	When	this	solution	is	compared	to	experimental	measurements	in	Fig.	6-37a,	a	reasonable	agreement	is	found	except	in	the	outer	region	of	the	jet,	where	the	velocity	overshoot	may	be	attributed	to	intermittency	of	turbulence	near	the	jet	edge	[Corrsin	and
Kistler	(1955)].	Page	379	A	better	formula	for	the	round	jet	is	found	simply	by	carrying	over	the	plane-jet	solution	with	a	different	value	of	σ:	(6-153)	This	expression	is	seen	in	Fig.	6-37a	to	be	in	excellent	agreement	with	the	data	of	Wygnanski	and	Fiedler	(1969).	Self-similarity	in	the	velocity	profile	occurs	for	x	/	D	>	20,	where	D	is	the	source
diameter.	At	the	centerline,	Umax	decreases	with	x−1	as	if	the	flow	begins	from	a	virtual	origin	approximately	seven	diameters	downstream	of	the	actual	source.	The	unsteady	fluctuations	take	longer	to	develop	than	the	mean	velocity.	Figure	6-37b	shows	the	measured	streamwise	velocity	fluctuation,	which	is	nonsimilar	at	x	/	D	=	20	and	does	not
become	self-similar	until	x	/	D	=	50.	Note	the	very	high	levels	of	turbulence	(30	percent)	compared	to	boundary	layers	(Fig.	6-4).	The	transverse	components,	and	,	do	not	become	similar	until	x	/	D	=	70,	at	which	point	the	round	jet	becomes	truly	selfpreserving.	Even	at	x	/	D	=	100,	the	components	υ′	and	w′	remain	smaller	than	u′,	indicating	that
turbulence	has	not	become	isotropic.	Turbulence	in	free-shear	flows	can	be	predicted	by	higher	order	theories,	such	as	the	K	−	ϵ	model	of	Sec.	6-7.2.2,	but	the	“constants”	in	Eqs.	(6-107)	have	to	be	modified	to	improve	the	agreement,	as	reviewed	by	Rodi	(1984)	and	Taulbee	(1989).	The	models	predict	mean	velocities	very	well,	growth	rates	and
shear	stresses	moderately	well,	and	are	only	fair	to	poor	for	the	turbulence	components.	See	Wilcox	(1998)	for	further	discussion.	If	the	jet	issues	at	velocity	Uj	into	a	co-flowing	stream	of	velocity	Ue,	the	development	of	self-similarity	is	strongly	affected,	as	shown	by	the	data	of	Antonia	and	Bilger	(1973).	The	mean-velocity	difference	scales	well	with
y	/y1/2,	as	in	Fig.	6-37a,	and	is	well	approximated	by	Here	the	growth	rate	y1/2(x)	is	smaller	and	decidedly	nonlinear	as	Ue	/Uj	increases.	This	behavior	is	evident	in	Fig.	6-37a	at	Ue	=	0,	where	y1/2	/D	≈	25	at	x	/	D	=	300.	However,	from	the	measurements	of	Antonia	and	Bilger	(1973)	for	Ue	/Uj	=	1	/	3	and	x	/	D	=	300,	one	finds	y1/2D	≈	3.2,	or	eight
times	smaller.	The	mean	velocity	becomes	self-similar	for	x	/	D	>	40,	but	the	streamwise	turbulence	u′rms	/	Umax	continues	to	develop	even	at	x	/	D	=	266.	6-9.2	The	Plane	Mixing	Layer	Using	an	eddy-viscosity	analysis,	Görtler	(1942)	also	solves	for	the	planar	velocity	profile	in	a	mixing	layer	between	parallel	streams,	including	the	case	where	the
upper	stream	moves	at	speed	U2	and	the	lower	stream	at	U1.	The	corresponding	motion	is	slightly	antisymmetric	about	the	midpoint,	with	boundary	conditions	The	solution	given	by	Görtler	(1942)	is	(6-154)	If	we	define	the	layer	half-thickness	as	the	point	where	u*	=	0.99,	then	σb	/	x	≈	1.64	or	b	/	x	≈	0.121	=	tan	(7o).	Equation	(6-154)	stands	in	good
agreement	with	experiments	such	as	Plesniak	and	Johnston	(1988),	whose	measurements	shown	in	Fig.	6-38a	are	taken	in	a	water	channel	with	U1	/U2	=	0.5.	The	abscissa	in	Fig.	6-38	is	not	y	/	x	but	rather	y	nondimensionalized	by	a	“shear	thickness”	δs	equal	to	(U2	−	U1)	divided	by	the	slope	at	the	center	point	(y	=	0).	FIGURE	6-37	Experimental
data	for	a	circular	jet,	verifying	the	approach	to	self-similarity:	(a)	mean	velocity;	(b)	streamwise	fluctuation.	[After	Wygnanski	and	Fiedler	(1969).]	Note	in	Fig.	6-38,	as	with	jet	flow,	the	staged	development	of	self-similarity.	The	mean	velocity	in	Fig.	6-38a	develops	at	x	=	30	cm,	whereas	in	Fig.	6-38b	keeps	developing	until	x	=	70	cm.	Finally,	in	Fig.
6-38c	is	not	similar	within	the	distance	where	the	measurements	are	taken	and	is	not	as	large	as	the	streamwise	fluctuation.	Plesniak	and	Johnston	(1988)	further	show	that	the	mixing	layer	is	strongly	affected	by	streamline	curvature,	being	stabilized	or	destabilized	depending	upon	the	angular	momentum	ratio	of	the	upper	and	lower	streams.
FIGURE	6-38	Measurements	in	a	plane	mixing	layer:	(a)	mean	velocity;	(b)	longitudinal	fluctuation;	(c)	transverse	fluctuation.	[After	Plesniak	and	Johnston	(1988).]	The	plane	mixing	layer	at	low	Reynolds	members	is	an	excellent	test	case	for	direct	simulation	of	turbulence	by	supercomputers.	By	way	of	example,	Sandham	and	Reynolds	(1987)	use	a
spectral	method	(with	1024	longitudinalPage	380	and	256	transverse	mesh	points)	to	compute	a	turbulent	mixing	layer	with	U1	/U2	=	0.5	and	an	inlet	profile	with	Reθ1	=	100.	In	their	simulation,	vortex	pairing	and	turbulence	are	triggered	by	forcing	the	inlet	profile	with	three	of	its	unstable	frequencies.	Interestingly,	a	strictly	periodic	forcing	is
found	to	produce	erratic,	anomalous	results.	However,	by	“jittering”	the	inlet	forcing,	i.e.,	randomly	varying	the	phases	of	the	exciting	modes,	very	realistic	results	are	obtained,	as	shown	in	Fig.	6-39.	Note	how	these	“numerical	snapshots”	resemble	the	visualization	of	a	real	mixing	layer	in	Fig.	6-2.	FIGURE	6-39	Three	instantaneous	snapshots	of
passive-scalar	contours	in	a	supercomputer	simulation	of	a	turbulent	mixing	layer.	Compare	with	Fig.	6-2.	[After	Sandham	and	Reynolds	(1987).]	When	time-averaged,	the	simulations	in	Fig.	6-39	yield	a	mean-velocity	profile	that	is	almost	identical	to	Fig.	6-38a	or	Eq.	(6-154).	However,	the	agreement	is	not	as	favorable	for	turbulence	components,	and
the	mean	scalar	fluxes	seem	to	have	the	wrong	sign	near	the	layer	edges.	It	is	clear	that	DNS	prediction	of	turbulence	is	a	fruitful	research	field	that	will	continue	to	evolve.	Page	381	6-9.3	Turbulent	Wakes	The	wake	in	Fig.	6-35c	resembles	a	jet	carved	out	of	a	uniform	stream.	Since	a	wake	constitutes	a	“defect”	in	a	moving	stream,	it	has	a	much
stronger	effect	than	a	jet	because	of	convective	acceleration.	Naturally,	its	resulting	formulas	are	quite	dissimilar	from	those	of	a	jet.	Far	downstream,	we	assume	self-similarity	and	write	(6-155)	As	with	jet	flow,	the	pressure	in	the	wake	is	nearly	constant—except	for	turbulent	fluctuation	effects—because	of	the	open	environment.	This	time,	the
momentum	theorem	states	that	the	drag	force	F	associated	with	the	wake	profile	is	independent	of	x:	(6-156)	where	U	is	the	stream	velocity	outside	the	wake,	assumed	uniform.	The	last	two	results	in	Eq.	(6-156)	follow	from	the	small-defect	assumption,	Δu	≪	U.	Thus,	unlike	the	jet,	Δumax	is	proportional	to	b−1	(plane)	and	to	b−2	(circular	wake).
When	these	relations	are	substituted	into	the	boundary-layer	equations	with	the	small-defect	assumption	u(∂	u	/	∂	x)	≈	U(∂	u	/	∂	x),	we	find	that	similarity	cannot	be	achieved	unless	(6-157)	This	information	enables	us	to	solve	for	the	velocity-defect	similarity	profiles.	If	we	use	the	Clauser-type	eddy-viscosity	distribution	[Eq.	(6-146)],	and	take	“b”	as	the
half-velocity	point,	the	solution	becomes	a	Gaussian	distribution	[Eq.	(4-231)]:	(6-158)	The	constants	in	Eqs.	(6-157)	that	determine	the	variations	of	Δumax	and	y1/2	must	be	established	by	experiment.	This	is	difficult	because	of	the	large-scale	structures,	e.g.,	Kármán	vortex	streets,	in	typical	wakes—similarity	may	notPage	382	develop	until	up	to
1000	diameters	downstream.	Using	a	dual-plate	“small-disturbance”	wake	generator,	Sreenivasan	and	Narasimha	(1982)	propose	the	following	growth-rate	expressions	for	a	plane	wake:	(6-159)	where	θ	is	the	momentum	thickness	of	the	wake,	which	is	independent	of	x:	Wygnanski	et	al.	(1986)	measured	the	plane	wakes	behind	various	types	of
bodies—	cylinders,	high-solidity	screens,	strips,	and	airfoils—with	the	results	shown	in	Fig.	6-40.	The	flows	did	not	become	self-similar	until	hundreds	of	momentum	thicknesses	downstream	of	the	bodies.	FIGURE	6-40	Measurements	of	plane	wakes	behind	various-shaped	bodies:	(a)	mean-velocity	defect;	(b)	streamwise	turbulent	fluctuation.	The	data
are	taken	for	x	/	θ	=	200	to	700.	[After	Wygnanski	et	al.	(1986).]	Page	383	The	mean-velocity	defect	measurements	in	Fig.	6-40a	appear	to	be	in	good	agreement	with	the	Gaussian	Eq.	(6-158),	except	near	the	edge	of	the	planar	wake	(not	shown).	For	cylindrical	wakes,	the	growth	rate	constants	are	slightly	different	from	those	in	Eq.	(6-159),	namely,
(0.275,	1.75)	in	lieu	of	(0.30,	1.63).	Moreover,	Fig.	6-40b	shows	that	the	streamwise	fluctuation	behind	each	reaches	self-similarity,	but	the	distributions	do	not	agree	with	each	other.	Even	the	normalized	turbulent	shear,	,	is	not	the	same	behind	the	various	body	shapes.	Wygnanski	et	al.	(1986)	conclude	that	there	is	no	“universal”	state	of	similarity
for	two-dimensional	wakes	except	for	the	mean-velocity	defect.	The	various	cases	of	free	turbulent	flows	just	discussed	have	their	growth	rates	and	velocity	decay	rates	summarized	in	Table	6-3.	TABLE	6-3	Power	laws	for	jets	and	wakes	6-10	TURBULENT	CONVECTIVE	HEAT	TRANSFER	As	in	laminar	incompressible	flow,	the	heat	transfer	seems	to
arise	as	an	afterthought,	because	the	velocity	profiles,	skin	friction,	and	other	flow	ingredients	can	be	determined	independently	of	the	temperature.	Then,	with	velocities	known,	the	temperature	can,	in	theory,	be	deduced	from	the	thermal-energy	equation	for	turbulent	boundary	layers	(6-160)	The	difficulty,	as	usual,	stems	from	the	turbulent-inertial
terms.	This	section	presents	a	brief	overview	of	turbulent	convective	heat	transfer,	a	popular	subject	in	many	textbook	and	monograph	authors.	In	chronological	order,	they	are	Arpaci	(1984),	Kays	and	Crawford	(1993),	Burmeister	(1993),	Bejan	(1994),	Kakac	and	Yener	(1994),	Oosthuizen	(1999),	and	Kaviany	(2001).	Some	authors	specialize	in	the
computational	aspects	of	the	subject:	Jaluria	and	Torrance	(1986),	Nakayama	(1995),	Tannehill	et	al.	(1997),	and	Comini	and	Sunden	(2000),	to	name	a	few.	All	types	of	turbulence	models,	from	zero-	and	one-	and	two-equation	models	to	second-moment	closures,	LES,	and	DNS	methods,	have	been	applied	to	turbulent	heat	transfer.	6-10.1	Turbulent
Eddy	Conductivity	We	may	formally	express	the	Boussinesq	analogy	for	eddy	viscosity	and	eddy	conductivity	using:	(6-22)	Although	μt	and	kt	are	not	fluid	properties,	they	can	be	formed	into	a	dimensionless	ratio	called	the	turbulent	Prandtl	number:	(6-161)	Page	384	Since	the	turbulent-flux	terms	are	due	to	the	same	mechanism	of	time-averaged
convection,	it	follows	that	their	ratio	Prt	ought	to	be	of	order	unity.	This	idea	is	essentially	that	of	Reynolds	(1874),	who	considers	turbulent	momentum	and	heat	fluxes	to	be	equivalent	phenomena.	Hence,	one	can	take	This	is	one	form	of	the	celebrated	Reynolds	analogy	for	turbulent	flow.	Even	today,	over	100	years	later,	the	turbulent	Prandtl
number,	which	surely	must	vary	somewhat	with	local	conditions,	is	taken	to	be	a	constant	or	at	most	a	function	of	the	molecular	Prandtl	number	Pr.	Even	the	latest	digital-computer	programs	for	computing	turbulent	heat	transfer	take	advantage	of	this	assumption.	Much	of	our	experimental	database	for	turbulent	forced	convection	here	stems	from
the	Stanford	University	group,	reviewed	by	Moffat	and	Kays	(1984).	In	this	context,	Fig.	6-41	reports	the	data	of	Blackwell	(1973)	for	the	turbulent	Prandtl	number	of	air	in	positive,	zero,	and	negative	pressure	gradients.	In	all	cases	considered,	Prt	decreases	from	about	1.5	in	the	sublayer	to	0.7	at	the	outer	edge	of	the	boundary	layer.	The	increase
near	the	wall	is	not	too	important,	since	both	μt	and	kt	remain	locally	small;	so	it	is	not	necessary	to	curve-fit	the	data.	Instead,	it	is	common	to	assume	a	constant	value	of	Ο(1):	FIGURE	6-41	Experimental	measurements	of	the	turbulent	Prandtl	number	in	a	boundary	layer	with	pressure	gradients.	[After	Blackwell	(1973).]	(6-162)	Additional
experiments	with	wall	suction	and	blowing	[Simpson	et	al.	(1970)]	indicate	no	additional	effects,	so	that	the	assumption	in	Eq.	(6-162)	can	still	be	used.	Presumably	the	data	uncertainty	in	Fig.	6-41	is	large,	since	numerical	differentiation	of	both	velocity	and	temperature	profiles	is	involved.	In	practice,	the	use	of	a	constant	Prt	has	been	very
successful	in	theoretical	models.	Also,	in	free	turbulence	(	jets,	wakes,	mixing	layers),	one	should	take	Prt	≈	0.7,	as	suggested	by	the	data	of	Fig.	6-41.	With	Prt	known,	we	have	kt	=	cpμt	/Prt	and	μt	can	be	correlated	by	the	usual	eddy	viscosity	models,	e.g.,	through	Eqs.	(6-92)	and	(6-93).	Subsequently,	the	mean	temperature	and	wall	heat	transfer
profiles	can	be	determined	with	no	further	assumptions.	All	turbulence	models	can	be	readily	augmented	by	thermal	calculations.	6-10.2	The	Temperature	Law	of	the	Wall	Although	a	pressure	gradient	affects	the	near-wall	shear	stress	τ(y)—see	Eq.	(6-98)	and	Fig.	6-24—it	does	not	affect,	to	first	order,	the	near-wall	heat	flux.	To	see	this,	consider	the
energy	Eq.	(6-21c)	for	small	y,	with	and	either	suction	or	blowing,	i.e.,	may	resolve	this	“Couette	flow”	approximation	by	integrating:	.	We	(6-163)	Page	385	Near	an	impermeable	wall,	then,	integrate	using	the	law-of-the-wall	variable	y+:	which	we	can	separate	and	(6-164)	where	T*	=	qw	/	(	ρcpυ*)	represents	a	wall-conduction	temperature	that	is
analogous	to	the	wall-friction	velocity	υ*.	This	term	defines	the	temperature	law	of	the	wall,	first	proposed	by	Kármán	(1939).	Assuming	constant	Pr	and	Prt,	Eq.	(6-164)	may	be	integrated	numerically	using,	say,	Eq.	(6-92)	for	the	eddy	viscosity	μt	/	μ.	Results	are	shown	in	Fig.	6-42	for	Prt	=	1.0	and	various	molecular	Prandtl	numbers.	In	the	immediate
vicinity	of	the	wall,	the	thermal	sublayer	has	the	form	T+	=	Pr	y+.	Further	away	from	the	wall,	a	logarithmic	layer	develops,	namely,	(6-165)	FIGURE	6-42	The	temperature	law	of	the	wall	for	fluids	with	a	Prandtl	number	greater	than	0.7,	from	Eqs.	(6-92)	and	(6-164).	The	intercept	A(Pr)	varies	strongly	with	Pr	as	shown	in	Fig.	6-42.	In	fact,	an	easy-
toremember	curve-fit	expression	is	(6-166)	Kader	(1981)	reports	a	more	complicated	curve	fit	that	remains	valid	even	for	liquid	metals	with	low	Prandtl	numbers	ranging	from	0.001	to	0.03:	(6-167)	Kader	finds	this	fit	to	be	in	good	agreement	with	his	survey	of	temperature	profiles	measured	in	air,	water,	ethylene	glycol,	and	oil,	over	a	substantial
range	of	0.7	≤	Pr	≤	170.	He	also	constructs	curve	fits	for	the	entire	temperature	profile—sublayer,	overlap	layer,	and	outer	layer—for	zero	and	moderate	pressure	gradients.	Kays	and	Crawford	(1993)	report	a	similar	data	survey.	Other	T+	(	y+)	models	have	been	proposed.	Sucec	(1999)	uses	a	power	law,	T+	≈	6(	y	+)	0.17	+	13.2Pr	−	9.37.	Volino
and	Simon	(1997)	avoid	the	Couette	flow	approximation	of	Eq.	(6-163),	and	include	a	pressure	gradient	and	convection	in	their	near-wall	analysis.	Their	formula	for	T+,	which	proves	to	be	complex	and	implicit	(not	in	closed	form),	stands	in	good	agreement	with	experimental	measurements.	Huang	and	Bradshaw	(1995)	analyze	pressure	gradient
effects	and	find	their	best	results	with	the	K	−	ω	two-equation	model.	Cruz	and	Silva-Freire	(2002)	develop	a	thermal	law	of	the	wall	for	separating	and	recirculating	flow.	These	correlationsPage	386	correspond	to	smooth,	impermeable	walls.	Wall	transpiration,	especially	blowing,	has	a	very	strong	effect,	as	discussed	by	Faraco-Medeiros	and	Silva-
Freire	(1992).	Hollingsworth	et	al.	(1992)	also	analyze	and	characterize	the	effect	of	surface	curvature.	6-10.3	The	Reynolds	Analogy	for	Stanton	Number	We	begin	by	recalling	that	in	laminar-boundary-layer	flow,	Chap.	4,	a	proportionality	is	established	between	the	skin	friction	and	heat	transfer	coefficients	for	flat-plate	flow,	namely,	(4-80)	Similar
approximations	are	possible	for	turbulent	flat-plate	and	pipe	flows	because	the	velocity	and	temperature	wakes	are	negligible.	We	simply	evaluate	the	two	log-laws	at	the	edges	of	the	boundary	layer:	where	δ	and	δT	denote	the	velocity	and	thermal	boundary-layer	thicknesses,	respectively.	Assuming	that	Prt	≈	1	and	δ	≈	δT,	we	may	subtract	these	two
expressions	and	write:	We	can	hence	identify	the	Stanton	number	in	the	left-hand-side	coefficient	and	(Cf	/	2)1/2	on	the	right-hand	side.	With	A	from	Eq.	(6-166),	we	can	then	rewrite	this	expression	as	an	approximate	Reynolds	analogy	for	turbulent	flat-plate	flow	via	(6-168)	For	Pr	near	unity,	this	expression	is	well	approximated	by	Eq.	(4-102)	and	is
valid	only	for	smooth,	impermeable,	and	isothermal	walls.	As	for	the	skin-friction	coefficient	for	a	smooth	flat	plate,	it	may	be	evaluated	using	White’s	Eq.	(6-78).	6-10.3.1	FULLY	DEVELOPED	TURBULENT	PIPE	FLOW.	In	pipe	flow,	the	heat-transfer	coefficient	is	based	not	on	the	centerline	temperature	but	rather	on	the	bulk	or	cup-mixing
temperature,	as	in	Chap.	3,	for	constant	cp:	(3-65)	The	pipe	Stanton	number	is	defined	as	Note	that	uav	for	fully	developed	turbulent	pipe	flow	has	already	been	evaluated	from	the	loglaw	in	Eq.	(6-53).	If	we	now	substitute	the	velocity	log-law	Eq.	(6-38a)	and	temperature	loglaw	Eq.	(6-165)	into	Eq.	(3-65)	to	evaluate	Tm,	the	result,	after	substantial
manipulation,	can	be	expressed	as	(6-169)	where	Λ	=	4Cf	is	the	pipe-friction	factor,	to	be	evaluated	from	Eq.	(6-54).	This	formula,	first	proposed	by	Petukhov	(1970),	is	valid	only	for	smooth	walls	with	no	blowing	or	suction.	Since	it	is	customary	to	formulate	pipe	heat-transfer	correlations	in	the	form	of	a	Nusselt	number	rather	than	a	Stanton	number,
we	have	Page	387	For	liquid	metals	(Pr	<	0.1),	where	Eq.	(6-169)	is	not	valid,	an	alternative	experimental	correlation	is	provided	by	Sleicher	and	Rouse	(1975):	(6-170)	Figure	6-43	illustrates	the	variation	of	the	Nusselt	number	with	the	Reynolds	number	at	fixed	values	of	Pr	based	on	Eqs.	(6-169)	and	(6-170).	These	predictions	are	found	to	be	in	fair
agreement	with	fully	developed	pipe-flow	experiments	for	constant	wall	temperature	and	heat	flux.	Note	that	the	Nusselt	number	is	typically	higher	in	the	entrance	of	the	pipe.	For	more	detail,	Kays	and	Crawford	(1993,	Chap.	14)	provide	an	excellent	summary	of	the	available	data	and	theories	in	the	entry	region.	FIGURE	6-43	Nusselt	numbers	for
fully	developed	turbulent	flow	in	pipes,	from	Eqs.	(6-169)	and	(6-170).	6-10.4	Turbulent	Convection	with	Suction	or	Blowing	Wall	transpiration	has	a	strong	effect	on	turbulent	heat	transfer,	as	reported	by	Moffat	and	Kays	(1984).	Figure	6-44	displays	some	measurements	of	velocity	and	temperature	profiles	in	flat-plate	flow	at	Rex	≈	2	×	106	for
different	values	of	the	suction	or	blowing	parameter,	F	=	υw	/Ue.	The	velocity	profiles	in	Fig.	6-44a	rise	dramatically	with	the	blowing	rate,	not	because	of	any	striking	changes	in	turbulent	momentum	transfer	but	rather	because	of	changes	in	the	shear-stress	distribution	according	to	Eq.	(6-83).	The	effect	of	wall	suction	(υw	<	0)	is	minor,	and	the
measured	profile	for	υw	/Ue	=	−	0.0024	agrees	well	with	Stevenson’s	law	of	the	wall	[Eq.	(6-86)].	However,	Eq.	(6-86)	overpredicts	u+	in	the	blowing	case,	thus	leading	Simpson	(1968)	to	propose	an	alternative	law	of	the	wall	with	transpiration,	namely,	(6-171)	FIGURE	6-44	Experimental	(a)	velocity	and	(b)	temperature	profiles	in	flat-plate	flow	with
suction	and	blowing.	The	parameter	F	=	υ	w	/Ue.	[After	Moffat	and	Kays	(1984).]	Equation	(6-171)	is	formulated	so	that	all	profiles	start	at	(u+,	y+)	=	(11,	11).	It	agrees	with	the	two	blowing	curves	in	Fig.	6-44a—that	have	considerable	scatter	because	of	the	difficulty	of	measuring	skin	friction—but	not	with	other	data,	where	Stevenson’s	law	in	Eq.
(6-86)	still	outperforms	Eq.	(6-171).	This	controversy—still	unresolved—between	two	competing	wall-blowing	velocity	correlations	is	discussed	in	detail	by	Schetz	(1980,	pp.	151–	155).	Figure	6-44b	presents	the	temperature	profiles	in	wall	coordinates,	showing	much	less	of	an	effect	of	suction	and	blowing	compared	to	Fig.	6-44a.	The	same	trends
would	be	true	if	we	had	added	the	pressure	gradient	as	a	parameter:	a	major	effect	on	u+	would	be	experienced,	especially	with	freestream	deceleration,	and	only	a	minor	effect	on	T+	[Moffat	and	Kays	(1984)].	Page	388	Naturally,	wall	transpiration	has	a	strong	effect	on	both	skin	friction	and	heat	transfer	coefficients.	Figure	6-45	compiles
measurements	reported	by	Moffat	and	Kays	(1984)	of	the	local	Stanton	number	in	turbulent	flat-plate	flow	with	blowing	and	suction.	We	see	that	suction	(or	blowing)	can	cause	an	order	of	magnitude	increase	(or	decrease)	in	wall	heat	transfer.	By	integrating	Eqs.	(6-97)	and	(6-163))	and	across	the	boundary	layer	and	assuming	that	eddy	viscosity	is
not	affected	by	transpiration,	Kays	and	Crawford	(1980,	pp.	180–182)	offer	the	following	correlation	for	flat-plate	flow:	(6-172)	FIGURE	6-45	Measured	local	Stanton	numbers	for	turbulent	flat-plate	flow	with	uniform	suction	or	blowing,	where	F	=	υ	w/Ue.	The	theory	for	F	=	0	uses	Eqs.	(6-78)	and	(6-168).	[After	Moffat	and	Kays	(1984).]	where	ζ	=
2(υw	/Ue)/Cf	(Rex,	0)	or	(υw	/Ue)/Ch	(Rex,	0)	for	wall	friction	and	heat	transfer,	respectively.	The	reference	value	Cf	(Rex,	0)	is	computed	from	Eq.	(6-78),	after	which	the	Stanton	number	Ch	(Rex,	0)	is	determined	for	a	given	Prandtl	number	from	Eq.	(6-168).	Figure	6-45	illustrates	the	results	of	three	representative	calculations,	i.e.,	for	suctionPage
389	(F	=	−0.0046),	impermeable	wall	(F	=	0),	and	blowing	(F	=	+0.0038).	It	is	gratifying	that	the	agreement	is	satisfactory	for	all	three	cases	and	indeed	fits	the	available	data.	Also	note	that,	for	strong	suction,	the	Stanton	number	asymptotically	approaches	Ch	=	−F	with	successive	increases	in	Rex.	6-10.5	Flat-Plate	Heat	Transfer	with	Varying	Wall
Temperature	The	previous	analyses	are	for	constant	temperature	difference	Tw	−	Te,	whereas	in	practical	applications,	the	wall	temperature	is	often	variable.	One	approach	is	to	superimpose	a	series	of	step	changes	as	was	done	for	laminar	flow	in	Sec.	4-8.4.	A	comprehensive	study	of	turbulent	flat-plate	flow	with	variable	Tw	(x)	is	provided	in	four
reports	by	Reynolds	et	al.	(1958).	Suppose	that	the	flow	is	isothermal,	Tw	=	Te,	until	a	position	x	=	x0,	where	the	wall	temperature	suddenly	changes	to	Tw	≠	Te.	Reynolds	et	al.	carried	out	an	integral	analysis,	similar	to	the	development	of	Eq.	(4-28)	for	laminar	flow,	assuming	that	both	u	and	T	−	Tw	vary	with	y1/7.	Their	expression	for	the	local
Stanton	number	aft	of	x0	consists	of	(6-173)	where	Ch	(x,	0)	represents	the	isothermal	solution	from,	say,	Eq.	(6-168).	This	result	agrees	well	with	their	experiments	on	step	changes	in	wall	temperature	[Reynolds	et	al.	(1958,	part	2)].	Now	suppose	that	(Tw	−	Te)	varies	continuously	with	x.	By	analogy	with	the	laminarflow	analysis	[Eq.	(4-190)],	the
total	heat	transfer	over	a	plate	of	length	x	is	given	by	(6-174)	Page	390	If	the	temperature	difference	contains	a	number	of	discontinuities	ΔTi	at	points	x0(i),	Eq.	(6174)	separates	into	a	Riemann	integral	plus	a	summation	of	indicial	functions,	exactly	as	with	Eq.	(4-191):	(6-175)	This	development	mirrors	its	laminar-flow	counterpart	(Sec.	4-8.4).	To
provide	a	numerical	example	for	turbulent	flow,	suppose	that	ΔT	is	a	polynomial	of	the	form	Then	the	Stanton	number	referenced	to	the	local	temperature	difference	will	be	As	before,	the	integrals	are	readily	evaluated	in	terms	of	gamma	functions:	(6-176)	By	evaluating	,	for	example,	we	can	write	the	first	five	terms	(6-177)	It	can	be	seen	that	the
wall	heat	transfer	varies	at	a	faster	rate	than	one	would	estimate	by	simply	applying	the	isothermal-wall	formula	at	the	local	ΔT(x).	However,	the	equivalent	changes	under	laminar	conditions	[Eq.	(4-192)]	are	much	greater.	Reynolds	et	al.	(1958,	part	3)	also	study	other	cases	of	varying	wall	temperature,	such	as	a	delayed	ramp	or	a	suddenly	insulated
wall.	Note	that	the	previous	solution	is	valid	only	for	flat-plate	flow	with	a	smooth,	impermeable	wall.	The	same	superposition	scheme	applies	to	other	conditions,	such	as	favorable	or	adverse	pressure	gradients,	but	new	indicial	functions	analogous	to	Eq.	(6-173)	would	have	to	be	found	and	integrated.	6-10.6	Turbulent	Convection	with	Pressure
Gradients	For	turbulent	heat	transfer	with	both	wall	temperature	and	freestream	velocity	varying,	several	analyses	are	possible:	(1)	a	remarkably	simple	quadrature	scheme;	(2)	an	inner	variable	integral	method;	or	(3)	various	differential	methods,	including	eddy	conductivity	computations	and	the	K	−	ϵ	two-equation	approach.	Fundamentally,	the
temperature	plays	the	role	of	a	passive	scalar	in	the	energy	Eq.	(6-21c),	which	can	be	added	to	the	continuity	and	momentum	relations.	In	this	case,	a	simple	and	reliable	theory	is	due	to	Ambrok	(1957),	who	solves	a	modeled	energy-integral	equation	so	that	the	local	turbulent	Stanton	number	can	be	calculated	by	simple	quadrature	using	(6-178)
where	r0(x)	denotes	the	surface	radius	of	an	axisymmetric	body	(Fig.	4-39).	If	the	body	is	two-dimensional,	one	simply	drops	out	the	r0	terms.	Note	that	in	the	limit	of	constant	Tw	−	Te	and	constant	U	and	r0,	Eq.	(6-178)	reduces	to	(6-179)	This	is	approximately	the	same	as	the	traditional	Reynolds	analogy	in	Sec.	6-10.3.	By	extending	the	momentum
method	of	Das	(1988)	to	the	thermal-energy	equation,	Sucec	(1999)	develops	an	inner	variable,	turbulent-boundary-layer	integral	method	for	heat	transfer.	Its	outcome	consists	of	an	added	“thermal”	first-order	differential	equation	for	temperature	parameters,	similar	to	Eq.	(6-130).	The	corresponding	analysis	includes	variable	wall	blowing	and
suction,	and	the	results	agree	quite	well	with	heat-transfer	data	for	flat	plates	and	for	pressure	gradients.	Page	391	Another	inner	variable	integral	method	that	includes	both	skin	friction	and	wall	heat	flux	is	developed	by	White	et	al.	(1973).	By	defining	and	integrating	simplified	wall	functions	for	velocity	and	temperature,	two	coupled	first-order
ordinary	differential	equations	are	expressed	in	terms	of	two	dimensionless	variables:	(6-180)	Assuming	known	Ue(x),	Te(x),	and	Tw(x)—an	arbitrary	Mach	number	Mae(x)	is	also	allowed	—one	solves	for	λ1(x)	and	λ2(x),	and	then	deduces	υ*(x)	and	qw(x).	Differential	methods	can	be	easily	extended	to	include	heat	transfer	by	finite-difference	solutions
of	the	energy	Eq.	(6-21c),	using	the	known	velocity	components	from	the	momentum	analysis	of	Sec.	6-8.3.1	and	the	assumption	of	constant	Prt,	so	that	the	eddy	conductivity	may	be	estimated	from	kt	=	cpμt	/Prt.	The	overlap	and	outer	layer	eddy-viscosity	models	of	Fig.	6-23	still	hold,	even	in	the	presence	of	heat	transfer,	pressure	gradients,	and	wall
transpiration.	This	is	confirmed	through	the	mixing-length	measurements	reported	by	Moffat	and	Kays	(1984)	in	Fig.	6-46.	The	experimental	data	sets	shown	therein	are	well	approximated	by	ℓ	=	κy	in	the	overlap	layer	and	ℓ	=	0.09δ	in	the	outer	wake.	FIGURE	6-46	Measured	values	of	turbulent	mixing	length	for	decelerating	flows,	Ue	=	Cxm,	and	for
wall	blowing	and	suction,	F	=	υ	w	/Ue.	[After	Moffat	and	Kays	(1984).]	Although	the	mixing	length	varies	near	the	wall,	the	graphical	scale	of	Fig.	6-46	is	insufficient	to	depict	the	rapid	changes	in	the	sublayer	damping	constant	A	as	predicted	from	Eq.	(6-90).	Moffat	and	Kays	(1984)	recommend	an	empirically	based	algebraic	correlation	for	the	van
Driest	damping	constant,	specifically:	(6-181)	where	p+	is	prescribed	by	Eq.	(6-100)	and	where	It	should	be	noted	that	the	two-equation	methods	can	also	accommodate	the	energy	equation	for	heat-transfer	computations.	Jones	and	Launder	(1972)	report	good	agreement	of	their	K	−	ϵ	model	with	four	different	runs	in	the	experiments	of	Moretti	and
Kays	(1965)	for	varying	Ue(x)	and	Tw(x).	Figure	6-47	compares	theory	and	experiment	corresponding	to	one	run	of	Moretti	and	Kays	(1965)	for	which	the	freestream	velocity	has	a	favorable	gradient	and	the	wall	temperature	changes	abruptly	in	the	middle	of	the	run.	Good	agreement	is	achieved	in	Fig.	647	with	the	theories	of	Ambrok	(1957),	White
et	al.	(1973),	and	Herring	and	Mellor	(1968).	Jones	and	Launder	(1972)	do	not	report	results	for	this	particular	run	but	show	excellent	results	for	four	related	tests.	Page	392	FIGURE	6-47	Comparison	of	theory	and	experiment	for	the	variable-velocity	and	wall	temperature	experiment	of	Moretti	and	Kays	(1965).	SUMMARY	This	chapter	presents	an
introduction	to	the	analysis	of	turbulent	time-averaged	flows.	No	detailed	treatment	is	given	of	the	statistical	theory	of	turbulence.	The	discussion	emphasizes	engineering	properties	of	turbulent	shear	layers,	such	as	mean	velocity	and	temperature	profiles,	wall	friction,	flow	separation,	and	heat	transfer.	After	deriving	the	Reynolds	time-averaged
equations	of	turbulent	flow,	semiempirical	correlations	are	presented	for	the	inner,	outer,	and	overlap	velocity	layers	in	wall-related	flows.	Simple	analyses	are	then	performed	for	turbulent	flow	in	ducts	and	past	flat	plates.	For	more	complex	flows,	turbulence	modeling	is	introduced	through	the	concepts	of	eddy	viscosity,	mixing	length,	K	−	ϵ	closure,
Reynolds	stress,	and	algebraic	stress	formulations.	Turbulent	boundary	layers	with	pressure	gradients	are	studied	by	both	integral	and	finitedifference	methods.	Free	turbulence—jets,	wakes,	and	mixing	layers—are	then	discussed.	The	subject	of	turbulent	heat	transfer	is	briefly	treated	by	introducing	and	applying	the	temperature	law	of	the	wall,	the
turbulent	Prandtl	number,	the	eddy	conductivity,	and	the	Reynolds	analogy;	other	parametric	effects	due	to	variable	pressure	gradients,	wall	suction	and	blowing,	and	surface	temperatures	are	also	considered	and	discussed.	Because	of	its	practical	importance	and	inherent	complexity,	turbulent-flow	research	is	the	most	active	field	in	fluid	mechanics.
Since	turbulent	fluctuation	length	scales	and	frequencies	cover	such	a	broad	spectrum,	present	supercomputers—or	even	megasupercomputers—are	still	struggling	to	resolve	the	full	details	of	high	Reynolds	number	flows.	In	the	immediate	future,	we	anticipate	turbulence	research	to	continue	to	concentrate	on	detailed	experiments	and	improved
semiempirical	models	of	turbulent	flow.	Page	393	PROBLEMS	6-1.	By	direct	substitution	of	the	fluctuation	definitions	Eqs.	(6-6)	and	the	use	of	averaging	rules	given	by	Eqs.	(6-7),	develop	the	three-dimensional	time-averaged	xmomentum	equation	and	show	what	reductions	occur	in	a	steady	two-dimensional	turbulent	boundary	layer.	6-2.	Using	the
Navier–Stokes	equations	for	cylindrical	coordinates	from	App.	G	and	the	concepts	of	Eqs.	(6-6)	and	(6-7),	develop	a	three-dimensional	Reynolds	stress	zmomentum	relation	for	turbulent	flow.	Simplify	this	to	axial	boundary-layer	flow	along	the	outside	of	a	cylinder.	6-3.	Consider	turbulent	flow	past	an	isothermal	flat	plate	of	width	b	and	length	L	with
constant	(	ρ,	μ,	Cp,	k).	Assume	δu	≈	δT,	that	is,	Pr	≈	1.	At	x	=	0,	the	flow	has	uniform	velocity	U	and	temperature	Te.	At	x	=	L,	the	mean	flow	may	be	approximated	by	the	one-seventh	power-law	profiles:	There	is	no	information	about	the	flow	structure	between	the	leading	and	trailing	edges.	Use	a	control-volume	analysis	to	estimate,	on	one	side	of
the	plate,	(a)	the	total	friction	drag	and	(b)	the	total	heat	transfer	in	terms	of	the	boundary-layer	thickness.	6-4.	The	experiment	of	Clauser	(1954),	flow	2200	of	Coles	and	Hirst	(1968),	used	air	at	24°C	and	1	atm.	At	the	first	station,	x	=	6.92	ft,	the	turbulent-boundary-layer	velocity	data	are	as	follows:	The	boundary-layer	thickness	was	3.5	in,	and	the
local	freestream	velocity	gradient	was	dU	/	dx	≈	−1.06	s−1.	Analyze	these	measurements	with	suitable	plots	and	formulas	to	establish	(a)	the	inner	law	and	wall	shear	stress,	(b)	the	outer	law	with	Clauser’s	parameter	β	and	the	Coles	wake	parameter	Π,	and	(c)	the	logarithmic	overlap.	6-5.	Analyze	the	velocity	data	of	Prob.	6-4	to	achieve	a	power-law
overlap	approximation,	as	in	Eq.	(6-50).	Find	α	and	C	and	compare	with	Eq.	(6-50).	To	save	work,	use	Eq.	(6-69)	to	estimate	the	momentum	thickness.	At	this	station,	the	wall	shear	stress	is	approximately	0.0027	lbf	/ft2.	(Hint:	Use	only	the	first	10	data	points,	the	rest	are	well	into	the	wake	region.)	6-6.	For	developed	turbulent	smooth	wall	pipe	flow,
assuming	that	the	log-law	analysis	of	Sec.	6-5.1	is	valid	with	κ	=	0.41,	show	that	the	maximum	pipe	velocity	may	be	computed	from	where	Λ	is	the	Darcy	friction	factor.	6-7.	Water	at	20oC	flows	through	a	smooth	pipe	of	diameter	3	cm	at	30	m3	/h.	Assuming	developed	flow,	estimate	(a)	the	wall	shear	stress	(in	Pa),	(b)	the	pressure	drop	(in	Pa/m),	and
(c)	the	centerline	velocity	in	the	pipe.	What	is	the	maximum	flow	rate	for	which	the	flow	would	be	laminar?	What	flow	rate	would	give	τw	=	100	Pa?	6-8.	The	overlap	region	of	Clauser’s	velocity	profile	in	Prob.	6-4	may	be	fitted	by	a	power-law	estimate	u+	≈	7.5(y	+)	1/6.	Use	this	result	to	estimate	the	wall	shear	stress	in	lbf	/ft2	and	the	shape	factor	H.
6-9.	Consider	fully	developed	turbulent	flow	through	a	duct	of	square	cross	section.	Taking	advantage	of	the	double	symmetry,	analyze	this	problem	using	the	log-law,	Eq.	(6-38a),	and	a	suitable	assumption	regarding	the	variation	of	shear	stress	around	the	cross	section.	Compare	your	result	for	Λ	with	the	hydraulic-radius	concept.	6-10.	In	the	overlap
layer,	turbulent	shear	is	dominant,	and	the	effect	of	viscosity	is	small.	Suppose	that	we	neglect	μ	and	replace	Eq.	(6-32)	by	the	approximate	gradient	relationship	Show,	by	dimensional	analysis,	that	this	relation	leads	directly	to	the	logarithmic	overlap	law,	Eq.	(6-38a).	6-11.	Use	the	log-law	of	Eq.	(6-38a)	to	analyze	turbulent	flow	through	a	smooth
concentric	annulus	of	inner	radius	ri	and	outer	radius	ro.	Find	expressions	for	the	velocity	distribution	u(r)	and	the	friction	factor	Λ.	Compare	your	friction	result	with	thePage	394	hydraulic-radius	approximation.	(The	maximum	velocity	does	not	occur	midway	in	the	annular	region	but	could	be	so	assumed	as	a	first	approximation.)	6-12.	Modify	the
flat-plate	integral	analysis	of	Sec.	6-6.1	by	using	Eq.	(6-71)	rather	than	Eq.	(6-69)	to	combine	with	Eq.	(6-67).	(Numerical	integration	may	be	necessary.)	Compare	your	results	for	the	friction	factor	and	boundary-layer	thickness	with	Eqs.	(6-70).	6-13.	The	flat-plate	formulas	of	Sec.	6-6	assume	turbulent	flow	beginning	at	the	leading	edge	(x	=	0).	More
likely,	there	is	an	initial	region	of	laminar	flow,	as	in	Fig.	P6-13.	FIGURE	P6.13	Devise	a	scheme	to	compare	δ(x)	and	Cf	(x)	in	the	turbulent	region,	Re	>	Retr,	by	accounting	for	the	laminar	part	of	the	flow.	6-14.	Water	at	20°C	and	1	atm	flows	at	6	m/s	past	a	smooth	flat	plate	1	m	long	and	60	cm	wide.	Estimate	(a)	the	trailing-edge	displacement
thickness,	(b)	the	trailing-edge	wall	shear	stress,	and	(c)	the	drag	of	one	side	of	the	plate,	if	Rex,tr	=	106.	6-15.	6-16.	Modify	Prob.	6-14	to	pose	the	same	questions	if	the	plate	has	an	average	roughness	height	of	0.1	mm.	Also	estimate	the	value	of	the	log-law	shift	ΔB	at	the	trailing	edge.	Derive	Stevenson’s	law	of	the	wall	with	suction	or	blowing,	Eq.
(6-86).	6-17.	Rewrite	Stevenson’s	relation	Eq.	(6-86)	in	the	form	of	a	wall-friction	law	with	suction	or	blowing.	Show	that	the	ratio	of	Cf	to	the	impermeable	wall	value	Cf	0	is	approximately	a	function	only	of	a	“blowing	parameter”	B	=	(2υw)/(UeCf).	Plot	Cf	/Cf	0	vs.	B	in	the	range	−0.5	<	B	<	2.0	and	compare	your	results	with	the	correlation	[ln	(1	+	B)
]	/	B	recommended	by	Kays	and	Crawford	(1980,	p.	181).	6-18.	Water	at	20°C	flows	through	a	smooth	permeable	pipe	of	diameter	8	cm.	The	volume	flow	rate	is	0.06	m3/s.	Estimate	the	wall	shear	stress,	in	pascals,	if	the	wall	velocity	is	(a)	0.01	m/s	blowing,	(b)	0	m/s,	and	(c)	0.01	m/s	suction.	To	avoid	excessive	iteration,	assume	that	the	ratio	of
average	to	centerline	velocity	is	0.85.	6-19.	Use	Stevenson’s	Eq.	(6-86)	to	develop	a	formula	for	wall	friction	in	pipe	flow	with	blowing	or	suction.	Apply	your	result	to	Prob.	6-7	modified	so	that	the	wall	blowing	rate	is	3	cm/s.	6-20.	As	an	alternative	to	Eq.	(6-62),	Bergstrom	et	al.	(2002)	suggest	the	following	formula	for	the	downshift	of	the	log-law	of
Eq.	(6-60)	due	to	uniform	surface	roughness	of	height	k:	First	compare	this	correlation,	using	a	sketch	or	graph,	to	Eq.	(6-62).	Then	apply	this	correlation	to	derive	a	formula	for	the	pipe-friction	factor	Λ,	similar	to	Eq.	(6-64).	6-21.	Use	numerical	quadrature	to	evaluate	and	sketch	Eq.	(6-96)	for	zero	pressure	gradients.	Compare	your	results	with	Eq.
(6-41)	and	Fig.	6-11.	6-22.	Use	the	log-law,	Eq.	(6-38a),	to	analyze	Couette	flow	between	parallel	plates	a	distance	2h	apart,	with	the	upper	plate	moving	at	velocity	U.	Show	that	the	turbulentflow	velocity	profile	is	S-shaped,	as	in	Fig.	3-5.	Sketch	the	profile	for	Uh	/	ν	=	105	and	compute	the	ratio	τw	h	/	(	μU)	for	this	condition.	6-23.	Use	the	log-law	Eq.
(6-38a)	to	analyze	steady	turbulent	flow	about	a	long	cylinder	of	radius	R	rotating	at	an	angular	rate	ω	in	an	infinite	fluid.	Derive	the	skin	friction,	Cf	=	2τw	/(	ρω2R2),	and	sketch	its	variation	vs.	Re	=	ωR2/	ν.	6-24.	Consider	the	flat-plate	flow	of	Prob.	6-14.	Use	any	integral	method	from	Sec.	6-8	to	predict	the	distribution	of	τw(x),	δ*(x),	and	H(x)	along
the	plate	surface.	Compare	your	results	with	the	traditional	algebraic	flat-plate	formulas.	For	simplicity,	neglect	the	laminar	region	and	begin	at	x	=	4	cm	with	Cf	≈	0.005.	6-25.	To	illustrate	the	increased	resistance	of	a	turbulent	boundary	layer	to	separation,	compute	the	Howarth	freestream	velocity	distribution,	U	=	U0	(1	−	x	/	L),	using	an	integral



method	from	Sec.	6-8.	Assume	turbulent	flow	from	the	leading	edge	(x	=	0)	and	find	the	separation	point	xsep	/	L	for	U0L	/	ν	=	(a)	106,	(b)	107,	and	(c)	108.	Page	395	6-26.	Assume	potential	flow	past	a	cylinder,	U	=	2U0sin	(x	/	a),	with	a	turbulent	boundary	layer	starting	from	the	stagnation	point.	Use	any	turbulent-boundary-layer	integral	method	to
compute	the	value	of	the	separation	point	ϕsep	for	a	Reynolds	number	U0a	/	ν	equal	to	(a)	106,	(b)	107,	and	(c)	108.	Compare	with	the	laminar	value	ϕsep	≈	105o.	6-27.	Use	an	integral	method	of	Sec.	6-8	to	compute	the	skin-friction	distribution	for	experiment	II	of	Clauser	(1956),	flow	2300	of	Coles	and	Hirst	(1968).	The	experimental	freestream
velocity	and	skin	friction	are	tabulated.	The	kinematic	viscosity	of	the	fluid	(air)	was	0.000165	ft2	/s.	Compare	your	computed	results	with	the	experiment.	The	average	deviation	of	the	seven	“good”	methods	at	the	Stanford	Conference	for	this	experiment	was	approximately	±15	percent.	6-28.	Use	any	integral	method	from	Sec.	6-8	to	compute	Cf	(x)
for	the	experiment	of	Moses,	case	5	[flow	4000	of	Coles	and	Hirst	(1968)].	The	fluid	is	air	with	ν	=	0.000166	ft2	/s.	The	experimental	freestream	velocity	and	skin-friction	data	are	tabulated.	Plot	your	computer	results	and	compare	with	the	experimental	measurements.	6-29.	Using	the	similarity	concepts	of	Sec.	6-9,	derive	power-law	expressions,
similar	to	Table	6-3,	for	the	variation	of	the	total	mass	flux	with	x	in	the	developed	region	of	(a)	a	plane	jet,	(b)	a	circular	jet,	and	(c)	a	plane	mixing	layer.	Compare	these	with	laminar-flow	results.	6-30.	At	a	certain	cross	section	in	a	developed	turbulent	plane	water	jet,	the	maximum	velocity	is	3	m/s	and	the	mass	flow	is	800	kg/s	per	meter	of	width.
Estimate	(a)	the	jet	width,	(b)	the	maximum	velocity,	and	(c)	the	total	mass	flow	at	a	position	2	m	further	downstream.	6-31.	Air	at	20°C	and	1	atm	issues	at	0.001	kg/s	from	a	4	mm	diameter	orifice	into	still	air.	At	a	section	in	the	jet	1	m	downstream	of	the	orifice,	estimate	(a)	the	maximum	velocity,	(b)	the	jet	width,	and	(c)	the	ratio	μt	/μ.	6-32.	As	part
of	a	low-temperature	thermal-power	design,	a	long	5	m	diameter	vertical	cylinder	is	placed	in	the	ocean.	The	current	across	the	cylinder	is	60	cm/s.	At	a	point	1	km	downstream	of	the	cylinder,	estimate	(a)	the	wake	width	(in	m)	and	(b)	the	maximum	velocity	defect	(in	cm/s).	6-33.	Evaluate	the	temperature	law	of	the	wall,	Eq.	(6-164),	numerically,
using	the	van	Driest	eddy	viscosity	per	Eq.	(6-90),	for	Prt	=	1.0	and	various	values	of	Pr.	Compare	your	results	with	Eqs.	(6-165)	and	(6-166).	6-34.	Air	at	20°C	and	1	atm	flows	at	60	m/s	past	a	smooth	flat	plate	1	m	long	and	60	cm	wide.	The	plate	surface	temperature	is	50°C.	Estimate	the	total	heat	loss	(in	W)	from	one	side	of	the	plate.	6-35.	Modify
Prob.	6-34	if	the	fluid	is	water	flowing	at	6	m/s.	6-36.	Modify	Prob.	6-34	(for	airflow)	if	the	plate	is	permeable,	with	a	uniform	blowing	velocity	of	2	cm/s.	6-37.	Water	at	20°C	and	1	atm	flows	at	4	kg/s	into	a	smooth	tube	of	diameter	3	cm	and	length	2	m.	If	the	tube	wall	temperature	is	40°C,	estimate	the	average	outlet	temperature	of	the	water.	Page
396	6-38.	Reconsider	the	liquid	film	flowing	down	an	inclined	plane	from	Prob.	3-15.	This	time,	let	the	flow	be	turbulent	and	of	constant	depth	h.	Using	the	log-law	for	the	velocity,	(a)	find	an	expression	for	the	bottom	wall	shear	stress	as	related	to	ρ,	g,	μ,	θ,	h	and	the	surface	velocity	Us.	(b)	Find	a	formula	for	the	flow	rate	Q	per	unit	width	and
compare	to	laminar	flow,	Q	∝	h3.	6-39.	Use	the	method	of	Ambrok,	Eq.	(6-178),	to	estimate	the	heat	transfer	from	an	isothermal	cylinder	at	ReD	=	106	and	Pr	=	1.0.	Compare	your	overall	Nusselt	number	with	the	experimental	value	of	NuD	≈	1400.	6-40.	Investigate	the	possibility	of	modifying	the	explicit	or	implicit	finite-difference	boundary-layer
methods	of	Secs.	4-7.1	and	4-7.2	to	a	two-dimensional	turbulent	boundary	layer,	using	an	eddy-viscosity	model.	Explain	any	difficulties	that	arise.	6-41.	Assuming	eventual	success	with	the	development	of	a	turbulent	finite-difference	technique	in	Prob.	6-40,	apply	the	method	to	compute	Cf	(x)	in	flat-plate	flow	at	ReL	=	106.	Take	the	flow	to	be
turbulent	starting	at	the	leading	edge.	6-42.	Use	the	log-law	of	Eq.	(6-38a)	to	analyze	turbulent	flow	near	a	rotating	disk	of	radius	R	and	angular	velocity	ω.	Let	the	crossflow	velocity	w	be	given	by	a	parabolic	hodograph	assumption:	Recall	the	hodograph	concept	of	Fig.	4-45.	Derive	expressions	for	the	skin	friction	Cf	and	the	moment	coefficient	CM	=
4M	/	(	ρω2R5)	as	a	function	of	the	disk	Reynolds	number	Re	=	ωR2/ν.	Compare	your	results	with	the	formulas	given	by	Kármán	(1921):	Cf	≈	0.053/Re1/5	and	CM	≈	0.1463/Re1/5.	See	Fig.	3-37,	which	contains	data	from	Theodorsen	and	Regier	(1944).	6-43.	Consider	a	two-dimensional	flat-walled	diffuser,	as	in	Fig.	P6-43.	Assume	incompressible	flow
with	a	one-dimensional	freestream	velocity	U(x)	and	entrance	velocity	U0	at	x	=	0.	The	entrance	height	is	W	and	the	constant	depth	into	the	paper	is	b	=	4W.	Assume	turbulent	flow	at	x	=	0,	with	momentum	thickness	θ/W	=	0.02,	H(0)	=	1.3,	and	U0W	/	ν	=	105.	Using	the	method	of	Head,	Sec.	6-8.1.2,	numerically	estimate	the	angle	ϕ	for	which
separation	will	occur	at	x	=	1.5W.	6-44.	Solve	Prob.	6-43	instead	by	the	Kármán	method	of	Sec.	6-8.1.1.	Investigate	the	behavior	of	the	solution	for	three	different	Reynolds	numbers	of	U0W	/	ν	=	105,	106,	and	107.	Do	you	expect	the	separation	angle	ϕ	to	increase	as	the	Reynolds	number	increases?	6-45.	Solve	Prob.	6-43	again	by	Head’s	method	if	the
diffuser	is	an	expanding	cone	with	an	inlet	pipe	of	diameter	W.	This	time	there	is	no	“depth	into	the	paper	b.”	For	a	given	Reynolds	number,	do	you	expect	a	cone	to	have	a	smaller	separation	angle	ϕ	than	a	flat-walled	diffuser?	6-46.	The	sink	flow	of	Fig.	4-21,	if	begun	far	out	with	a	turbulent	boundary	layer,	may	relaminarize	as	it	approaches	the
origin.	Show	that	the	acceleration	parameter	Kcrit	relates	to	the	sink	flow	and	also	relates	to	the	Reynolds	number	of	the	flow.	According	to	Kcrit	data,	what	Reynolds	number	should	cause	the	sink	flow	to	relaminarize?	6-47.	As	an	improvement	on	Stevenson’s	inner	velocity	law	with	suction	and	blowing,	given	by	Eq.	(6-86),	Oljaca	and	Sucec	(1997)
offer	the	following	inner/overlap/outer	velocity	profile	formula	based	on	wall	transpiration	data	compiled	by	Donald	Coles	in	1971:	The	function	f	≈	3	(	y	/	δ)2	−	2	(	y	/	δ)3	defines	the	wake	shape,	as	in	Eq.	(6-46)	and	the	constant	A	≈	5	for	moderate	blowing	or	suction.	Show	how	this	profile	differs	from	the	Fig.	6-22	curves	for	and	also	compare	it	with
Fig.	6-44a	for	.	Page	397	6-48.	Consider	as	a	starting	point	the	shear	stress	expression	in	the	viscous	sublayer,	i.e.	Make	the	necessary	assumptions	and	simplifications	leading	to	the	linear	relation,	u+	=	y+.	6-49.	Consider	as	a	starting	point	the	shear	stress	expression	in	the	log	layer,	i.e.	Make	the	necessary	assumptions	and	simplifications,	including
the	mixing-length	approximation,	that	result	in	the	logarithmic	relation,	u+	=	κ−1	ln	y+	+	B.	6-50.	The	average	velocity	for	a	turbulent	pipe	flow	can	be	evaluated	using	the	expression,	where	the	simple	y	=	a	−	r	coordinate	transformation	is	used,	with	y	being	the	dimensional	distance	from	the	wall.	Assuming	that	the	law	of	the	wall	is	accurate	all	the
way	to	the	wall,	i.e.,	neglecting	the	very	thin	viscous	sublayer,	substitute	the	loglaw,	u+	=	κ−1	ln	y+	+	B,	into	the	average	velocity	definition	to	prove	that	Hint:	Before	substituting	u+	=	κ−1	ln	y+	+	B	into	the	average	velocity	integral,	express	it	first	as	6-51.	The	wall-friction	factor	in	a	pipe	of	radius	a	is	defined	as	where	Λ	is	the	Darcy	friction	factor.
(a)	Show	that	the	following	identities	hold:	(b)	Substitute	these	identities	into	our	previous	result,	namely,	Then	using	κ	=	0.41,	B	=	5.0,	and	log	10(x)	=	ln(x)/ln10,	derive	Prandtl’s	1935	Darcy	friction	factor	formula	for	smooth	pipes,	namely,	Note	that	Prandtl	slightly	adjusted	the	constants	in	this	correlation	to	better	fit	pipefriction	measurements	at
low	Reynolds	numbers,	thus	leading	to	Eq.	(6-54).	6-52.	One	of	the	simplest	ways	to	recapture	the	Reynolds	stress	is	to	time-average	the	conservation	form	of	the	axial	momentum	equation	in	Cartesian	coordinates.	(a)	Start	by	expanding	Then	using	the	continuity	equation,	show	that	the	result	is	identical	to	the	traditional	form:	(b)	By	substituting	the
Reynolds	decomposed	variables,	,	into	the	conservation	form,	time-averaging,	cancelling	terms	that	average	out,	and	assuming	that	streamwise	variations	in	are	much	slower	than	the	cross-streamwise	variations	in	,	show	that	Page	398	Hint:	The	time-averaged	products	of	mean	and	fluctuating	quantities,	such	as	,	all	vanish	identically.	Similarly,	the
time-averaged	fluctuating	quantities	vanish	unless	they	are	squared	or	multiplied	by	other	fluctuating	quantities.	Finally,	the	time-averaged	mean	quantities	are	the	mean	quantities.	6-53.	The	average	velocity	for	a	turbulent	channel	flow	can	be	evaluated	using	the	expression,	where	h	represents	the	distance	from	the	wall	to	the	midsection	plane	of
the	channel.	Assuming	that	the	law	of	the	wall	is	accurate	all	the	way	to	the	wall,	i.e.,	neglecting	the	very	thin	viscous	sublayer,	substitute	the	log-law,	u+	=	κ−1	ln	y+	+	B,	into	the	average	velocity	definition	to	prove	that	6-54.	Because	a	channel	is	not	round,	it	is	necessary	to	use	the	concept	of	a	hydraulic	diameter	on	which	the	Reynolds	number	can
be	based.	For	a	sufficiently	wide	channel	of	height	2h,	(a)	show	that	the	hydraulic	diameter	is	Dh	=	4A/	P	=	4h.	Next,	(b)	using	ReD	h	=	(4h)uav/ν,	and	recalling	that	uav/υ*	≡	(8	/Λ)1/2,	show	that	(c)	In	addition,	by	substituting	κ	=	0.41,	B	=	5.0,	and	log	10(x)	=	ln	(x)/ln10	into	derive	the	Darcy	friction	factor	formula	for	smooth	channels,	namely,	6-55.
Determine	the	beginning,	ending	and	maximum	entrance	lengths	in	a	circular	duct	of	diameter	D	=	0.03	m	with	air	flowing	between	1	m/s	(beginning)	and	50	m/s	(ending).	Repeat	the	analysis	in	a	square	duct	of	0.03	m	height.	For	air,	use	a	density	of	1.2	kg/m3	and	a	viscosity	of	1.8	×	10−5	kg/(m	⋅	s).	Recall	that	the	hydraulic	diameter	can	be
calculated	using	Dh	=	4A/P.	Calculate	the	velocity	leading	to	the	maximum	entrance	lengths	in	both	circular	and	square	ducts.	6-56.	Because	of	the	popularity	of	power-law	profiles	in	turbulent	boundary	layer	studies,	Majdalani	(2018)	introduced	a	generic	mean-flow	pattern	of	the	form:	where	ξ	≡	y	/	δ	represents	the	fractional	distance	within	the
turbulent	boundary	layer	and	the	power-law	exponent	q	=	{5,	6,	7,	8,	9}	can	be	used	to	prescribe	the	value	that	best	captures	the	motion	under	consideration.	(a)	Based	on	Eq.	(6-28),	show	that	the	normalized	displacement	and	momentum	thicknesses,	η*	and	θ*,	as	well	as	the	shape	factor	H,	can	be	expressed	as	direct	functions	of	q,	namely,	(b)
Recognizing	that	most	wall	shear	stress	correlations,	such	as	Eqs.	(6-68)	and	(6-	72),	can	be	specified	as	functions	of	Reδ,	Majdalani	wrote	a	generic	expression	of	the	form	where	Cw	and	m	are	characteristics	of	the	problem	at	hand.	Assuming	no	pressure	gradients,	apply	the	momentum-integral	relation,	given	by	Eq.	(6-67),	to	obtain	Page	399	(c)
After	separating	variables	and	integrating	from	δ(0)	=	0	to	δ(x),	show	that	the	boundary	layer	thickness	may	be	written	as	a	function	of	the	local	Reynolds	number,	Rex	=	uavx	/	ν,	namely,	(d	)	Recalling	that	the	friction	coefficient	may	be	defined	as	,	show	that	(e)	Recalling	that	the	displacement	thickness	may	be	specified	as	show	that	,	(	f	)	Recalling
that	the	momentum	thickness	may	be	deduced	from	show	that	,	(g)	Using	the	continuity	equation	show	that	,	integrate	the	axial	velocity	profile	to	(h)	Recognizing	that	Prandtl’s	1927	power-law	model	uses	Cw	=	0.0233,	q	=	7,	and	m	=	4,	determine	the	characteristic	coefficients	(a,	b,	c,	d,	e)	and	compare	your	results	to	Eq.	(6-72).	(i)	Recognizing	that
the	wall–wake	law	of	Coles	uses	Cw	=	0.010,	q	=	7,	and	m	=	6,	determine	the	characteristic	coefficients	(a,	b,	c,	d,	e)	and	compare	your	results	to	Eq.	(6-70).	Page	400	CHAPTER	7	COMPRESSIBLEBOUNDARY-LAYER	FLOW	I	am,	and	ever	will	be,	a	white-socks,	pocket-protector,	nerdy	engineer,	born	under	the	second	law	of	thermodynamics,	steeped
in	steam	tables,	in	love	with	free-body	diagrams,	transformed	by	Laplace	and	propelled	by	compressible	flow.	Neil	Armstrong	(1930–2012)	7-1	INTRODUCTION:	THE	COMPRESSIBLEBOUNDARY-LAYER	EQUATIONS	So	far	most	of	the	text	has	been	devoted	to	the	analysis	of	incompressible	viscous	flow.	If	we	allow	the	compressibility	of	a	fluid	to	be	a
factor,	density	becomes	a	new	important	variable.	In	a	compressible	boundary	layer,	accelerations	are	significant	and	continuity	is	no	longer	trivial.	Further,	even	in	a	compressible	boundary	layer,	the	normal	pressure	gradient	is	usually	neglected,	and	p	≈	pe	(x),	so	that	both	pressure	and	density	vary	along	with	the	temperature,	which	must	also	vary
according	to	the	thermodynamic	state	relation	T	=	T(	p,	ρ).	Since	most	compressible	flows	are	gases,	by	far	the	most	common	state	relation	is	the	perfect-gas	relation	p	=	ρRT,	and	we	must	be	careful	to	note	that	T	in	most	models	corresponds	to	the	absolute	temperature.	In	deriving	the	two-dimensional	compressible,	laminar,	boundary-layer
equations,	with	(x,	y)	being	parallel	and	normal	to	the	wall,	the	same	approximations	hold:	υ	≪	u	and	∂/∂x	≪	∂/∂y.	We	only	need	to	remember	that	density	is	variable	and	that	the	dependence	of	k	and	μ	on	temperature	can	be	important.	Then,	the	two-dimensional	boundary-layer	equations	for	an	arbitrary	compressible	fluid	may	be	written	as	(7-1a)	(7-
1b)	(7-1c)	(7-1d)	where	h	=	e	+	p/ρ	is	the	enthalpy.	The	y-momentum	equation	is	included	simply	as	a	reminder	that	the	pressure	variation	is	prescribed	by	the	freestream.	At	this	point,	we	have	three	equations	in	five	unknowns	(u,	υ,	ρ,	h,	T)	and	therefore	need	two	supplementary	relations	to	correlate	the	two	extra	thermodynamic	variables	T	=	T(	p,
ρ)	h	=	h(	p,	ρ)	Also,	the	freestream	pressure	gradient	may	be	related	to	the	velocity	and	enthalpy	gradients	through	the	Bernoulli	equation	for	inviscid	nonconducting	flow	(7-2)	Page	401	Finally,	it	is	assumed	that	we	know	how	the	transport	coefficients	vary	μ	=	μ(T)	k	=	k(T)	through,	say,	the	power	law	or	the	Sutherland	formulas	discussed	in	Chap.
1.	The	boundary	conditions	are,	as	usual,	the	no	slip	(u	=	υ	=	0)	and	the	no	temperature	jump	(T	=	Tw)	at	the	surface	and,	at	the	outer	edge,	a	smooth	blending	with	the	freestream	conditions,	(u	→	Ue,	T	→	Te,	h	→	he),	with	no	requirement	on	υ	at	the	outer	edge.	An	equivalent	relation	that	will	shortly	be	shown	to	be	useful	can	be	realized	by	rewriting
the	energy	Eq.	(7-1d	)	in	terms	of	the	total	enthalpy	H	=	h	+	u2/2	(υ2/2	being	entirely	negligible):	(7-3)	This	is	seldom	analyzed	under	unsteady	conditions.	This	chapter	will	concentrate	on	concepts	and	theories	associated	with	viscous	compressible	flow.	For	further	reading,	several	monographs	on	this	subject	may	be	consulted:	Park	(1990),	Smits	and
Dussage	(1996),	Oosthuizen	and	Carscallen	(1997),	Laney	(1998),	Anderson	(2000,	2002),	Chattot	(2002),	Felcman	et	al.	(2003),	and	Ockendon	and	Ockendon	(2004).	Somewhat	to	our	disadvantage,	the	primary	emphasis	of	these	texts	is	on	inviscid	flow.	There	is	a	specialized	book	on	supersonic	jet	flow,	by	Morris	et	al.	(2002),	and	comprehensive
review	articles	by	Bradshaw	(1977),	Spina	et	al.	(1994),	and	Monnoyer	(1997).	Moreover,	at	least	two	boundary-layer	texts,	Schetz	and	Bowersox	(2011)	and	Schlichting	and	Gersten	(2017),	have	excellent	sections	on	compressible	motions.	7-1.1	Steady	Isentropic	Flow	of	a	Perfect	Gas	We	are	concerned	here	with	viscous	flow	of	gases.	However,	the
freestream	outside	a	compressible	boundary	layer	is	generally	frictionless	and	adiabatic,	thus	often	isentropic.	Although	one	can	deal	computationally	with	an	imperfect	gas,	here	we	assume	an	ideal	gas	with	the	following	standard	properties:	(7-4)	If	we	further	assume	constant	specific	heats,	then	h	=	cp	T	and	γ	=	constant	≈	1.40	for	air.	For	steady
flow	with	negligible	friction	and	heat	transfer,	Eq.	(7-3)	may	be	integrated	into	We	have	assumed	adiabatic	flow,	which	is	generally	true	only	in	the	freestream,	where	u	=	U.	Substituting	the	ideal-gas	relations	cp	=	γR/(γ	−	1)	and	for	the	speed	of	sound,	we	obtain	(7-5)	Thus,	for	adiabatic	flow,	as	the	Mach	number	and	kinetic	energy	increase,	the
freestream	temperature	and	speed	of	sound	decrease,	slowly	at	first,	then	more	rapidly,	as	shown	in	Fig.	7.1.	If	we	further	assume	isentropic	conditions,	then	the	pressure	and	density	may	be	expressed	using	analogous	relations,	namely,	(7-6)	These	two	relations	are	plotted	in	Fig.	7-1	and	are	seen	to	drop	off	faster	with	the	Mach	number.	We	will
later	compare	these	isentropic	trends	with	the	viscous	boundary-layer	behavior.	FIGURE	7-1	Adiabatic	(T/T0	and	a/a0)	and	isentropic	(	p/p0	and	ρ/ρ0)	perfect-gas	properties	versus	Mach	number	for	γ	=	1	.	4.	Equations	(7-5)	and	(7-6)	are	often	solved	numerically	or,	more	traditionally,	their	predictions	for	a	particular	value	of	γ	are	tabulated	over	a
range	of	Mach	numbers	for	use	in	miscellaneous	compressible	flow	calculations	[Anderson	(2003)].	More	recently,	Majdalani	and	Maicke	(2012)	showed	that	these	equations	could	be	combined	with	Stodola’s	area–	Mach	number	relation	and	inverted	analytically.	Stodola’s	relation	prescribes	the	area	ratio	as	a	function	of	the	local	Mach	number,	(7-7)
Page	402	where	ε	≡	(At/A)2	denotes	the	area	ratio	squared;	the	latter	is	based	on	the	throat	area	At	divided	by	the	local	area	A	in	an	isentropic	expansion	process.	Since	two	roots	exist	for	each	area	ratio,	the	corresponding	subsonic	and	supersonic	solutions	must	be	sought	separately.	A	highly	accurate	three-term	approximation	for	the	subsonic	root
is	provided	by	Majdalani	and	Maicke	(2013)	as	a	direct	function	of	the	area	ratio:	(7-8)	In	most	practical	applications,	a	one-term	expansion,	namely,	is	sufficient,	as	it	entails	a	less	than	5%	error	for	operational	area	ratios	not	exceeding	0.47	and	γ	=	1.7.	The	use	of	three	terms	extends	this	range	substantially	to	At/A	=	0.88	using	a	conservative	value
of	γ	=	1.2.	Given	a	fixed	error	bracket,	reducing	the	value	of	γ	increases	the	maximum	value	of	At/A	for	which	the	approximation	will	continue	to	hold.	Nonetheless,	using	Bürmann’s	theorem,	Majdalani	and	Maicke	(2013)	show	that	the	subsonic	Mach	number	can	be	extracted	to	any	desired	order	of	accuracy	using	a	simple	recursive	formula,	namely,
(7-9)	The	corresponding	subsonic	approximations	for	the	classical	temperature,	pressure,	and	density	ratios	may	be	expressed	directly	as	a	function	of	ε	=	(At/A)2	using	(7-10)	(7-11)	(7-12)	Majdalani	and	Maicke	(2012)	also	show	that	all	relations	in	Eqs.	(7-5)	and	(7-6)	can	be	cleverly	consolidated	into	a	single,	universal	expression,	namely,	(7-13)	Page
403	The	advantage	here	is	that,	by	solving	the	universal	expression	for	under	subsonic	or	supersonic	conditions,	one	directly	unravels	a	generic	solution	to	all	three	thermodynamic	properties.	For	example,	a	substantially	accurate	five-term	approximation	may	be	expressed	using,	(7-14)	or,	to	an	arbitrary	truncation	order,	(7-15)	This	universal	solution
is	surprisingly	accurate	as	it	entails	a	relative	error	of	less	than	1%	for	area	ratios	up	to	0.637	using	only	the	N	=	1	term.	Moreover,	the	error	remains	bounded	by	5%	up	to	an	area	ratio	of	0.846.	A	comparable,	though	technically	more	sophisticated	expansion,	leads	to	the	supersonic	roots.	One	finds	(7-16)	with	a	universal	truncation	order	of	(7-17)
Although	the	truncation	order	remains	invariant	for	all	three	variables,	the	temperature	approximation	exhibits	the	lowest	relative	error.	For	this	reason,	it	is	often	sufficient	to	use	two	corrections	for	the	temperature	and	three	corrections	for	the	pressure	and	density.	Alternatively,	a	property-specific	approximation	can	be	constructed	to	arbitrary
order.	Accordingly,	a	two-term	approximation	for	the	supersonic	properties	may	be	written	as	(7-18)	As	for	the	supersonic	Mach	number	evaluation,	Stodola’s	relation	can	be	first	rewritten	as	(7-19)	where	Then	using	the	method	of	successive	approximations,	Majdalani	and	Maicke	(2013)	show	that	(7-20)	As	such,	through	the	tools	of	asymptotic
theory,	the	supersonic	Mach	number	can	be	evaluated	as	a	direct	function	of	γ	and	the	area	ratio	to	any	desired	level	of	precision.	One	finds	(7-21)	For	further	detail	on	these	relations,	see	Majdalani	and	Maicke	(2012,	2013).	Page	404	7-1.2	Steady	Viscous	Flow:	The	Crocco–Busemann	Relations	Compressible	boundary-layer	flow	is	neither	adiabatic
nor	isentropic.	Even	if	the	wall	and	the	freestream	are	adiabatic,	the	boundary	layer	between	them	is	not,	as	it	will	generally	generate	heat	dissipation.	However,	certain	ideal-gas	assumptions	lead	to	interesting	energy	integrals.	It	is	not	necessary	to	assume	constant	specific	heats	in	what	follows.	If	we	consider	only	steady	flow,	the	boundary-layer
equations	reduce	to	(7-22a)	(7-22b)	(7-22c)	where	we	have	introduced	the	Prandtl	number,	Pr	=	μcp/k,	into	the	energy	equation.	The	total	enthalpy	relation	[Eq.	(7-3)]	takes	on	a	particularly	interesting	form,	viz.	(7-23)	If	the	Prandtl	number	is	unity	(a	fair	approximation	for	gases),	the	last	term	vanishes,	and	this	relation	then	admits	to	a	particular
solution	H	=	const	throughout	the	boundary	layer.	However,	since	H	=	h	+	u2/2,	setting	H	=	const	implies	that	∂h/∂y	=	0	at	the	wall	where	u	=	0	(no	slip).	Thus,	our	particular	solution	corresponds	to	zero	heat	transfer	at	the	wall	and	is	the	first	of	two	energy	integrals	discovered	by	Busemann	(1931)	and	independently	by	Crocco	(1932):	(7-24)	Thus,
Pr	=	1	leads	to	a	perfect	balance	between	viscous	dissipation	and	heat	conduction	so	as	to	keep	the	stagnation	enthalpy	constant	in	an	adiabatic	boundary	layer,	just	as	it	would	be	true	in	outer	potential	flow.	Note	that	the	pressure	gradient	(if	any)	is	immaterial	and	there	is	no	requirement	for	constant	μ,	k,	or	cp.	However,	the	fluid	must	be	an	ideal
gas	or	at	least	satisfy	dh	=	cp	dT	to	good	approximation.	A	second	energy	integral	is	possible	for	Pr	=	1	and	the	further	restriction	of	a	zero	pressure	gradient.	We	may	note	that	the	momentum	and	energy	relations,	given	by	Eqs.	(7-	22b)	and	(7-22c),	are	similar	in	mathematical	character	if	the	pressure	gradient	vanishes,	and	it	almost	seems	as	if	u
and	h	could	be	interchanged	except	for	the	dissipation	term.	In	other	words,	we	may	test	the	particular	solution	h	=	h(u)	by	noting,	for	example,	that	Substituting	into	the	energy	relation	and	assuming	Pr	=	1,	we	have,	for	a	zero	pressure	gradient:	(7-25)	The	left-hand	side	vanishes	by	virtue	of	the	momentum	relation	of	Eq.	(7-22b).	As	such,	the	right-
hand	side	must	follow	suit,	namely,	(7-26)	By	inspection,	C2	=	hw	since	u	=	0	at	the	wall.	The	constant	C1	may	be	related	to	either	the	wall	heat	transfer	or	the	freestream	conditions.	Choosing	the	latter,	we	see	that	h	=	he	at	u	=	Ue	or	Collecting	terms	into	the	final	relation	and	rearranging,	we	arrive	at	the	second	Crocco–Busemann	energy	integral,
namely,	(7-27)	Thus,	the	total	enthalpy	varies	linearly	with	the	velocity	across	the	boundary	layer.	Note	that	the	first	Crocco–Busemann	relation	for	an	adiabatic	wall	may	be	restored	from	Eq.	(7-27)	as	a	special	case	with	He	=	hw	=	H	=	const.	If	we	further	require	constant	cp,	so	that	h	=	cpT	+	const,	then	Eq.	(7-27)	becomes	a	relation	between	
temperature	and	velocity	(7-28)	Page	405	Equation	(7-28)	is	a	temperature–velocity	relation,	which	is	very	useful	in	formulating	approximate	theories	of	the	compressible	boundary	layer	when	Pr	is	near	unity	(gases)	and	dp/dx	is	not	too	large.	Noting	that	is	the	adiabatic-wall	temperature	Taw,	we	can	rewrite	the	relation	as	(7-29)	Then	by
differentiating,	we	can	relate	the	wall	heat	flux	and	skin-friction	coefficient	using	and	so,	the	Stanton	number	emerges	as	(7-30)	which	is	a	reflection	of	the	Reynolds	analogy.	It	is	strictly	valid	only	for	Pr	=	1	and	zero	pressure	gradients	but	is	a	good	approximation	for	gases	under	both	laminar	and	turbulent	conditions,	particularly	if	we	modify	the
correction	factor	from	Pr	to	Pr2/3.	The	Prandtl	number	also	affects	the	insulated-wall	temperature	in	high-speed	flow.	When	the	(inviscid)	freestream	is	adiabatically	decelerated	to	zero	velocity,	its	temperature	approaches	the	“ideal”	stagnation	temperature	T0e,	which,	for	an	ideal	gas	with	constant	cp,	can	be	expressed	as	However,	when	a	viscous
high-speed	boundary-layer	flow	is	decelerated	to	zero	velocity	at	an	insulated	wall,	it	approaches	an	adiabatic	wall	temperature	Taw,	which	differs	from	T0e	as	defined	by	a	dimensionless	recovery	factor,	r:	(7-31)	Clearly,	accurately	evaluating	r	is	important,	because	qw	in	high-speed	flow	is	proportional	to	(Taw	−	Tw),	not	to	(Tw	−	Te),	as	we	shall
see.	The	Crocco	integral	and	recovery	factor	concepts	have	been	extended	by	Van	Oudheusden	(1997,	2004).	7-2	SIMILARITY	SOLUTIONS	FOR	COMPRESSIBLE	LAMINAR	FLOW	The	compressible-boundary-layer	relations	in	Eqs.	(7-22a)	to	(7-22c)	are	formidably	coupled	nonlinear	partial	differential	equations.	They	can	be	resolved	using	finite-
difference	methods,	but	analytic	techniques	lead	to	deeper	physical	understanding.	Since	the	classic	compressible-flow	analyses	originated	in	the	precomputer	era,	a	great	deal	of	sophisticated	effort	was	applied	to	simplifying	these	equations.	Early	workers	developed	a	number	of	beautiful	transformations	relating	compressible	boundary	layers	to
equivalent	incompressible	models.	A	variety	of	similarity	variables	were	also	found	to	reproduce	ordinary	differential	equations	for	certain	freestream	and	wall	conditions.	We	discuss	only	one	of	these	transformations	attributed	to	Illingworth	(1950).	7-2.1	The	Illingworth	Transformation	The	stream	function	ψ	(x,	y)	for	compressible	flow	is	defined	as
(7-32)	This	eliminates	the	continuity	relation	identically.	It	immediately	suggests	that	the	variable	should	replace	the	incompressible	y	in	compressible	flow.	Then	the	general	idea	followed	by	early	workers	is	to	presuppose	the	existence	of	two	similarity	variables	(ξ,	η)	and	to	see	whether	ψ	and	u	could	take	the	following	“split”	forms:	(7-33)	Then	one
substitutes	into	the	momentum	Eq.	(7-22b)	and	tries	to	enforce	the	requirement	that	the	resulting	differential	equation	be	independent	of	ξ.	Here	the	analysis	can	follow	several	paths	and	lead	to	dissimilar	transformations.	The	path	taken	here	was	discovered	by	Illingworth	(1950),	who	found	that	it	was	convenient	to	account	for	viscosity	effects	in	ξ
and	for	density	effects	in	η,	using	the	dual	variable	transformations:	(7-34)	Page	406	When	these	transformations	are	substituted	into	the	momentum	Eq.	(7-22b),	the	following	ordinary	differential	equation	for	f	(η)	is	obtained:	(7-35)	Here	primes	denote	differentiation	with	respect	to	η.	By	examining	(7-33),	we	see	that	the	boundary	conditions	for	an
impermeable	wall	are	(7-36)	Two	special	cases	of	(7-35)	immediately	come	to	mind.	First,	for	a	flat	plate	at	low	speed	and	modest	heat	transfer,	Ue,	ρ,	and	μ	are	constant.	Subsequently,	we	can	take	C	≈	1,	dUe/dξ	=	0,	and	write	(7-37)	which	we	recognize	as	the	Blasius	equation	(4-60).	Second,	if	ρ	and	μ	are	constant	but	the	freestream	varies	as	Ue	=
Kxm,	then	C	≈	1	and	we	extract	(7-38)	which	is	identical	to	the	Falkner–Skan	equation	(4-93).	In	both	situations,	we	recover	the	corresponding	incompressible	relations	as	special	cases.	The	boundary-layer	energy	equation	(7-22c)	also	reduces	to	an	ordinary	differential	equation	if	we	split	the	enthalpy	into	a	magnitude	multiplied	by	a	shape	function,
(7-39)	In	fact,	backward	substitution	into	Eq.	(7-22c)	yields	an	ordinary	differential	equation	for	g(η),	namely,	(7-40)	where	is	the	freestream	stagnation	enthalpy.	For	a	perfect	gas	with	constant	specific	heats,	the	Eckert-type	parameter,	can	be	converted	to	a	Mach	number	squared:	(7-41)	In	many	cases,	the	entire	right-hand	side	of	Eq.	(7-40)	is
neglected.	For	example,	in	lowspeed	flow	near	a	stagnation	point,	Mae	≈	0	and	He	≈	const,	with	C	≈	1	and	Pr	≈	const,	so	that	Eq.	(7-40)	reduces	to	(7-42)	which	we	recognize	as	(3-223)	for	incompressible	stagnation-flow	heat	transfer.	The	boundary	conditions	on	g(η)	can	accommodate	either	adiabatic	or	heat-transfer	conditions:	(7-43a)	(7-43b)	For
adiabatic	flow,	the	problem	consists	of	finding	the	correct	value	of	gw,	whereas	for	heat	transfer,	gw	is	specified,	and	one	must	find	the	correct	value	of	g′(0).	Examining	Eqs.	(7-35)	and	(7-40),	we	see	that	similarity	is	not	achieved	unless	certain	coefficients	are	constant	or	functions	only	of	η:	1.	C	=	const	or	related	to	f	and	g.	2.	Pr	=	const	or	related	to
f	and	g.	3.	ρe/ρ	related	to	f	and	g.	4.	5.	6.	Page	407	Although	this	set	prescribes	a	wide	variety	of	conditions,	most	of	them	are	reasonable.	Conditions	1–3	are	satisfied	if	we	make	the	ideal-gas	assumption.	Recalling	that	the	pressure	is	nearly	constant	across	the	boundary	layer,	we	can	put	(7-44)	This	means	that	C	and	the	density	can	be	related
approximately	to	g:	(7-45)	where	we	have	made	a	power-law	approximation	for	the	viscosity–temperature	relation	of	gases.	Values	of	n	are	given	in	Table	1-2.	For	air,	Further,	from	Fig.	117,	the	Prandtl	number	is	approximately	constant	for	most	gases,	which	takes	care	of	condition	2.	Conditions	4	and	5	are	satisfied	by	the	Falkner–Skan	distributions
(7-46)	The	most	common	assumptions	are	constant	freestream	stagnation	temperature	(	j	=	0)	and	flat-plate	(m	=	0)	or	stagnation	flow	(m	=	1).	Finally,	condition	5	is	satisfied	for	flat-plate	and	stagnation	flow	but	not	in	general.	In	the	Falkner–Skan	problem,	will	vary	with	ξ	unless	j	=	2m,	which	is	unlikely;	we	will	have	to	neglect	this	term	by	making
the	assumption	of	.	We	should	also	note	that	similarity	is	violated	unless	the	wall	enthalpy	gw	=	g(0)	is	fixed,	independently	of	ξ.	Thus,	in	the	majority	of	cases,	our	solutions	are	valid	only	for	constants	He	and	Tw.	By	taking	all	of	these	simplifying	assumptions	into	consideration,	we	can	finally	rewrite	Eqs.	(7-35)	and	(7-41)	for	laminar	flow	of	an	ideal
gas	in	the	following	similarity	form:	(7-47a)	(7-47b)	Note	that,	except	for	the	variable	parameter	C(η),	Eqs.	(7-47a)	and	(7-47b)	resemble	the	Falkner–Skan	incompressible-flow	solutions	from	Secs.	4-3.4	and	4-3.5.	Compressible	similarity	solutions	of	these—and	related—equations	have	been	advanced	by	a	number	of	investigators,	as	detailed	in	the
monograph	by	Stewartson	(1964).	Here	we	limit	our	discussion,	in	Sec.	7-4,	to	the	Falkner–Skan-type	solutions	found	by	Cohen	and	Reshotko	(1956).	7-3	SOLUTIONS	FOR	LAMINAR	FLAT-PLATE	AND	STAGNATION-POINT	FLOW	The	two	most	relevant	applications	of	laminar,	compressible,	boundary-layer	theory	are	(1)	flat-plate	flow	(for	estimating
the	friction	and	heat	transfer	on	slender	bodies)	and	(2)	stagnation-point	flow	(where	the	heat-transfer	rate	is	usually	the	highest	on	blunt	bodies).	Both	cases	give	insight	into	the	general	effect	of	compressibility	on	boundary-layer	flows.	7-3.1	Approximate	Analysis	of	the	Flat-Plate	Recovery	Factor	Consider	flat-plate	flow	(	β	=	0)	with	constant	wall
temperature.	Further	assume	that	C	=	1,	that	is,	μ	proportional	to	T,	because	the	dependence	of	the	recovery	factor	on	the	temperature	and	Mach	number	is	extremely	weak.	Then	Eqs.	(7-47a)	and	(7-47b),	for	an	adiabatic	wall,	reduce	to	(7-48a)	(7-48b)	with	f	(0)	=	f	′(0)	=	g′(0)	=	0	and	f	′(∞)	=	g(∞)	=	1.	For	brevity,	we	have	defined	These	are	the
Blasius	relations,	and	f	(η)	is	already	known	from	Fig.	4-10	and	Table	4-3.	The	solution	of	the	(linear,	nonhomogeneous)	energy	Eq.	(7-48b)	becomes	(7-49)	Page	408	This	solution	was	first	given	by	Pohlhausen	(1921).	The	constant	A	must	be	such	that	g(∞)	=	1.	Further,	for	an	adiabatic	wall,	the	requirement	that	g′(0)	=	0	means	that	A	=	0,	as	can	be
seen	by	differentiating	Eq.	(7-49).	For	this	case,	then,	gw	=	Taw/Te,	and	so	the	rearrangement	of	Eq.	(7-49)	yields	(7-50)	Thus,	we	can	take	r	≈	r(Pr)	with	great	accuracy.	For	Pr	=	1	and	r	=	1,	the	plate	recovers	the	freestream	stagnation	temperature	at	an	adiabatic	wall	because	conduction	and	dissipation	are	precisely	balanced	in	the	boundary	layer.
For	Pr	≠	1,	the	integral	in	Eq.	(7-50)	may	be	evaluated	by	adding	three	more	statements	to	the	computer	program	for	the	Blasius	solution	from	Eq.	(4-63):	(7-51)	The	output	variable	Y(6)	approaches	r,	as	η	becomes	large.	Some	computed	recovery	factors	are	listed	in	Table	7-1.	Note	that	two	curve-fit	approximations	to	these	results	are	(7-52a)	(7-52b)
TABLE	7-1	Flat-plate	recovery	factors	from	Eqs.	(7-49)	and	(7-50)	These	are	plotted,	along	with	the	exact	values,	in	Fig.	7-2.	In	practice,	only	formula	Eq.	(752a)	is	important,	and	since	most	compressible-flow	problems	involve	air	or	gases,	one	may	use	Pr	≈	0.72	or	r	≈	0.85.	FIGURE	7-2	Flat-plate	recovery	factors	(exact	and	approximate).	Page	409	7-
3.2	Laminar	Flat-Plate	Friction	at	High	Mach	Numbers	The	quantity	C	=	ρμ/(	ρe	μe),	which	is	coined	the	Chapman–Rubesin	parameter	after	a	pioneering	paper	by	Chapman	and	Rubesin	(1949),	has	little	effect	on	the	recovery	factor	but	does	affect	friction	and	heat	transfer.	The	following	simplified	analysis	explains	how.	For	a	flat	plate,	β	=	0	and	Eq.
(7-48a)	becomes	The	variables	may	be	separated	and	integrated	twice	across	the	boundary	layer	with	the	outcome	An	approximate	solution	can	be	found	with	the	near-wall	simplifications	The	integrals	may	then	be	evaluated	for	the	approximate	result	of	(7-53)	In	a	more	accurate	analysis,	the	constant	0.48	would	be	the	Blasius	value	for
incompressible	flow,	f″(0)	Blasius	=	σ	≈	0.4696.	Since	f″(0)	is	proportional	to	the	wall	shear	stress,	we	may	convert	Eq.	(7-53)	into	a	skin-friction	approximation	for	compressible	flat-plate	flow	using:	(7-54)	where	for	gases.	Similarly,	the	Stanton	number,	or	the	dimensionless	wall	heat	transfer	coefficient,	may	be	estimated	from	The	resulting
agreement	is	valid	for	adiabatic	walls	but	deteriorates	for	heated	or	cooled	walls.	7-3.3	The	Reference	Temperature	Concept	It	was	found	in	the	1950s	that	the	simplified	expression	(7-54)	could	be	modified	to	achieve	good	accuracy	for	all	flat-plate	compressible	gas	flows	by	evaluating	the	fluid	properties	(	ρ,	μ,	cp,	k)	at	a	reference	temperature,	T*,
which	varies	with	the	Mach	number	and	wall	temperature.	Accordingly,	the	Chapman–Rubesin	parameter	can	be	evaluated	as	(7-55)	The	flat-plate	formulas,	modified	with	the	reference	temperature,	become	(7-56a)	(7-56b)	(7-56c)	The	most	popular	correlation	for	T*	is	due	to	Eckert	(1955):	(7-57)	Although	Eq.	(7-57)	is	originally	proposed	as	an
empirical	correlation,	Dorrance	(1962)	proves	that	the	reference	temperature	is	a	direct	consequence	of	the	similarity	relations	for	compressible	motion.	Equation	(7-57)	may	also	be	used	to	modify	turbulent	flat-plate	formulas,	although	better	approximations	are	possible	in	that	case.	Page	410	7-3.4	Exact	Laminar	Flat-Plate	Solutions	We	may
compare	our	approximate	flat-plate	compressible-flow	formulas	with	an	array	of	exact	numerical	laminar-flow	computations	by	van	Driest	(1952a).	The	calculations	assume	Pr	=	0.75	and	Sutherland’s	viscosity	law	for	air,	Eq.	(1-34):	Similar	formulas	for	cp(T)	and	k(T)	are	also	used.	The	theory	uses	a	different	coordinate	transformation	from	Eqs.	(7-
34),	although	the	basic	idea	is	nearly	the	same.	Figure	7-3	displays	the	computed	velocity,	temperature,	and	Mach	number	profiles	in	the	boundary	layer	for	an	adiabatic	wall.	The	velocity	profiles	in	Fig.	7-3a	are	nearly	straight	lines	at	high	Mach	numbers,	an	approximation	often	used	in	hypersonic	flow	analyses,	e.g.,	Truitt	(1960,	art.	5-3).	The
temperature	profiles	show	the	dramatic	heating	effect	of	viscous	dissipation	in	the	boundary	layer	at	high	Mach	numbers.	If	the	velocity	is	known,	the	temperature	in	Fig.	7-3b	is	well	approximated	by	Eq.	(7-28)	for	Tw	=	Taw,	as	follows:	(7-58)	FIGURE	7-3	Calculations	of	the	laminar,	compressible,	boundary	layer	on	an	insulated	flat	plate	by	van
Driest	(1952a):	(a)	velocity	profiles;	(b)	temperature	profiles;	(c)	Mach	number	profiles.	The	recovery	factor	relation	r	≈	Pr1/2	is	quite	accurate.	For	example,	at	Mae	=	20,	r	=	0.751/2	predicts	Taw/Te	=	70.3,	which	is	in	excellent	agreement	with	Fig.	7-3b.	Finally,	the	Mach	number	profiles	in	Fig.	7-3c	show	that	the	majority	of	a	high-velocity	boundary
layer	sustains	supersonic	conditions.	Figure	7-4	reproduces	the	flat-plate	computations	by	van	Driest	(1952a)	for	a	very	cold	wall,	with	Tw	=	Te/4.	The	velocity	profiles	remain	rounded	even	at	a	Mach	number	of	20	and,	we	recall	from	Chap.	5,	that	such	profiles	are	more	resistant	to	transition.	If	the	velocity	is	known,	then	the	temperature	profiles	can
be	well	fit	by	the	Crocco–Busemann	relation	[Eq.	(7-28)].	FIGURE	7-4	Calculations	by	van	Driest	(1952a)	of	the	compressible,	laminar,	boundary	layer	on	a	cold	flat	plate	(a)	velocity	profiles;	(b)	temperature	profiles.	Figure	7-5	illustrates	van	Driest’s	calculations	for	laminar,	flat-plate	parameters	such	as	the	total	drag	(CD	=	2	Cf),	local	Stanton
number	(Ch),	and	boundary-layer	thickness	(δ).	Note	that	the	Stanton	number	for	compressible	flow	is	defined	as	(7-59)	Page	411	FIGURE	7-5	Calculations	by	van	Driest	(1952a)	of	the	drag,	heat	transfer,	and	velocity	thickness	of	a	laminar,	flat-plate,	compressible,	boundary	layer:	(a)	total	drag	coefficient	CD	=	2Cf	;	(b)	local	Stanton	number;	(c)
boundary-layer	thickness.	Page	412	with	qw	positive	for	a	cold	wall.	As	the	Mach	number	approaches	zero,	the	temperature	difference	(Taw	−Tw)	approaches	the	value	(Te	−	Tw)	used	for	incompressible	motion.	Both	CD	and	Ch	are	well	approximated	by	the	reference	temperature	formulas	(7-56a)	to	(7-56c).	For	example,	at	Mae	=	10	and	Tw/Te	=	4,
we	read	from	Fig	7-5b.	By	comparison,	the	reference	temperature	for	this	case,	based	on	Eq.	(7-57),	is	T*/Te	≈	5.9,	whence	C*	≈	0.58	and	Eq.	(7-56c)	predicts	only	2	percent	higher.	This	result	is	typical	of	the	accuracy	that	accompanies	reference	temperature	formulas.	As	we	move	to	Fig.	7-5c,	it	may	be	seen	that	the	dimensionless	boundary-layer
thickness	grows	with	the	Mach	number	for	both	adiabatic	and	nonadiabatic	walls.	A	semiempirical	formula	to	approximate	this	thickness	is	given	by	(7-60)	The	accuracy	of	Eq.	(7-60)	is	only	adequate,	judging	by	its	prediction	for	an	adiabatic	wall	in	Fig.	7-5c,	where	it	is	represented	by	a	dashed	curve.	Van	Driest’s	calculations	of	the	recovery	factor,	r
≈	Pr1/2,	and	the	Reynolds	analogy	factor,	show	an	insignificant	drop-off	with	the	Mach	number.	Note,	however,	that	these	traditional	approximations	stand	for	flat-plate	flows	with	no	pressure	gradients.	Calculations	by	Van	Oudheusden	(1997,	2004)	and	others	show	a	strong	effect	of	a	pressure	gradient	on	the	recovery	factor.	For	compressible	heat
transfer	with	pressure	gradients,	an	accurate	CFD	result	is	preferred	to	Prandtl	number	formulas.	7-3.5	High-Speed	Plane	Stagnation	Flow	We	can	readily	extend	our	previous	discussion	to	stagnation	flow.	Here,	the	external	temperature	Te	refers	to	the	stagnation,	or	adiabatic-wall	temperature,	and	the	difference	between	Te	and	Tw	represents	the
correct	driving	temperature	for	heat	transfer.	The	similarity	equations	for	β	=	1	and	Mae	≈	0	are	(7-61a)	(7-61b)	(7-61c)	where	K	denotes	the	stagnation	velocity	gradient.	The	stagnation	region	is	subsonic	and,	if	Tw	is	not	too	different	from	Te,	we	have	C	≈	1	and	g	≈	1,	so	that	the	momentum	Eq.	(7-61a)	reduces	to	the	incompressible	Hiemenz
solution,	Eq.	(3-206)	or	Table	3-4,	with	f″(0)	≈	1.2326.	The	energy	Eq.	(7-61b)	can	be	separated	and	integrated	once	to	obtain	Using	the	same	approximations	which	led	to	Eq.	(7-53),	we	may	integrate	again	from	zero	to	infinity,	with	the	result	This	is	the	correct	theoretical	formulation,	but	the	numerical	constants	in	it	are	slightly	off.	Extensive
computations	by	Fay	and	Riddell	(1958),	using	the	Sutherland	viscosity	law,	have	led	to	slightly	adjusted	constants:	(7-62)	We	recognize	the	constant	0.570	from	the	Hiemenz	solution	for	incompressible	plane	stagnation	flow	in	Chap.	3.	Since	g′(0)	~	qw	and	[1	−	g(0)]	~	(	he	−	hw),	Eq.	(7-62)	is	equivalent	to	specifying	a	heat-transfer	rate	for
stagnation	flows:	(7-63a)	(7-63b)	Page	413	Since	the	local	Mach	number	is	negligible,	the	only	perceptible	difference	between	plane	and	axisymmetric	motions	appears	in	the	coefficient	(0.570	versus	0.763)	and	the	fact	that	the	local	velocity	gradient	K	may	differ.	The	heat	transfer	depends	strongly	upon	K,	and	no	practical	computations	can	be	made
unless	K	is	known	from	external	considerations.	For	flow	past	a	typical	aerodynamic	body	(cylinder	or	sphere,	for	example)	of	finite	size	D	and	approach	velocity	V∞	(see	Fig.	7-6),	the	local	velocity	gradient	K	at	the	stagnation	point	will	depend	upon	both	D	and	V∞	and,	to	a	lesser	extent,	upon	the	approach	Mach	number	Ma∞	and	the	particular	body
shape.	According	to	dimensional	analysis,	we	expect	(7-64)	FIGURE	7-6	Theoretical,	experimental,	and	estimated	stagnation-point	velocity	gradients	on	cylinders,	spheres,	and	flat	noses.	At	low	speeds	(subsonic	flow),	first-order	calculations	can	be	performed	using	the	Rayleigh–	Janzen	Mach	number	expansion	procedure	[Shapiro	(1953,	Chap.	12)].
Some	results	are	(7-65a)	(7-65b)	(7-65c)	A	flat-nosed	cylinder	has	a	considerably	smaller	gradient,	and	one	can	therefore	reduce	the	stagnation-point	heat	flux	by	flattening	the	nose.	At	supersonic	speeds,	where	these	formulas	are	invalid	[Anderson	(2000)],	the	gradient	may	be	estimated	from	Newtonian	impact	theory,	which	predicts	the	surface-
pressure	distribution	as	(7-66a)	(7-66b)	where	θ	is	the	angle	between	the	surface	normal	and	the	approaching	freestream;	for	example,	θ	=	0	at	the	nose.	For	a	circular	nose	of	diameter	D,	planar	or	spherical,	we	can	substitute	θ	=	2x/D	in	Eq.	(7-66b)	and	cancel	x	to	obtain	(7-67)	Remembering	that,	in	this	case,	the	subscript	e	denotes	stagnation
conditions,	we	can	compute	ρ∞/ρe	from	normal	shock-wave	theory	and,	for	an	ideal	gas,	we	get	(7-68)	Page	414	This	expression,	though	impressive,	is	slowly	varying.	For	γ	=	1.4,	Fig.	7-6	shows	that	KD/V∞	from	Eq.	(7-67)	decreases	from	2.25	at	Ma	=	1	to	about	1.12	at	an	infinite	Mach	number.	These	values	merge	for	subsonic	flow	with	the	low-
speed	formulas	in	Eqs.	(7-65a)	and	(7-65b).	Data	taken	by	Korobkin	at	the	Naval	Ordinance	Laboratory	(Report	3841)	agree	with	this	trend	but	fall	consistently	about	10	percent	lower.	Equation	(7-67)	is	not	valid	for	flat	noses,	where	it	predicts	K	=	0	as	D	approaches	infinity.	Were	it	true,	a	flat	nose	would	have	eliminated	stagnation-point	heat
transfer!	However,	there	is	no	question	that	flat	noses	reduce	K,	and	an	estimated	flat-nose	curve	is	shown	in	Fig.	7-6,	based	on	asymptotic	values	at	Ma	=	0	and	Ma	=	∞.	Equation	(7-67)	is	best	applied	to	a	round	nose	that	merges	smoothly	with	the	afterbody,	such	as	a	hemispherical	cylinder.	Meanwhile,	a	flat	nose	reduces	stagnation-point	heat
transfer	by	up	to	50	percent,	since	qw	is	proportional	to	K1/2.	In	between	these	two	cases	is	a	hybrid	body	consisting	of	a	shallow	spherical	cap	attached	to	a	cylinder,	resulting	in	a	sharp	corner	at	the	shoulder.	Figure	7-7	shows	hypersonic	velocity	gradient	data	for	such	bodies,	as	given	by	Trimmer	(Report	AEDC-TR-68–99,	1968).	For	shallow	noses
with	R/r	>	1.42,	the	sonic	point	occurs	at	the	sharp	shoulder,	and	the	Newtonian	(supersonic)	theory	predicts	too	low	of	a	gradient.	For	rounder	noses,	1	<	R/r	<	1.42,	the	sonic	point	occurs	at	θ	≈	45o	and	KD/V∞	≈	1.12,	as	predicted	by	Eq.	(7-67)	for	hypersonic	flow.	FIGURE	7-7	Comparison	of	theory	and	experiment	for	the	stagnation-point	velocity
gradient	K	on	cylinders	with	spherical	noses.	Assuming	that	K	is	known,	the	stagnation-point	theory	for	heat-flux	prediction	appears	to	be	in	excellent	agreement	with	experiments.	Figure	7-8	provides	a	comparison	of	Eq.	(7-63b)	with	shock-tube	experiments	by	Rose	and	Stark	(1958)	on	a	hemispherical	cylinder	at	hypersonic	speeds	approximating
reentry	conditions.	It	is	speculated	that	discrepancies,	if	any,	are	due	almost	entirely	to	the	difficulty	of	estimating	gas	viscosity	at	the	very	high	temperatures	associated	with	the	stagnation	point	at	hypersonic	conditions.	FIGURE	7-8	Theoretical	stagnation-point	heat	flux	compared	with	shock-tube	experiments	by	Rose	and	Stark	(1958)	on	a
hemispherical	cylinder.	Page	415	7-4	COMPRESSIBLE	LAMINAR	BOUNDARY	LAYERS	UNDER	ARBITRARY	CONDITIONS	Although	the	flat	plate	and	stagnation-point	problems	lead	to	the	most	important	compressible-flow	solutions,	there	are	practical	problems	of	variable	velocity	Ue	(x)	and	temperature	Te	(x)	or	Tw	(x)	that	require	a	numerical
method	to	compute,	at	least	approximately,	the	wall	skin-friction	and	heat-flux	distributions.	The	English	translation	of	the	monograph	by	Walz	(1969)	is	essentially	devoted	to	the	development	of	such	approximate	computations,	mainly	for	laminar	but	also	for	turbulent	boundary	layers.	Moreover,	the	monograph	by	Stewartson	(1964)	may	be	an
excellent	source	for	approximate	theories	that	apply	to	compressible,	laminar,	boundary	layers.	At	least	three	possible	strategies	may	be	pursued	in	the	development	of	an	approximate	laminar-flow	theory:	1.	Modification	and	extension	of	the	compressible	similarity	solutions	of	Eqs.	(7-47a)	and	(7-47b).	2.	Extension	to	the	integral	momentum	and
energy	relations	of	compressible	flow.	3.	Finite-difference	computations	of	the	exact,	compressible,	laminar	equations.	Let	us	have	a	brief	look	at	each	of	these	approaches.	7-4.1	Modification	of	Compressible	Similar	Solutions	A	complete	assortment	of	velocity	and	stagnation	enthalpy	distributions	is	provided	by	Cohen	and	Reshotko	(1956)	for
Falkner–Skan-type	compressible	similar	flows.	In	this	context,	the	simplifying	assumptions	C	=	Pr	=	1	are	made	so	that	variable	viscosity	effects	are	only	approximate	and	Prandtl	number	effects	are	absent.	Consequently,	our	similarity	Eqs.	(7-47a)	and	(7-47b)	reduce	to	(7-69a)	(7-69b)	(7-69c)	Cohen	and	Reshotko	employ	the	stagnation	enthalpy
variable	S	because,	for	a	unit	Prandtl	number,	S	no	longer	depends	on	the	Mach	number,	but	rather	on	the	wall	heat	transfer	Sw	and	the	pressure	gradient	parameter	β.	Their	computed	velocity	profiles	are	shown	in	Fig.	7-9	for	a	hot	wall	(Sw	=	+1.0)	and	a	cold	wall	(Sw	=	−1.0).	An	insulated	adiabatic	wall	lies	in	between	(Sw	=	0	or	H	=	const)	and	is
identical	to	the	incompressible	Falkner–Skan	profiles	(Fig.	4-16a).Page	416	Note	that	the	similarity	coordinate	is	of	the	Falkner–Skan	type	and	not	the	same	as	η	defined	here	[Eq.	(7-34)].	At	least	two	observations	about	these	curves	are	of	interest:	FIGURE	7-9	Similarity	solutions	for	a	compressible,	laminar,	boundary	layer:	(a)	cold	wall	(Sw	=	−1.0);
(b)	hot	wall	(Sw	=	+1.0).	[After	Cohen	and	Reshotko	(1956).]	1.	The	separation	point	is	affected	by	heat	transfer,	βsep	being	−0.326	for	the	cold	wall	(Sw	=	1.0),	−0.1988	for	the	insulated	wall	(Sw	=	0),	and	−0.1305	for	the	hot	wall	(Sw	=	+1.0).	Hot	walls	suffer	earlier	separation,	and	cold	walls	resist	it,	as	we	have	seen	before.	2.	Hot-wall	profiles
overshoot	the	freestream	velocity	for	positive	β	(favorable	gradient).	This	is	obvious	for	β	=	2.0	and	barely	visible	for	β	=	0.5.	We	should	also	remark	that	the	coordinate	in	Fig.	7-9	contains	the	quantity	ν0,	which	denotes	the	kinematic	viscosity	evaluated	at	the	freestream	stagnation	temperature	T0.	An	extensive	set	of	tables	of	compressible	similarity
solutions	can	be	found	in	the	paper	(and	related	report)	by	Bae	and	Emanuel	(1989).	Figure	7-10	shows	the	computed	wall	shear	stress	function	f″(0)	and	the	Reynolds	analogy	factor	Cf	/(Ch	Pr2/3)	as	a	function	of	β	and	Sw	.	We	see	that	both	pressure	gradient	and	wall	temperature	give	strong	effects.	FIGURE	7-10	Computations	of	(a)	skin	friction	f
″(0)	and	(b)	the	Reynolds	analogy	parameter	for	laminar	compressible	similar	flows.	[After	Cohen	and	Reshotko	(1956).]	For	nonsimilar	flows,	it	seems	reasonable	as	a	first	approximation	to	compute	the	local	value	of	β(x)	and	use	Fig.	7-10	to	estimate	the	wall	heat	flux	and	skin	friction.	This	was	suggested	by	Lees	(1956),	who	also	performed	a	clever
approximate	analysis	for	the	forward	region	of	a	blunt	body.	As	we	move	away	from	the	stagnation	point	of	a	cylinder	or	sphere,	the	heat	flux	drops	off,	but	not	as	any	simple	function	of	x	or	ϕ.	The	local	Falkner–Skan	parameter	is	(7-70)	For	a	perfect	gas,	we	can	compute	Ue	(x)	from	the	relation	and	the	Mach	number	Mae	(x)	can	be	estimated	from
the	Newtonian	approximation	given	by	Eqs.	(7-66a)	if	the	approaching	flow	is	supersonic:	(7-71)	Page	417	The	ratio	from	normal-shock	theory	at	high	Mach	numbers,	e.g.,	White	(2016,	p.	615).	Therefore,	since	θ	=	2x/D	for	a	round	nose,	Eq.	(7-71)	is	a	formula	to	predict	surface	Mach	number	supplemented	by	the	ideal-gas	isentropic	relations	(7-72)
For	a	round-nosed	blunt	body,	Lees	(1956)	combines	these	approximations	with	a	modified	form	of	the	Illingworth	transformation	in	Eq.	(7-34)	and	uses	the	concept	of	“local	similarity,”	which	enables	us	to	determine	the	heat	transfer	qw(x)	from	the	local	gradient	β(x)	through	Eq.	(7-70).	The	result	is	the	following	formula	for	the	local	heat	flux:	(7-73)
We	recall	that	K	represents	the	stagnation-point	velocity	gradient	(Figs.	7-6	and	7-7),	and	r0(x)	stands	for	the	body	surface	radius,	with	j	=	1	for	axisymmetric	flow	and	j	=	0	for	planar	flow.	Also,	C	=	ρμ	/	(	ρe	μe)	is	the	Chapman–Rubesin	parameter;	hence	Ce/C0	=	ρe	μe/(	ρ0	μ0),	where	the	subscript	“0”	refers	to	the	stagnation	point.	This	formula	is
quite	simple	in	appearance,	but	the	required	quadrature	is	somewhat	tedious.	Shortly	thereafter,	Kemp	et	al.	(1959)	slightly	refined	the	analysis	and	proposed	adding	a	correction	factor	in	the	form	of	a	multiplier,	(7-74)	This	relation	leads	to	about	a	10	percent	correction	at	the	most.	In	either	Eqs.	(7-73)	or	(774),	one	should	estimate	qw(0)	as
accurately	as	possible,	using,	say,	Eqs.	(7-63a)	and	(7-63b).	Figure	7-11	compares	these	two	formulas	with	experimental	heat-flux	measurements	taken	on	a	hemisphere	in	hypersonic	flow.	Both	appear	to	be	in	favorable	agreement.	FIGURE	7-11	Comparison	of	theory	and	experiment	for	local	heat	transfer	in	hypersonic	laminar	flow	past	a	hemisphere.
7-4.2	Integral	Relations	for	a	Compressible	Boundary	Layer	A	second	possible	approach	to	an	arbitrary,	compressible,	boundary	layer	is	through	the	Kármán-type	momentum-integral	relations,	similar	to	the	incompressible-flow	theories	developed	in	Sec.	4-6.	The	approach	is	nearly	unchanged,	but	the	integral	relations	must	be	rederived	from	the
compressible,	boundary-layer	Eqs.	(7-22a),	(7-22b),	and	(7-22c);Page	418	the	velocity	υ	is	eliminated	through	the	continuity	Eq.	(7-22a)	and	then	Eqs.	(7-22b)	and	(722c)	are	integrated	outwardly	from	the	wall	to	infinity.	The	first	result	is	the	momentumintegral	relation	(7-75)	and,	for	an	adiabatic	freestream,	This	relation	is	valid	for	either	laminar	or
turbulent	flow.	For	low-speed	motion	at	constant	density,	Eq.	(7-75)	reduces	to	the	Kármán	momentum-integral	relation	Eq.	(4-143).	The	effect	of	compressibility	adds	three	complicating	factors	to	the	analysis:	(1)	the	density	variation	must	be	included	in	the	definition	of	the	integral	thicknesses,	(2)	the	freestream	Mach	number	is	an	important	part	of
the	pressure	gradient	term,	and	(3)	at	high	speeds,	the	pressure	variation	integrated	across	the	boundary	layer	[last	term	on	the	left	of	Eq.	(7-75)]	may	be	too	large	to	neglect.	7-4.3	The	Laminar	Boundary	Layer	For	laminar	flow,	it	is	customary	to	neglect	the	cross-streamwise	pressure	variation	and	consider	only	adiabatic	freestreams,	for	which	Eq.
(7-75)	reduces	to	(7-76)	In	computing	θ	and	δ*	from	their	definitions	in	(7-75),	we	can	avoid	the	energy	equation	by	substituting	the	ideal	gas	expression,	ρe	Te	≈	ρT,	into	the	Crocco–Busemann	relation,	(7-29),	which	can	be	expanded	as	(7-77)	since	In	terms	of	the	density	ratio,	we	have	(7-78)	where	the	normalized	velocity	and	wall	temperatures	refer
to	In	this	manner,	the	density	ratio	can	be	entirely	eliminated	in	the	displacement	and	momentum	thickness	integrals;	the	latter	become	expressible	directly	as	functions	of	the	normalized	velocity	and	wall	temperatures,	specifically,	(7-79)	Naturally,	these	extended	integrals	are	easier	to	evaluate,	provided	the	temperatures	are	known.	Moreover,	the
incompressible	forms	of	δ*	and	θ	can	be	restored	as	special	cases	for	which	The	text	by	Walz	(1969)	discusses	several	approaches	to	the	solution	of	Eq.	(7-76).	Here	we	present	only	the	method	of	Gruschwitz	(1950),	who	extends	the	classic	Kármán–	Pohlhausen	technique	by	approximating	both	velocity	and	density	as	polynomials	in	y/δ.	The	single
parameter	is	the	dimensionless	pressure	gradient,	λ	or	Λ:	(7-80)	Page	419	Note	that	for	low-speed	adiabatic	flow,	ρ	≈	ρe,	Δ	≈	δ,	and	Λ	reduces	to	Pohlhausen’s	original	parameter	(δ2/ν)	dU/dx.	Gruschwitz	substitutes	his	polynomial	distributions	in	the	momentum-integral	and	mechanical-energy	integral	relations	and	finds,	after	considerable	algebra,
that	the	problem	reduces	to	a	single	first-order	differential	equation	for	the	momentum	thickness	θ	(x),	specifically	(7-81)	It	is	assumed	that	the	variation	of	Ue,	νe,	Mae,	and	Te/Tw	are	known	functions	of	x.	Gruschwitz	then	proceeds	to	specify	polynomial	expressions	for	F1	and	F2,	which	include	the	Prandtl	number	and	specific-heat	ratio	as
parameters:	(7-82)	The	exponential	approximations	are	for	the	special	case	of	Pr	=	0.72,	γ	=	1.4,	which	corresponds	to	air	quite	closely	and	avoids	unnecessary	algebra.	Again,	it	is	believed	that	this	method	of	Gruschwitz	is	equivalent	in	accuracy	to	several	more	sophisticated	techniques.	Once	λ(x)	is	found	from	the	(numerical)	solutions	of	Eqs.	(7-
81)–(7-82),	and	Λ(x)	is	computed	from	Eq.	(7-80),	the	local	skin	friction	and	separation	point	may	be	estimated	from	(7-83)	These	equations,	though	algebraically	complicated,	are	easy	to	program	and	solve	numerically.	For	further	detail	on	the	laminar-flow	method	by	Gruschwitz	(1950),	see	Schreier	(1982).	7-4.4	Finite-Difference	Methods	for
Compressible	Laminar	Flow	Since	the	laminar-boundary-layer	equations	are	well	defined	and	essentially	free	from	empiricism,	they	are,	in	principle,	solvable	by	finite-difference	or	finite-element	methods.	Many	workers	have	suggested	numerical	approaches,	and	some	of	these	are	discussed	in	the	texts	by	Cebeci	and	Smith	(1974),	Schreier	(1982),
and	Anderson	(2000).	Most	of	the	published	methods	use	coordinate	transformations	before	applying	numerical	approximations.	Here	we	present	a	finite-difference	approach	in	the	raw	variables	(u,	υ,	ρ,	p,	T)	as	an	extension	of	the	incompressible-flow	methods	of	Sec.	4-7.	The	results	are	easy	to	understand	and	program.	We	consider	only	two-
dimensional,	steady,	compressible	flow.	We	denote	the	(x,	y)	location	of	a	mesh	point	by	subscripts	(m,	n)	as	in	Fig.	7-12,	which	is	a	convenient	repetition	of	Fig.	4-30.	The	variables	at	each	node	are	denoted	by	um,n,	υm,n,	ρm,n,	and	Tm,n.	The	transport	properties	μm,n,	km,n,	and	cpm,n	also	vary	because	of	temperature	variations.	The	freestream
properties	are	assumed	to	be	known	functions	of	x	with	only	one	coordinate	subscript:	Ue,m,	Te,m,	pe,m,	and	ρe,m.	The	Prandtl	number	is	assumed	constant.	FIGURE	7-12	Finite-difference	mesh	for	a	two-dimensional	boundary	layer.	7-4.4.1	AN	EXPLICIT	MODEL.	The	steady	form	of	the	x-momentum	Eq.	(7-1b)	can	be	expressed	as	(7-84)	where	we
have	broken	up	the	viscous	term	into	two	parts.	By	analogy	with	the	development	of	Sec.	4-7.1,	the	finite-difference	model	of	this	equation	may	be	written	as	If	we	clean	this	up	and	solve	for	the	(single)	downstream	velocity,	we	obtain	(7-85)	Page	420	where	Equation	(7-85)	represents	the	compressible	analog	of	the	incompressible	formula	given	by
Eq.	(4-167).	Next,	we	consider	the	steady	form	of	the	energy	Eq.	(7-1d	),	namely,	(7-86)	As	we	mimic	the	development	of	Sec.	4-8.2,	an	explicit	finite-difference	model	of	this	equation	can	be	written	as	This	may	be	rearranged	into	the	following	explicit	scheme:	(7-87)	This	is	the	compressible	analog	of	Eq.	(4-184)	Finally,	continuity	in	Eq.	(7-1a)	may	be
discretized	as	and	then	rearranged	to	solve	for	the	normal	velocity	at	the	next	mesh	point:	(7-88)	This	expression	corresponds	to	Eq.	(4-169).	The	density	values	at	(m	+	1)	can	be	computed	directly	from	the	ideal-gas	law,	once	the	temperatures	are	known	from	Eq.	(7-87).	In	general,	we	have	(7-89)	Page	421	The	transport	properties	can	be	computed
from	the	known	temperature.	For	air,	for	example,	power-law	approximations	may	be	used	from	Tables	1-1	and	1-2	to	give	(7-90)	Subsequently,	cpm,n	=	km,n	Pr/μm,n	can	be	deduced.	Equations	(7-85)	and	(7-87)–(7-90)	must	be	solved	collectively	for	(u,	T,	υ,	ρ,	μ,	k,	cp)	at	the	new	point	(m	+	1,	n).	Since	the	method	is	explicit,	the	following	inequalities
must	hold	for	numerical	stability,	assuming	a	gas	with	Pr	<	1:	(7-91)	These	parameters	should	be	monitored	during	the	computation	to	ensure	convergence.	7-4.4.2	AN	IMPLICIT	MODEL.	By	analogy	with	Sec.	4-7.2,	an	implicit	finitedifference	scheme	may	be	established	by	evaluating	the	second	derivatives	of	u	and	T	at	the	next	station,	(m	+	1).	We
then	obtain	two	tridiagonal	relations:	(7-92)	(7-93)	These	can	be	solved,	in	conjunction	with	Eq.	(7-88),	for	the	new	velocities	and	temperatures,	using	the	tridiagonal	matrix	algorithm	described	in	Sec.	4-7.2.1.	Generally,	this	implicit	computation,	though	more	complex	algebraically,	is	faster	for	a	given	accuracy	than	the	explicit	formulation.	The
density	and	transport	properties	are	again	computed	by	Eqs.	(7-89)	and	(7-90).	The	boundary	conditions	for	either	the	explicit	or	implicit	method	are	(7-94a)	(7-94b)	(7-94c)	(7-94d)	(7-94e)	The	implicit	method	has	no	stability	limitations,	but	a	small	mesh	size	(Δx,	Δy)	should	nevertheless	be	chosen	in	order	to	cap	the	resulting	truncation	errors.	7-4.4.3
EXAMPLE:	A	FLAT	PLATE	WITH	ADIABATIC	WALL.	The	finitedifference	marching	methods	discussed	before	can	be	applied,	in	principle,	to	any	laminar,	compressible,	boundary	layer	with	known	freestream	and	wall-temperature	conditions.	As	an	example,	let	us	consider	flow	over	a	flat-plate	with	Mae	=	3.0,	assuming	air	with	a	freestream
temperature	of	300	K	and	a	Prandtl	number	of	0.71.	Viscosity	and	thermal	conductivity	are	readily	computed	by	the	power-law	approximations	in	(7-90).	The	transverse	mesh	size	Δy	can	be	chosen	such	that	the	velocity	profile	will	contain	about	40	points.	The	streamwise	step	size	Δx	can	be	chosen	so	that	velocities	and	temperatures	change	by	no
more	than	5	percent	with	each	step.	To	avoid	instability,	the	implicit	method	of	Sec.	7-4.4.2	can	be	readily	implemented.	Figure	7-13	shows	the	computed	results	for	both	an	adiabatic	and	a	cold	wall	(Tw	=	Te).	In	comparison	to	the	exact	analytical	results	of	Figs.	7-3	and	7-4,	the	adiabatic-wall	temperature	is	slightly	lower,	corresponding	to	a	recovery
factor	r	≈	0.81.	The	cold	wall	greatly	suppresses	the	high	temperatures	generated	by	viscous	dissipation	and	creates	a	thinner,	more	rounded	velocity	profile	that	is	more	stable	(i.e.,	resistant	to	transition).	The	computed	values	of	and	1.28	for	adiabatic	and	cold	walls,	respectively,	are	very	close	to	the	exact	values	of	Fig.	7-5a.	The	numerical
approach	is	judged	to	be	a	reasonable	success.	FIGURE	7-13	Digital-computer	results	for	velocity	and	temperature	profiles	in	flat-plate	flow	at	Ma	=	3.0,	from	Eqs.	(7-88),	(7-92),	and	(7-93).	7-4.4.4	EXAMPLE:	SUPERSONIC	LINEARLY	DECELERATING	FLOW.	As	a	second	example	involving	an	adverse	pressure	gradient,	let	us	consider	an	extension	of
the	Howarth	flow	from	Sec.	4-5.1,	where	U	=	U0	(1	−	x/L),	to	a	compressible,	linearly	decreasing,	freestream	Mach	number	with:	(7-95)	Page	422	For	incompressible	conditions,	Ma0	≪	1,	this	laminar	motion	separates	at	x/L	≈	0.12	(see	Figs.	4-25	or	4-31).	For	higher	Mach	numbers,	let	us	assume	an	adiabatic	wall	and	compare	the	predictions	of	our
integral	method	to	those	of	a	finite-difference	solution.	Again	let	us	take	the	freestream	as	air	at	300	K	with	Pr	=	0.71.	It	is	quite	easy	to	use	Eq.	(7-95)	in	conjunction	with	the	Gruschwitz	integral	method,	Eq.	(7-81).	One	needs	only	an	estimate	for	the	wall	temperature,	which	could	be	supplied	by	assuming	a	“local”	recovery	factor	of	(7-96)	Integration
of	Eq.	(7-81)	by,	say,	the	Runge–Kutta	method,	will	readily	produce	θ	(x),	which	then	enables	us	to	deduce	λ(x)	and	Cf	(x)	directly	from	Eqs.	(7-80)	and	(7-83),	respectively.	Alternatively,	the	implicit	numerical	method	of	Sec.	7-4.4.2	can	be	programmed	using	Eq.	(7-95),	with	an	adiabatic-wall	(qw	=	0)	approximation	and	Tm,2	=	Tm,1.	In	this	vein,	the
boundary	layer	can	be	discretized	with	at	least	40	mesh	points	Δy	at	each	x	station.	The	local	skin	friction	predicted	by	each	method	is	reported	in	Fig.	7-14.	The	case	of	Ma0	=	0	corresponds	to	our	earlier	study	and	Fig.	4-31.	We	see	that	compressibility,	in	this	case,	causes	earlier	separation	of	the	laminar	boundary	layer.	If	we	assume	that	the
numerical	results	in	Fig.	7-14	are	trustworthy,	then	the	integral	method	of	Gruschwitz	may	be	characterized	as	being	qualitatively	correct	but	imprecise	at	increasing	Mach	numbers.	FIGURE	7-14	Boundary	layer	with	linearly	decreasing	freestream	Mach	number:	comparison	of	an	integral	method	[Eq.	(7-81)],	with	an	implicit	finite-difference	method
[Eqs.	(7-88),	(7-92),	and	(7-93)].	An	interesting	sidelight	of	this	example	is	that	the	computed	adiabatic-wall	temperatures	prove	to	be	lower	than	expected,	especially	near	separation.	The	following	table	of	computed	recovery	factors	near	separation	illustrates	this	point:	Page	423	The	reason	for	this	behavior	is	that,	for	a	given	value	of	Ue,	the	near-
wall	shear	stresses	near	separation	decrease,	and	the	viscous	dissipation	term	[μ	(∂u/∂y)2]	becomes	smaller,	hence	generating	less	internal	energy	compared	to	This	lowering	of	Taw/Te	is	difficult	to	estimate	beforehand	and	so	it	cannot	be	reasonably	preprogrammed	into	the	Gruschwitz	method	of	Eq.	(7-81).	7-4.4.5	OTHER	NUMERICAL	SOLUTIONS.
The	aerospace	industry	has	developed	many	CFD	approaches	for	compressible	viscous	flows.	Laminar	flow	is	especially	successful,	even	for	three-dimensional	geometries,	since	supercomputers	can	now	supply	billions	of	mesh	points.	One	can	now	compute	the	supersonic	flow	field	around	a	complex	aircraft	shape,	as	reviewed	by	Agarwal	(1999).
However,	the	turbulence-modeled	portions	of	aircraft	flow	are	not	so	accurate.	Compressible-flow	CFD	methods,	primarily	inviscid,	are	reviewed	in	monographs	by	Laney	(1998),	Anderson	(2002),	Chattot	(2002),	and	Felcman	et	al.	(2003).	Shock-wave	discontinuities	are	often	present	and	difficult	to	predict,	although	excellent	shock-capturing	and
shock-fitting	CFD	schemes	have	been	developed.	Most	boundary-layer	calculations	use	finite	differences,	but	the	finite-element	method	is	also	successful	[Hytopoulos	et	al.	(1993)].	Compressible-boundary-layer	integral	methods	are	also	available	from	the	Internet	Applets	of	Devenport	and	Schetz	(2002).	Boundary-layer	computations	began	in	the
1960s	with	the	work	of	A.	M.	O.	Smith	and	colleagues	at	McDonnell-Douglas	Corp.	Figure	7-15	depicts	the	computations	of	Smith	and	Clutter	(1965)	for	hypersonic	flow	past	a	flat-nosed	cylinder	with	a	rounded	shoulder.	It	may	be	readily	seen	that	the	agreement	with	data	from	Kemp	et	al.	(1959)	is	adequate.	The	simple	correlations	of	Eqs.	(7-73)	and
(7-74)	from	Lees	(1956)	are	also	quite	reasonable.	Such	results	require	a	preliminary	inviscid	calculation	to	yield	accurate	freestream	distributions	for	Ue	(x)	and	Te	(x).	Page	424	FIGURE	7-15	Comparison	of	theory	and	experiment	for	surface	heat	flux	in	laminar	hypersonic	flow	past	a	flat-nosed	cylinder.	7-5	SPECIAL	TOPICS	IN	COMPRESSIBLE
LAMINAR	FLOW	The	subject	of	compressible	(supersonic)	viscous	flow	is	a	broad	one,	as	there	are	many	topics	under	investigation,	including,	for	example:	(1)	high-temperature	breakdown	of	air	into	separate	species,	notably	the	dissociation	of	oxygen	and	nitrogen,	with	resulting	species	diffusion;	(2)	combustion,	ionization,	and	other	nonequilibrium
thermodynamic	processes;	(3)	radiation	from	a	hot-gas	boundary	layer;	and	(4)	foreign-gas	injection	into	the	boundary	layer.	Here	we	briefly	discuss	two	of	these	topics.	For	further	reading,	see	Anderson	(2000).	7-5.1	The	Laminar	Supersonic	Cone	Rule	Let	us	consider	the	case	of	an	inviscid	supersonic	flow	past	a	cone	at	zero	incidence	[e.g.,	Shapiro
(1954,	Chap.	17)];	for	Ma∞	>	1.2	and	a	cone	half-angle	below	55	o,	the	resulting	shock	wave	remains	attached	to	the	cone	vertex,	and	the	flow	at	the	cone	surface	has	constant	velocity,	pressure,	and	temperature.	As	such,	the	boundary	layer	in	supersonic	cone	flow	at	zero	incidence	exhibits	properties	akin	to	those	associated	with	flat-plate	flow.	In
addition	to	a	zero	pressure	gradient,	let	us	assume	that	Tw	is	constant.	The	boundary-layer	flow	is	axisymmetric,	and	Lees	(1956)	modified	the	applicable	Illingworth	transformation	through	Eqs.	(7-34)	as	follows:	(7-97)	where	r0	(x)	stands	for	the	body	surface	radius	while	the	exponent	j	=	1	stays	for	axisymmetric	flow	and	j	=	0	for	planar	motion.
Note	the	resemblance	to	the	incompressible	Mangler	transformation	embodied	in	Eqs.	(4-208).	When	substituted	into	the	boundary-layer	momentum	and	energy	equations,	the	similarity	relations	given	by	Eqs.	(7-47a)	and	(7-47b)	are	obtained.	Now	let	us	define	a	cone	of	half-angle	ϕ	and	r0	=	bx,	where	b	=	tan−1	ϕ.	Then	the	variables	ξ	and	η	become
(7-98)	From	the	expression	for	dη/dy,	we	can	then	compute	the	skin-friction	coefficient	at	the	surface	(7-99)	Page	425	where	C	denotes	the	Chapman–Rubesin	parameter	and	f″(0)	may	be	computed	from	the	similarity	Eqs.	(7-47a)	and	(7-47b)	for	zero	pressure	gradients	with	β	=	0.	If	we	carry	out	the	same	analysis	for	flat-plate	flow	with	constant	wall
temperature,	we	obtain	(7-100)	Interestingly,	if	a	cone	and	a	plate	have	the	same	Tw/Te,	then	Cw	will	be	the	same	for	both;	furthermore,	if	the	Mach	number	and	specific-heat	ratio	are	the	same	for	both,	then	f″(0)	will	be	the	same,	because	it	originates	from	identical	similarity	equations	for	β	=	0.	So	by	comparing	the	two	Cf	expressions,	a	cone-to-
plate	rule	may	be	readily	identified	for	laminar	compressible	flow.	We	may	take	at	least	two	points	of	view:	(7-101a)	(7-101b)	The	view	in	Eq.	(7-101a)	is	the	usual	one	stated	in	the	literature:	If	a	cone	and	a	plate	have	the	same	local	Reynolds	number,	Mach	number,	and	wall-temperature	ratio,	then	the	cone	skin	friction	is	73.2	percent	higher	than	the
plate’s	local	friction.	Further,	if	both	have	the	same	Prandtl	number,	then	the	cone	local	heat	flux	is	also	73.2	percent	higher	than	the	plate’s.	This	behavior	follows	from	the	Reynolds	analogy	[Eq.	(7-56c)].	There	is	also	a	turbulent	cone	rule	(Sec.	7-8.4),	but	in	this	case	the	ratio	of	cone	to	plate	Cf	and	Ch	is	only	about	1.1–1.15,	not	a	simple	square	root,
1.732.	For	this	reason,	a	Reynolds	number	ratio	based	on	Eq.	(7-101b)	is	the	way	a	turbulent	cone	rule	is	specified.	7-5.2	Hypersonic	Flow:	Shock-Wave	Boundary-Layer	Interactions	As	supersonic	flow	increases	to	hypersonic	conditions,	interactions	between	the	boundary	layer	and	the	freestream	become	important.	As	Anderson	(2002)	remarks,	the
definition	of	hypersonic	(Greek,	hyper:	over,	above,	excessive)	is	flexible,	although	it	usually	corresponds	to	Ma	>	5.	The	key	indicator	depends	on	the	shock-wave	boundary-layer	interactions.	If	they	are	strong,	the	flow	is	hypersonic.	Interactions	can	be	classified	depending	on	(1)	pressure	induced	by	the	displacement	effect	of	the	boundary	layer,	(2)
blast-wave	effects	due	to	blunting	of	a	leading	edge,	(3)	flow	separation	in	a	supersonic	compression	corner,	(4)	a	shock	wave	impinging	on	a	boundary	layer,	and	(5)	boundary	layer	changes	due	to	vorticity	introduced	from	a	curved	upstream	shock	wave.	The	interaction	problem	is	intriguing,	because	it	requires	the	outer	inviscid	and	inner	viscous-
flow	equations	to	be	solved	simultaneously.	Reviews	of	hypersonic	flow	theory	are	given	in	the	classic	texts	by	Hayes	and	Probstein	(1959),	Dorrance	(1962),	as	well	as	Rasmussen	(1994),	Smits	and	Dussauge	(1996),	and	Anderson	(2000).	Let	us	consider	the	specific	problem	of	supersonic	flow	past	a	sharp-edged	flat	plate,	as	shown	in	Fig.	7-16.	The
boundary	layer	has	a	finite	but	small	displacement	effect	δ*(x)	that	is	negligible	at	low	speeds	but	causes	a	significant	induced	leading-edge	shock	wave	to	appear	at	high	speeds.	The	shock	increases	the	pressure	pe	(x)	over	the	leading-edge	region,	as	sketched	in	Fig.	7-16.	Associated	with	this	pressure	rise	are	increased	skin	friction	and	surface	heat
transfer.	FIGURE	7.16	Flat-plate	leading-edge	shock	wave	and	pressure	distribution	induced	by	boundary-layer	displacement.	Page	426	In	a	hypersonic	boundary	layer,	near-wall	temperatures	are	high	and	densities	low	compared	to	the	freestream.	Thus,	since	ρ/ρe	≪	1,	the	displacement	thickness	Subsequently,	our	Eq.	(7-60)	will	indicate	that,	if	Mae
≈	Ma∞	≫	1,	(7-102)	The	displacement	thickness	represents	a	growing	“body	shape”	to	the	approaching	supersonic	flow,	which	must	deflect	by	a	local	angle	ϕ	≈	dδ*/dx.	If	Ma∞	≫	1,	the	obliqueshock	formulas	[e.g.,	White	(2016,	Chap.	9)]	show	that	the	pressure	rise	across	the	shock	is	approximately	a	function	only	of	the	specific-heat	ratio	and	the
single	parameterK	=	Ma∞	ϕ:	(7-103)	This	formula	is	valid	whenever	K	=	Ο(1)	and	ϕ	<	20	o.	Differentiation	of	Eq.	(7-102)	shows	that	dδ*/dx	is	also	proportional	to	Then	the	parameter	K	may	be	written	as	(7-104)	The	new	grouping,	χ,	is	called	the	hypersonic-interaction	parameter.	The	strength	of	the	leading-edge	interactions	in	Fig.	7-16	depends	on
the	size	of	this	parameter.	The	following	order-of-magnitude	estimates	apply:	χ	≪	1:	negligible	interaction	effects.	χ	=	Ο(1):	weak	interaction;	can	be	computed	by	simply	assuming	supersonic	inviscid	flow	over	the	(uncoupled)	body	shape	δ*(x).	χ	≫	1:	strong	interaction;	δ*(x)	and	the	external	supersonic	flow	are	strongly	interdependent	and	must	be
solved	simultaneously.	As	it	turns	out,	one	can	derive	an	ordinary	differential	equation	valid	for	all	these	regimes,	and	therefore	there	is	no	real	need	to	distinguish	between	weak	and	strong	interactions.	An	excellent	review	of	this	type	of	theory	is	given	by	Bertram	and	Blackstock	(1961).	Since	pe	(x)	decreases	with	x,	as	shown	in	Fig.	7-16,	the
pressure	gradient	is	favorable,	which	tends	to	slightly	decrease	the	displacement	thickness.	Extensive	calculations	by	Bertram	and	Blackstock	(1961)	have	resulted	in	the	following	algebraic	correlation	for	flat	plates:	(7-105)	Differentiating	with	respect	to	x	and	evaluating	Eq.	(7-104),	we	obtain	a	more	precise	estimate	for	the	parameter	K:	(7-106)
Equations	(7-104)	and	(7-106)	may	be	solved	simultaneously	for	the	shock-induced	pressure	distribution	P(	χ),	with	the	initial	condition	P(0)	=	1.	A	numerical	solution	is	necessary,	but	the	results	are	nearly	linear	with	χ.	Thus,	a	linear	approximation	is	sufficient,	namely,	(7-107)	To	this	approximation	order,	then,	the	hypersonic-interaction	parameter	χ
successfully	correlates	the	leading-edge	induced	pressures.	For	γ	=	1.4	and	an	adiabatic	wall,	a	≈	0.23	and	so	Eq.	(7-107)	becomes	(7-108)	This	simple	expression	is	compared	with	experimental	data	for	adiabatic	flat	plates	in	Fig.	717.	The	theory	somewhat	underestimates	the	data	for	very	strong	interactions,	but	the	linear	behavior	is	evident.	For
further	details,	see	Bertram	and	Blackstock	(1961).	Page	427	FIGURE	7-17	Correlation	of	measured	shock-induced	pressures	on	an	adiabatic	flat	plate	in	air	at	high	Mach	numbers.	[After	Bertram	(1958).]	This	theory	has	been	extended	by	White	(1962b)	to	a	flat	surface	at	an	angle	of	attack.	The	results	are	in	good	agreement	with	hypersonic	force
measurements	on	wedges	at	angles	of	attack.	Anderson	(2000)	gives	an	interesting	discussion	of	viscous	interactions	on	various	hypersonic	vehicles.	Generally	speaking,	the	higher	pressures	induced	by	viscous	displacement	increase	the	body	drag	force	more	than	its	lift,	thereby	decreasing	its	lift–drag	ratio.	7-5.3	Weakly	Compressible	Duct	Flow:
The	Unsteady	Water	Hammer	Problem	Consider	an	initially	steady	or	unsteady	hydraulic	motion	in	a	long	pipe	that	contains	a	valve	somewhere	in	the	system	(Fig.	7-18).	The	so-called	water	hammer	can	be	triggered	by	a	sudden	closure	of	the	valve.	When	this	occurs,	the	flow	upstream	of	the	valve	will	be	stagnated,	hence	building	a	pressure	peak
that	propagates	as	a	left	traveling	wave	toward	the	left	inlet.	At	the	same	time,	the	flow	downstream	of	the	valve	gains	a	sudden	pressure	drop	that	will	first	propagate	downstream	until	it	reaches	the	open	outlet,	reflect	back,	and	then	travel	back	upstream	with	a	high-pressure	peak	that	impacts	the	valve	just	like	a	hammer.	This	to-and-fro	motion	is,
of	course,	repeated	cyclically,	withPage	428	the	pressure	waves	reflecting	at	the	open	ends	while	undergoing	each	time	a	180-degree	phase	change.	With	each	phase	change,	a	low-pressure	wave	reverses	to	a	high-pressure	wave,	and	vice-versa.	Naturally,	the	alternating	collisions	and	periodic	pressure	surges	lead	to	strong	vibrations	and	steep
intermittent	noise	that	can	cause	structural	damage	and	failures	in	the	valve,	fittings,	sensors,	and	piping	system.	FIGURE	7-18	Sketch	of	the	weakly	compressible	water	hammer	motion.	[After	Xuan	et	al.	(2012).]	Studies	of	the	water	hammer	problem	date	back	to	1883,	specifically	to	Johannes	von	Kries	(1883)	and	his	investigation	of	pulsation	in
blood	vessels.	The	problem	is	later	revisited	by	N.	Y.	Joukowsky	(1898),	who	manages	to	determine	the	strength	of	the	water	hammer	for	inviscid	flow.	In	the	following	120	years,	several	researchers	tackle	this	problem	using	either	theoretical	or	numerical	techniques;	however,	an	exact	solution	remains	intractable.	In	2011,	Li-Jun	Xuan	develops	a
theoretical	framework	based	on	Green’s	functions,	thus	leading	to	a	very	accurate	analytical	solution	for	the	water	hammer	problem	under	both	laminar	and	turbulent	conditions.	In	what	follows,	a	synopsis	of	Xuan’s	integrodifferential	solution	under	laminar	conditions	is	described.	To	start,	we	consider	the	unsteady	compressible	Navier–Stokes
equations	for	axisymmetric	flow.	The	motion	in	question	is	confined	to	a	circular	pipe	of	finite	length	L0	and	radius	r0,	with	a	slender	geometric	ratio	of	ℓ	=	r0/L0	≪	1.	For	simplicity,	we	label	our	dimensional	pressure,	density,	and	both	axial	and	radial	velocity	components	with	asterisks,	i.e.,	p*,	ρ*,	u*,	and	υ*,	which,	as	usual,	depend	on	the
dimensional	coordinates	(x*,	r*,	t*)	(see	Fig.	7-18).	The	valve	is	located	at	x*	=	0	and	the	weak	compressibility	of	the	problem	enables	the	use	of	a	linear	state	equation	of	the	form,	where	p0,	ρ0,	and	a0	denote	the	constant	pressure,	density,	and	speed	of	sound	in	the	fluid	at	a	reference	state.	With	these	parameters	in	hand,	a	judicious	scaling	analysis



leads	to	the	following	dimensionless	variables:	(7-109)	where	umax	stands	for	the	maximum	initial	velocity	and	Ma	=	umax/a0	≪	1	represents	the	largest	Mach	number.	In	view	of	the	slender	ratio	of	the	pipe	as	well	as	the	small	size	of	the	Mach	number,	a	Rayleigh–Janzen	perturbation	expansion	in	the	Mach	number	can	be	implemented.
Subsequently,	by	neglecting	terms	of	order	Ο(Ma,	ℓ2)	and	noting	that	the	normalized	density	and	pressure	ρ(x,	t)	=	p(x,	t)	are	both	equal	and	independent	of	r,	one	can	extract	the	leading-order	linearized	equations	(7-110)	where	ε	≡	1/(ℓRe),	with	the	acoustic	Reynolds	number	being	defined	as	Re	=	a0r0/ν.	This	set	of	linearized	relations	is
accompanied	by	several	initial	and	boundary	conditions.	Specifically,	we	have	(7-111)	To	make	further	headway,	the	velocity	is	decomposed	into	u(x,	r,	t)	=	u1	(x,	r,	t)	+	u2	(x,	r,	t)	such	that	the	axial	momentum	relation	can	be	split	into	two	sub-problems:	(7-112)	Naturally,	both	u1	and	u2	must	satisfy	the	homogeneous	boundary	conditions	prescribed
for	u	at	r	=	0	and	r	=	1.	In	view	of	this	decomposition,	a	Bessel	functional	expansion	can	be	used	to	extract	u1	from	(7-113)	where	J0	(r)	represents	the	zeroth-order	Bessel	function,	λn	reproduces	its	nth	root,	and	an	(x)	denotes	the	nth	coefficient	of	the	Bessel	expansion	of	the	initial	velocity	(7-114)	Page	429	with	J1	being	the	first-order	Bessel
function.	On	the	other	hand,	u2,	which	is	prescribed	by	a	non-homogenous	equation,	can	be	derived	using	Green’s	functional	method	starting	with	(7-115)	where	W(r,	t)	can	be	determined	from	(7-116)	Here	δ(t)	symbolizes	the	Dirac	delta	function.	At	this	juncture,	with	the	velocity	u(x,	r,	t)	in	hand,	one	can	revisit	the	continuity	equation	to	deduce	an
integrodifferential	relation	for	the	pressure.	One	gets	(7-117)	where	Then,	through	the	use	of	Laplace	transforms,	a	general	solution	to	this	equation	can	be	obtained,	as	shown	by	Xuan	et	al.	(2012).	For	the	special	case	of	an	initially	steady	pipe	flow	with	a	constant	pressure	gradient	of	the	form	∂	p/∂	x	=	−	C,	C	>	0,	one	is	left	with	(7-118)	where
Green’s	function,	Hε	(z,	t),	can	be	evaluated	from	(7-119)	The	last	step	is	to	extract	Hε	(x,	t)	using	a	numerical	technique	or	an	inverse	Laplace	transform,	namely,	(7-120)	To	illustrate	the	accuracy	of	this	solution,	the	theoretical	prediction	of	the	pressure	history	at	x	=	0	is	compared	in	Fig.	7-19	to	DNS	results	for	the	case	of	umax	=	10	m/s,	L0	=	800
m,	r0	=	1	m,	ν	=	0.2	m2/s	and	a0	=	1450	m/s,	where	the	valve	is	suddenly	closed.	The	DNS	results	are	acquired	using	an	implicit	time-marching	scheme	in	a	commercial	finite-volume	solver.	To	verify	grid	convergence,	two	grids	are	used:	Grid	1	with	6400	×	40	(x	×	r)	points	and	a	time	step	of	0.016	s	and	grid	2,	with	800	×	40	points	and	a	time	step
of	0.002	s.	As	it	may	be	surmised	from	Fig.	7-19,	both	numerical	simulations	agree	very	well	with	Xuan’s	theoretical	prediction.	FIGURE	7-19	Comparison	of	p*(0,	t*)	obtained	using	Eq.	(7-118)	and	two	DNS	solutions	carried	out	using	(x	×	r)	grid	resolutions	of	6400	×	40	(grid	1)	and	800	×	40	(grid	2).	[After	Xuan	et	al.	(2012).]	Page	430	7-6	THE
COMPRESSIBLE-TURBULENT-BOUNDARYLAYER	EQUATIONS	As	in	laminar	flows,	turbulent	compressible	flows	have	variable	density	and	need	supplementing	by	an	equation	of	state.	Turbulent	motion	also	has	the	additional	complication	of	having	to	account	for	density	fluctuations	(7-121)	with	the	usual	notation	of	a	bar	for	average	values	and	a
prime	for	fluctuating	values.	Since	density	keeps	occurring	together	with	other	variables,	additional	time-averaged	quantities	are	obtained,	involving	products	of	fluctuating	variables.	For	example,	all	three	conservation	relations	contain	the	axial	mass	flux	ρu,	which	becomes,	after	time	averaging,	(7-122)	The	quantity	,	when	broken	out	from	density,
is	called	the	mass-averaged	velocity,	also	known	as	Favre-averaging,	after	the	original	derivation	by	Favre	(1965).	Smits	and	Dussauge	(1996)	present	the	complete	Favre-averaged	equations	of	three-dimensional,	compressible,	turbulent	flow.	Here	we	study	only	turbulent-boundary-layer	equations.	Another	complication	of	compressible	turbulent
flows	is	that	density	fluctuations	automatically	imply	temperature	fluctuations	through	the	equation	of	state.	Then,	if	and	T′	is	important,	there	is	a	possibility	that	fluctuations	in	the	transport	properties,	which	depend	upon	T,	will	also	be	important.	These	include	(7-123)	This	added	complication	would	have	been	certainly	discouraging,	albeit	not
entirely	infeasible;	fortunately,	it	turns	out	that	transport-property	fluctuations	can	be	neglected.	7-6.1	Morkovin’s	Hypothesis:	The	Boundary-Layer	Equations	In	studying	supersonic	flow,	Morkovin	(1962)	postulated	that	“the	essential	dynamics	of	compressible	shear	flows	will	follow	the	incompressible	pattern,”	that	is,	fluctuations	in	density	and
enthalpy	will	not	modify	the	turbulence	structure	as	long	as	Mach	number	fluctuations	remain	much	smaller	than	unity.	Subsequent	experiments	verify	this	hypothesis	for	Mach	numbers	as	high	as	5.	Thus,	most	of	our	concepts	from	incompressible	turbulence	(Chap.	6)	will	continue	to	hold.	A	visual	demonstration	of	Morkovin’s	hypothesis	is	shown	in
Fig.	7-20,	which	is	a	schlieren	image	of	a	Mach	3	boundary	layer	from	Garg	and	Settles	(1998).	By	comparing	the	patterns	here	with	the	low-speed	smoke-flow	image	in	Fig.	6-1b,	we	see	that	the	structures	and	length	scales	are	more	or	less	similar,	thus	indicating	that	compressible	and	incompressible-flow	dynamics	are	analogous.	FIGURE	7-20
Visual	support	for	Morkovin’s	hypothesis:	focusing	schlieren	image	of	a	Mach	3	turbulent	boundary	layer	from	Garg	and	Settles	(1998).	Compare	this	to	Fig.	61b.	[Reprinted	by	permission	of	the	authors	and	the	journal	“Experiments	in	Fluids.”]	The	derivation	of	the	compressible	two-dimensional	turbulent-boundary-layer	equations	uses	the	same
order-of-magnitude	considerations	as	laminar	flow,	with	the	additional	assumption	that	the	fluctuations	are	small,	specifically	(7-124)	Page	431	These	conditions	were	first	applied	to	the	compressible	Navier–Stokes	equations	by	van	Driest	(1951)	in	a	stunning	display	of	expertise	in	handling	time-averaged	quantities.	The	boundary-layer	equations	that
follow	include	(7-125a)	(7-125b)	(7-125c)	(7-125d)	Again,	as	for	incompressible	flow,	there	is	a	slight	pressure	gradient	in	the	y	direction	that	can	be	ignored	in	the	present	context	but	becomes	important	in	a	Kármán-type	integral	method,	for	example,	Eq.	(7-75).	Note	that	the	turbulent-shear	and	heat-flux	terms	become	triple	correlations	due	to	a
varying	density;	nonetheless,	such	a	complication	proves	to	be	nearly	inconsequential	to	the	semiempirical	treatment	of	these	terms.	In	analyzing	these	relations,	the	typical	first	step	is	to	eliminate	from	momentum	and	energy	through	the	use	of	the	continuity	relation,	leaving	only	two	equations	in	the	three	variables	Naturally,	another	relation	is
needed,	such	as	the	equation	of	state.	It	is	sufficient	for	our	purposes	to	adopt	the	ideal-gas	approximation	(7-126)	Since	is	nearly	constant	across	the	boundary	layer,	the	density	profile	can	be	directly	related	to	the	temperature	profile	through	the	perfect-gas	law	(7-127)	which	simplifies	the	algebra	greatly.	The	boundary	conditions	are	the	usual:	At
the	wall	(	y	=	0):	(7-128a)	At	the	outer	edge	(	y	→	∞):	(7-128b)	When	the	turbulent	shear	and	heat	flux	are	properly	correlated,	these	equations	and	boundary	conditions	become	well	defined	and	solvable	parabolically,	similarly	to	their	laminar	counterparts.	Moreover,	eddy	viscosity	and	eddy	conductivity	assumptions	remain	reasonably	effective	so
long	as	the	density	variation	is	properly	modeled.	7-6.2	The	Turbulent	Crocco–Busemann	Relation	It	is	possible	to	introduce	eddy	transport	definitions	that	mirror	those	for	incompressible	motion.	Particularly,	we	let	(7-129)	We	can	then	proceed	to	rewrite	the	momentum	equation	in	terms	of	μt	and	the	energy	equation	in	terms	of	Momentum:	Energy:
(7-130)	Page	432	where	Prt	=	μt	cp/kt	is	the	turbulent	Prandtl	number.	It	is	immediately	obvious	that	if	one	makes	the	standard	assumption	of	Pr	≈	Prt	≈	1	(which	is	quite	reasonable	for	air)	and	if	the	pressure	gradient	is	negligible,	the	previous	two	equations	become	identical	in	mathematical	form,	thus	leading	to	a	particular	solution,	(7-131)	This
expression	is	identical	to	the	laminar	Eq.	(7-26)	discussed	earlier.	When	the	boundary	conditions	at	the	wall	and	outer	edge	are	used,	we	obtain	(7-132)	It	can	therefore	be	seen	that	the	Crocco–Busemann	relation	between	temperature	and	velocity	can	be	extended	with	good	accuracy	to	turbulent	flows	with	negligible	pressure	gradients,	although	it
also	represents	a	reasonable	approximation	with	pressure	gradients.	Note	that	we	have	assumed	constant	and	incorporated	the	recovery	factor	r	to	achieve	better	accuracy.	For	turbulent	gaseous	flow,	one	may	use	r	=	Pr1/3	≈	0.89	for	air,	and	the	use	of	Eq.	(7-132)	will	be	illustrated	in	the	analyses	that	follow.	The	integral	momentum	relation	for
compressible	turbulent	flow	is	identical	to	the	laminar	formula	when	time-averaged	velocity,	density,	and	temperature	are	used.	The	integral-energy	equation	is	also	the	same	for	either	laminar	or	turbulent	motion:	(7-133)	One	may,	in	principle,	solve	these	integral	relations	by	introducing	suitable	approximations	for	the	(turbulent)	velocity,	density,
and	enthalpy	profiles.	7-7	WALL	AND	WAKE	LAWS	FOR	TURBULENT	COMPRESSIBLE	FLOW	Assuming	fully	turbulent	flow,	we	recall	from	Figs.	5-15	to	5-19	that	(1)	laminar	compressible	flows	have	more	than	one	mode	of	instability;	(2)	as	Ma	increases,	the	first	mode	can	be	unstable	in	many	different	(transverse)	directions;	and	(3)	for	Ma	>	4,	the
second	mode	is	the	most	unstable.	Compressible	and	incompressible	transition	processes	are	similar,	as	predicted	by	Morkovin’s	hypothesis.	DNS	results	for	flat-plate	flow	at	Ma	=	4.5,	by	Adams	and	Kleiser	(1993),	predict	second-mode	instability	that	develops	into	subharmonic	staggered	Λ-vortices	and	then	into	detached	high-shear	layers.	Fully
turbulent	compressible	flow	is	hence	anticipated	for	all	developing	compressible,	laminar,	boundary	layers.	In	Chap.	6,	we	developed	accurate	law-of-the-wall	and	law-of-the-wake	relations	for	incompressible	turbulent	mean	flow.	In	keeping	with	Morkovin’s	hypothesis	that	compressible	boundary-layer	flows	“follow	the	incompressible	pattern,”	we	can
find	modified	wall	and	wake	laws	up	to	at	least	Ma	≈	5.	The	results	seem	quite	reasonable	when	compared	with	the	gold	mine	of	incompressible-	and	compressible-flow	data	compiled	by	Fernholz	and	Finley	(1980,	1996).	7-7.1	Compressible	Law	of	the	Wall:	The	van	Driest	Transformation	This	subject	is	thoroughly	reviewed	by	Bradshaw	(1977)	and
Smits	and	Dussauge	(2000).	Realizing	that	density	and	viscosity	vary	across	the	boundary	layer,	it	is	helpful	to	define	inner	law	dimensionless	variables	based	on	wall	values	of	density	and	viscosity:	(7-134)	This	also	ensures	that,	in	the	linear	viscous	sublayer,	we	recover	u+	=	y+	without	any	extraneous	coefficients.	Edward	R.	van	Driest	(1951)
anticipated	Morkovin’s	insight	with	a	near-wall	mixinglength	theory	that	accounted	for	variable	density.	Neglecting	the	sublayer,	he	assumed	(7-135)	To	relate	density	to	velocity,	van	Driest	further	assumed	an	ideal	gas	and	adopted	the	Crocco–Busemann	approximation	given	by	(7-132)	for	a	unit	Prandtl	number,	(7-136)	Page	433	By	substituting	(7-
136)	into	(7-135)	and	applying	Prandtl’s	original	assumption	that	τ	≈	τw	(which	is	accurate	for	a	flat	plate),	van	Driest	(1951)	was	able	to	integrate	and	retrieve	in	closed	form:	(7-137)	where	Here	υ*	and	y+	are	defined	precisely	as	in	(7-134).	The	right-hand	side	of	(7-137)	represents	the	ordinary	incompressible	law	of	the	wall.	The	left-hand	side	has
been	given	the	symbol	ueq,	the	van	Driest	effective	velocity.	For	zero	heat	transfer,	b	=	0,	Q	=	2a,	and	the	effective	velocity	becomes	(7-138)	To	first	order,	the	van	Driest	effective	velocity	correlates	supersonic	and	hypersonic	nearwall	flows	with	κ	≈	0.41	and	B	≈	5.0,	as	in	incompressible	flow.	It	can	also	be	used	to	define	a	compressible	“defect	law”
by	analogy	with	(6-36).	The	success	of	van	Driest’s	effective	velocity	is	seen	in	Fig.	7-21,	reproduced	from	Fernholz	and	Finley	(1980).	For	Mach	numbers	between	3.5	and	7.2,	the	raw	velocities	(solid	symbols)	are	too	low	for	near-adiabatic	flow	and	too	high	for	cold-wall	flow.	When	transformed	to	ueq	from	(7-137),	all	data	cling	nicely	to	the
incompressible	log-law	up	to	y+	≈	400,	above	which	they	form	a	law-of-the-wake	shape.	FIGURE	7-21	Verification	of	the	van	Driest	transformation,	Eq.	(7-137),	for	compressible,	turbulent,	boundary	layers:	natural	velocity	(solid	symbols)	and	effective	velocity	(open	symbols).	[After	Fernholz	and	Finley	(1980).]	So	et	al.	(1994)	use	the	inner–outer
matching	procedure	of	Sec.	6-4.1	to	show	that	the	effective	velocity	fits	log-laws	in	both	the	overlap	layer	and	the	outer	defect	layer.	However,	the	log-law	constants	(k,	B,	A)	are	found	to	vary	with	Mach	number,	heat	flux,	and	ratio	of	specific	heats.	7-7.2	Compressible	Law	of	the	Wake	It	turns	out	that	the	van	Driest	transformation	makes
compressible-flow	data	fit	Coles’	incompressible	law	of	the	wake	[Eq.	(6-47)];	if	one	defines	υ*	based	on	wall	properties	and	replaces	the	resulting	wake	expression	becomes	valid:	(7-139)	where	κ	≈	0.41	and	B	≈	5.	For	flat-plate	data	with	1.7	<	Mae	<	10.3,	Fernholz	and	Finley	(1980)	show	that	Π	≈	0.55	±	0.05	for	Reθ	>	2000,	just	as	Coles	(1956)	had
shown	for	incompressible,	turbulent	flow.	Similarly,	for	Reθ	<	2000,	the	value	of	Π	drops	off	slowly	to	zero,	just	as	Coles	showed.	For	compressibility,	it	is	postulatedPage	434	that	Π	varies	with	the	pressure	gradient,	freestream	turbulence,	and	wall	heat	flux,	although	verification	data	measurements	remain	scarce.	For	further	discussion,	see	Sec.	7.4
of	Smits	and	Dussauge	(1996).	The	van	Driest	transformation	is	equivalent	to	modifying	the	velocity	by	the	square	root	of	the	integrated	density	ratio:	(7-140)	This	type	of	velocity	correlates	supersonic	data	up	to	Mach	7	and	for	walls	as	cold	as	Tw/Taw	=	0.3.	Meanwhile,	the	success	of	the	Lees–Illingworth	coordinate	transformations	in	laminar
compressible	flow	has	prompted	several	attempts	to	pursue	similar	models	for	turbulent	flows.	Bradshaw	(1977)	reviews	these	alternate	transformations,	which	have	not	been	widely	accepted	compared	to	the	van	Driest	approach.	7-7.3	A	Compressible	Law	of	the	Wall	with	Heat	Transfer	and	a	Pressure	Gradient	The	van	Driest	transformation,	(7-
137),	is	elegant	but	complicated	algebraically	and	difficult	to	implement	in	a	compressible	boundary-layer	calculation	procedure.	The	present	subsection	describes	another	algebraic	compressible	law	of	the	wall	that	accounts	for	three	important	effects,	as	shown	by	White	and	Christoph	(1972).	It	is	intended	for	preliminary	engineering	calculations
and	problem	assignments.	The	three	effects	considered	are	the	pressure	gradient,	compressibility,	and	wall	heat	flux.	They	are	nondimensionalized	using	wall	variables	as	follows:	(7-141)	where,	as	before,	r	denotes	the	recovery	factor	and	qw	>	0	for	a	cold	wall.	All	three	parameters	typically	take	on	small	(fractional)	numerical	values.	As	shown	in
Fig.	7-22,	the	effect	of	positive	α	and	β	is	to	raise	the	profile	above	the	incompressible	log-law,	whereas	γ	and	negative	α	and	β	tend	to	lower	the	profile.	FIGURE	7-22	Sketch	illustrating	the	effect	of	various	parameters	on	the	law	of	the	wall	for	compressible	turbulent	flow.	[After	White	and	Christoph	(1972).]	White	and	Christoph	(1972)	use	the
mixing-length	approximation,	(7-135),	and	introduce	the	near-wall	effect	of	a	pressure	gradient	by	setting:	(7-142)	They	then	rewrite	the	Crocco–Busemann	relation,	(7-132),	in	terms	of	wall	variables:	(7-143)	where	β	and	γ	are	defined	by	(7-141).	Combining	(7-142)	and	(7-143),	solving	for	the	velocity	derivative,	and	rewriting	in	wall	variables,	one
gets	(7-144)	where	α	is	the	same	pressure	gradient	parameter	in	(7-141).	Note	that	this	differential	equation	contains	no	overt	thickness	parameter	(δ,	δ*,	etc.)	and,	consequently,	it	can	be	integrated	indefinitely	from	the	wall	outwardly.	Page	435	More	specifically,	(7-144)	may	be	separated	and	integrated	in	closed	form,	starting	at	an	initial	point	,
with	the	result,	(7-145)	Note	that	this	formula	does	not	account	for	the	viscous	sublayer,	nor	does	the	van	Driest	theory	from	Sec.	7-7.2.	The	initial	conditions	are	chosen	so	that	the	expression	reduces	to	the	low-speed	logarithmic	law	[	u+	=	(1/κ)	ln	(	y+)	+	B]	when	α	=	β	=	γ	=	0.	We	choose	the	point	where	the	log-law	goes	to	zero:	(7-146)	Some
special	cases	of	(7-145)	for	zero	pressure	gradient,	zero	wall	heat	flux,	and	zero	compressibility	lead	to	(7-147a)	(7-147b)	(7-147c)	(7-147d)	These	will	be	very	useful,	for	example,	in	studying	flat-plate	flow	in	the	next	section.	Some	of	the	typical	effects	contained	within	(7-145)	are	illustrated	in	Fig.	7-23.	The	left	chart	shows	the	effect	of	both
compressibility	γ	and	an	adverse	pressure	gradient	(α	>	0)	on	the	law	of	the	wall,	compared	with	the	low-speed	logarithmic	law,	which	is	the	straight	line	labeled	(0,	0,	0).	Note	that,	with	or	without	a	pressure	gradient,	compressibility	drives	the	profiles	downward,	in	perfect	agreement	with	experimental	trends.	Also	note	that	as	we	move	out	along
the	lowest	curve	(0,	0,	0.002),	the	effective	freestream	Mach	number	is	continuously	increasing,	from	about	3.8	(for	air)	at	y+	=	1000	to	about	19.8	at	y+	=	105.	In	other	words,	this	single	curve	is	equivalent	to	an	infinite	spectrum	of	adiabatic	compressible	flat-plate	turbulent	flows.	The	utility	of	the	law	of	the	wall	as	an	analytical	tool	for	turbulent
flows	is	truly	gratifying	in	this	case.	FIGURE	7-23	Law	of	the	wall	for	compressible	flow,	from	the	first-order	mixing-length	theory,	(7-145):	(a)	effect	of	compressibility	and	adverse	pressure	gradient;	(b)	effect	of	wall	heat	flux	in	low-speed	flow.	Note:	β	is	positive	for	a	cold	wall.	A	second	concept	in	Fig.	7-23a,	shown	by	the	arrows,	is	that
compressibility	reduces	the	outer	“wake”	effect.	The	dashed-line	high-speed	wake	(γ	=	0.002)	is	approximately	one-half	of	the	low-speed	(γ	=	0)	wake	for	the	same	value	of	α.	In	fact,	as	γ	increases	to	0.005	(hypersonic	flow),	the	same	wake	becomes	negligibly	small.	It	may	be	thus	inferred	that	the	wall-related	theory	of	pressure	gradient	effects	in
supersonic	flow	may	be	more	accurate	than	its	already	successful	counterpart	in	incompressible	flow.	Figure	7-23b	shows	the	effect	of	cold	and	hot	walls	on	the	law	of	the	wall	in	low-speed	flow	with	a	zero	pressure	gradient,	as	computed	from	(7-145).	Page	436	7.8	COMPRESSIBLE	TURBULENT	FLOW	PAST	A	FLAT	PLATE	A	classic	problem	to
consider	is	that	of	compressible	turbulent	flow	past	a	flat	plate	at	arbitrary	Mach	numbers	and	wall	temperatures.	Practically	everyone	in	the	field	has	had	a	try	at	it.	Figure	7-24	shows	a	classic	display	of	the	21	adiabatic-wall	theories	in	existence	in	1953;	Spalding	and	Chi	(1964)	reviewed	and	discussed	32	theories.	Now,	several	decades	later,	there
are	over	50	theories	and	countless	computations.	FIGURE	7-24	An	array	of	adiabatic	flat-plate	theories	compiled	by	Chapman	and	Kester	(1953).	The	ordinate	in	Fig.	7-24	is	the	ratio	of	the	skin-friction	coefficient	at	a	given	Mach	number	and	Reynolds	number	to	the	skin	friction	at	the	same	Reynolds	number	and	Mae	=	0.	Clearly	the	coefficient
decreases	with	Mae	(although	the	wall	shear	itself	increases	because	τw	is	nondimensionalized	by	).	The	21	theories	are	supposed	to	predict	the	same	behavior,	namely,	adiabatic	skin	friction.	Typical	data	measurements—which	can	be	quite	sensitive	to	the	Reynolds	number—fall	along	the	curve	labeled	“Frankl–Voishel,”	which	does	not	correspond	to
a	formula	but	rather	some	tabulated	values.	Figure	7-24	does	not	tell	the	whole	story,	because	as	the	Reynolds	number	varies	from	105	to	108,	the	skin	friction	will	vary	up	to	25	percent.	7-8.1	The	Flat-Plate	Theory	of	van	Driest	(1956)	The	theory	labeled	“van	Driest	II”	in	Fig.	7-24	appears	to	be	ineffective,	but	in	fact	it	was	plotted	for	an	incorrect
viscosity–temperature	relation:	μ	proportional	to	T	rather	than	T	0.67	for	air.	Later,	van	Driest	(1956)	modified	the	theory	and	derived	a	corrected	formula	that	remains	one	of	the	most	popular	and	dependable.	These	early	theories	all	used	the	Kármán	integral	relation	(7-75)	that	reduces,	for	zero	pressure	gradient,	to	(7-148)	To	compute	θ	(x),	van
Driest	(1956)	uses	the	density	and	velocity	profiles	from	Eqs.	(7136)–(7-137).	The	resulting	integration,	which	involves	a	complicated	quotient	of	polynomial,	trigonometric,	and	logarithmic	functions,	is	approximated	in	series	form	and	adjusted	into	the	following	expression	for	the	local	skin	friction:	(7-149)	The	parameters	a	and	b	are	defined	in	(7-
137).	For	low-speed	flow	(Mae	≈	0),	(7-149)	reduces	to	the	Kármán–Schoenherr	incompressible	relation,	(7-150)	Page	437	which	is	still	the	formula	of	choice	for	naval	architects	estimating	the	skin	friction	of	ship	hulls.	Equation	(7-149)	can	be	interpreted	as	an	incompressible	approximation,	which	has	been	“stretched”	by	compressibility	and	viscosity
effects.	It	can	be	rewritten	in	a	canonical	manner	using:	(7-151)	This	generic	form,	common	to	many	flat-plate	theories,	was	suggested	by	Spalding	and	Chi	(1964)	as	a	compressibility	transformation	for	flat-plate	friction.	Accordingly,	one	computes	an	equivalent	incompressible	Reynolds	number	Rexe	FRex	and	uses	one’s	favorite	incompressible	skin-
friction	formula	to	compute	Cfinc,	then	dividing	the	result	by	Fc	to	obtain	the	desired	(compressible)	Cf	.	The	local	Stanton	number	follows	from	the	Reynolds	analogy,	namely,	(7-152)	Figure	7-25	displays	computed	Stanton	numbers	on	an	adiabatic	flat	plate	for	both	laminar	and	turbulent	flows,	using	Eqs.	(7-56c),	(7-149),	and	(7-152).	FIGURE	7-25
Theoretical	local-wall,	heat-flux	coefficients	on	an	adiabatic	flat	plate	at	high	Mach	numbers;	laminar:	Eq.	(7-56b);	turbulent:	Eq.	(7-149).	Moreover,	van	Driest	(1956)	shows	that	the	same	stretched	variables	are	applicable	for	estimating	the	total	drag	on	a	plate:	(7-153)	At	low	speed,	this	relation	reduces	to	the	Kármán–Schoenherr	incompressible
drag	formula,	In	one	of	his	review	articles,	Bradshaw	(1977)	asserts	that,	compared	to	available	data,	the	van	Driest	II	solution	in	(7-149)	proves	to	be	the	most	accurate	of	all	popular	formulas	for	compressible,	flat-plate,	skin	friction.	7-8.2	Compressible	Flat-Plate	Flow	Using	Inner	Variables	Alternatively,	a	very	accurate	method	by	White	and
Christoph	(1972)	leverages	the	inner	(or	law-of-the-wall)	variables	to	extend	the	analysis	of	Sec.	6-6.2	to	compressible	motions.	Accordingly,	the	velocity	profile	is	correlated	by	the	wall	law	given	by	Eq.	(7-145)	with	α	=	0:	(7-154)	Now	the	continuity	Eq.	(7-125a)	is	satisfied	by	the	compressible	stream	function	ψ	(x,	y)	using	(7-155)	Page	438	When	we
introduce	Crocco’s	approximation	for	and	the	law	of	the	wall	for	function	also	emerges	as	a	law-of-the-wall	variable,	specifically	,	the	stream	(7-156)	Introducing	these	variables	into	the	momentum	Eq.	(7-125b)	for	zero	pressure	gradient	yields	(7-157)	Although	differentiation	with	respect	to	y+	is	left	untouched,	differentiation	with	respect	to	x	is
carried	out	using	the	chain	rule	Subsequently,	in	harmony	with	Sec.	6–6.2,	we	can	integrate	(7-157)	with	respect	to	y+	from	the	wall	(	y	=	0,	τ	=	τw)	to	the	boundary	layer	edge	(	y	=	δ,	τ	=	0).	In	this	process,	we	employ	the	same	dimensionless	variables	as	before	(7-158)	These	transformations	turn	Eq.	(7-157)	into	(7-159)	This	form	is	identical	to	the
incompressible	relation,	(6-76),	except	that	(1)	the	nominal	Reynolds	number	ReL	contains	additional	viscosity	and	temperature	terms	(here	assumed	constant)	and	(2)	the	function	G	contains	more	terms	than	its	incompressible	counterpart.	Evaluation	of	G	is	merely	a	matter	of	dogwork	quadrature	and	curve	fitting,	and	this	has	been	accomplished	by
White	and	Christoph	(1972),	who	propose	(7-160)	Note	that	S	is	the	square	root	of	van	Driest’s	parameter	Fc	from	(7-151).	It	expresses	the	combined	effect	of	com pressibility	and	heat	transfer	without	bringing	in	β	or	γ	explicitly.	In	fact,	β	and	γ	may	be	related	to	by	rewriting	their	definitions	from	(7-141)	using	(7-161)	As	in	the	incompressible	analysis
of	Chap.	6,	we	see	that	(7-159)	can	be	integrated	immediately	to	yield	a	flat-plate,	skin-friction	relation	Substituting	for	G	from	(7-160),	integrating,	and	rearranging	to	solve	for	the	skin-friction	coefficient	Cfe	=	2/λ2,	we	obtain	the	following	simple	formula	for	turbulent	skin	friction	on	a	flat	plate:	(7-162)	This	expression	is	very	accurate	over	the	entire
practical	range	of	turbulent	Reynolds	numbers,	Mach	numbers,	and	wall	temperatures.	By	comparing	(7-162)	with	the	incompressible	formula	(6-78),	we	see	that	the	same	compressibility-transformation	of	van	Driest’s	method	holds:	(7-163)	Page	439	As	mentioned	previously,	others	have	tackled	the	compressible,	turbulent,	flat-plate	problem.	Huang
et	al.	(1993)	couple	the	van	Driest	transformed	velocity	(expressed	as	a	wall–wake	formula)	and	a	clever	form	of	the	Crocco-law,	temperature–velocity	relation,	to	obtain	(7-164)	These	allow	for	the	variation	of	Coles’	wake	parameter	Π	with	Re	θ	while	outlining	an	iterative	numerical	integration	that	yields	values	of	Cf	and	the	Stanton	number.	No
algebraic	friction	formula	results,	but	the	agreement	with	experimental	data	is	excellent	for	air	and	helium	up	to	Ma	=	11.	Along	similar	lines,	Barnwell	and	Wahls	(1991)	combine	a	wall–wake	law	with	the	equilibrium	power-law	defect	stream	function	of	Clauser	(1956)	to	derive	skin	friction	for	adiabatic	flow	with	pressure	gradients.	Their	flat-plate
formula	agrees	well	with	experiments	but	appears	to	be	quite	complicated	algebraically.	We	close	this	section	with	Fig.	7-26,	required	for	any	textbook,	showing	the	approximate	effect	of	the	Mach	number	and	the	wall	temperature	on	flat-plate	skin	friction.	The	chart	is	strictly	valid	for	Rex	=	107	and	will	vary	by	about	±20	percent	over	the	range	106
<	Rex	<	109.	FIGURE	7-26	Ratio	of	turbulent,	flat-plate,	skin	friction	Cf	(Me,	Tw/Te,	Rexe)	to	the	incompressible	value	Cf	(0,	1,	Rexe)	for	Rex	=	107,	as	computed	by	the	method	of	White	and	Christoph	(1972)	for	air,	using	Eq.	(7-162).	7-8.3	The	Flat-Plate	Turbulent	Recovery	Factor	In	laminar	flat-plate	flow,	the	recovery	factor	is	an	output	of	the
quasi-exact	similarity	analysis	leading	to	(7-50).	In	turbulent	flow,	the	theory	is	not	so	well	developed.	Dorrance	(1962)	develops	a	simple	but	effective	model	by	breaking	the	law	of	the	wall	into	three	parts:	a	linear	layer	for	y+	<	5,	a	buffer	layer	for	5	<	y+	<	30,	and	a	log	layer	for	y+	>	30.	By	assuming	a	constant	turbulent	Prandtl	number,	Dorrance
integrates	the	velocity	and	temperature	profiles	to	obtain	the	following	estimate	for	the	turbulent	recovery	factor:	(7-165)	There	is	no	overt	effect	of	the	Mach	number	predicted.	From	Fig.	7-23a	for	compressible	flow	(nonzero	γ),	a	typical	value	of	is	about	20.	If	Prt	≈	1,	then	Eq.	(7-165)	becomes	If	Pr	is	near	unity	(gases),	these	are	the	first	two	terms
in	the	binomial	expansion	of	the	cube	root	of	Pr.	Therefore	we	adopt	the	customary	approximation	for	the	turbulent	flat-plate	recovery	factor:	(7-166)	Page	440	The	accuracy	of	this	expression	will	deteriorate	for	flow	with	strong	favorable	or	adverse	pressure	gradients,	as	we	have	seen	for	laminar	flow	in	Sec.	7-4.4.4.	A	formula	to	account	for	pressure
gradient	effects	will	be	an	excellent	addition	to	our	repertoire	of	engineering	approximations.	Figure	7-27	displays	recovery	factors	measured	in	supersonic	flow	at	zero	incidence	past	cones	with	adiabatic	surfaces,	after	Mack	(1954).	Transition	to	turbulence	occurs	at	Reynolds	numbers	between	2	×	106	and	4	×	106,	depending	partly	upon	the	Mach
number	and	partly	upon	the	particular	disturbances	in	the	flow.	We	see	that	the	simple	estimates,	rlam	≈	Pr1/2	≈	0.84	and	rturb	≈	Pr1/3	≈	0.89,	stand	in	good	agreement	with	these	measurements.	FIGURE	7-27	Measured	recovery	factors	on	cones	at	Mach	numbers	from	1.2	to	6.0,	for	air,	Pr	=	0.71.	[Data	from	Mack	(1954).]	7-8.4	The	Turbulent
Cone	Rule	As	mentioned	before,	supersonic	flow	past	a	cone	at	zero	incidence	generally	results	in	an	attached	shock	wave	and	a	zero	surface-pressure	gradient.	For	laminar	flow,	we	derive	an	exact	cone	rule	leading	to	Eqs.	(7-101a)	and	(7-101b).	For	turbulent	flow,	van	Driest	(1952b)	derives	an	approximate	cone	rule,	using	the	axisymmetric
momentum-integral	relation	with	a	zero	pressure	gradient:	(7-167)	where	r0	(x)	denotes	the	surface	radius.	For	a	cone	of	half-angle	ϕ,	we	have	r0	=	x	sin	ϕ,	and	so	Eq.	(7-167)	becomes	If	we	assume	that	friction	and	momentum	thickness	can	be	related	by	a	power	law,	Cf	=	(const)θ−m,	where	m	=	1	for	laminar	flow	and	for	turbulent	flow,	we	may
integrate	in	closed	form	and	compare	the	cone	to	the	plate.	The	result	is	a	cone	rule	in	terms	of	the	Reynolds	number:	(7-168)	Page	441	The	case	of	m	=	1	corresponds	to	the	previous	laminar	expression	given	by	Eq.	(7-101b).	The	result	can	also	be	expressed	as	a	skin-friction	ratio.	If	Rexe,	cone	=	Rexe,	plate,	then,	for	turbulent	flow,	(7-169)	Thus,	as
mentioned	earlier,	the	effect	for	turbulent	flow	is	only	a	10–15	percent	increase	in	friction	and	heat	transfer,	whereas	in	laminar	flow	(m	=	1),	the	increase	is	or	73	percent.	7-9	COMPRESSIBLE-TURBULENT-BOUNDARY-LAYER	CALCULATION	WITH	A	PRESSURE	GRADIENT	Different	methods	are	available	to	calculate	compressible,	turbulent,
boundary	layers	with	a	pressure	gradient.	Here	we	present	only	a	single	Kármán-based	method,	after	Walz	(1969),	and	an	inner	variable	approach,	after	White	and	Christoph	(1972).	Other	methods	are	reviewed	by	Delery	and	Marvin	(1986)	and	in	the	texts	by	Schetz	(1992),	Cebeci	and	Cousteix	(1998),	Schlichting	and	Gersten	(2017),	and	Cebeci
(2003).	The	Internet	Applets	of	Devenport	and	Schetz	(2002)	include	compressible,	turbulent-flow,	integral	methods.	Moreover,	compressible	two-equation	and	second-moment	models	are	reviewed	by	Wilcox	(1998)	while	progress	on	DNS	predictions	of	shock-wave,	boundary-layer	interactions	is	reported	by	Yoon	and	Chung	(1996).	7-9.1	The	Kármán-
Based	Method	of	Walz	(1969)	As	an	illustration	of	a	momentum-thickness	approach,	we	select	the	method	developed	by	Walz	(1969)	and	co-workers.	As	variables,	a	momentum-thickness	parameter	and	a	shape	factor	are	defined,	namely,	(7-170)	where	n	=	0.268	for	turbulent	flow	and	δ3	is	the	(compressible)	kinetic-energy	thickness:	(7-171)
Substitution	into	the	momentum-	and	mechanical-energy	integral	relations	leads	to	two	coupled	first-order	differential	equations:	(7-172a)	(7-172b)	The	four	variables	Fi	are	algebraic	functions	of	the	Mach	number,	Reθ,	shape	factor	H	=	δ*/θ,	and	reduced	temperature	Θ(x),	assumed	known:	(7-173)	To	simplify	these	expressions,	two	intermediate
parameters,	a	and	b,	are	defined	and	used	to	correlate	the	skin	friction,	viz.	(7-174)	Then	the	functions	F1	to	F4	given	by	Walz	(1969)	may	be	written	as	(7-175)	Page	442	Note	that	the	exponent	n	in	the	definition	of	β	is	the	viscosity–temperature	exponent,	which	is	about	0.67	for	air.	In	this	formulation,	separation,	if	it	occurs,	is	defined	by	a	=	0,	or	W
=	1.515.	Initial	values	are	needed	for	Z(0)	and	W(0).	In	practice,	Eqs.	(7-172a)–(7-175)	may	be	integrated	rather	straightforwardly	by	any	standard	numerical	technique.	7-9.2	An	Inner	Variable	Approach	The	flat-plate	theory,	which	led	to	Eqs.	(7-159)	and	(7-162),	was	extended	by	White	and	Christoph	(1972)	to	pressure	gradients	by	including	the
parameter	α	(x)	and	letting	u+	=	f	(	y+,	α,	β,	γ)	as	per	Eq.	(7-145).	In	this	process,	the	momentum	Eq.	(7-157)	is	extended	to	include	pressure	gradients:	(7-176)	Also,	the	chain	rule	must	be	extended	to	include	the	effect	of	α(x):	(7-177)	Now,	exactly	as	in	the	previous	procedure	(Sec.	7-8.2),	we	carry	out	the	differentiation	with	respect	to	x	and	then
integrate	the	entire	equation	across	the	boundary	layer	from	y+	=	0	to	y+	=	δ+,	writing	the	final	result	in	terms	of	the	same	dimensionless	variables	defined	by	Eqs.	(7158).	We	obtain	(7-178)	The	functions	ReL	and	G	are	defined	exactly	as	before	in	Eq.	(7-159),	except	that	now	u+	and	ψ	must	also	vary	with	α	and	so	the	final	result	becomes	G	=	G(λ,
α,	β,	γ).	Since	the	functions	F	and	G	are	difficult	to	evaluate	under	general	conditions	and	no	accurate	curve-fit	correlation	could	be	devised,	White	and	Christoph	(1972)	chose	to	rearrange	the	basic	differential	Eq.	(7-178)	into	a	two-part	approximate	form,	using	the	van	Driest	parameter	S	from	Eq.	(7-160)	and	a	“stretched”	Reynolds	number	Re*
related	to	the	pressure	gradient:	(7-179)	The	separation	point	is	defined	as	a	large	but	finite	value	of	λ,	where	dλ/dx	becomes	unbounded:	(7-180)	Depending	upon	λ/λmax,	the	basic	differential	equation	takes	on	two	different	forms:	(7-181a)	(7-181b)	The	functions	f	*	and	g*	depend	only	upon	λ/λmax	and	may	be	curve	fit	as	follows:	(7-182)	Equations
(7-181a)	and	(7-181b)	may	be	solved	by	any	standard	numerical	method	such	as	Runge–Kutta	integration.	It	is	assumed	that	Ue	(x),	Mae	(x),	Te,	and	Tw	are	known.	Once	λ(x)	is	computed,	the	local	skin	friction	follows	from	Cf	(x)	=	2/λ2	.	To	avoid	ragged	behavior	of	the	solution,	the	freestream	velocity	V(x*)	should	be	fit	to	a	continuous	analytic
function,	so	that	ϒ	′	and	ϒ	″	are	smooth	functions.	The	freestream	Mach	number	Mae	(x)	and	the	ratio	Tw/Te	can	be	approximated	more	crudely.	Page	443	7-9.3	The	Experiment	of	Zwarts	In	his	thesis,	Zwarts	(1970)	produces	a	supersonic	motion	that	is	sharply	decelerated	from	Mach	4	to	Mach	3	in	about	8	inches,	thereafter	remaining	nearly	constant
at	Mach	3.	The	corresponding	freestream	velocity	and	Mach	number	distributions	are	illustrated	in	Fig.	7-28.	With	U0	=	2204	ft/s,	White	and	Christoph	(1972)	propose	two	different	curve	fits	to	the	velocity	distribution:	(7-183a)	(7-183b)	FIGURE	7-28	Comparison	of	theory	with	the	supersonic	relaxing-flow	experiment	of	Zwarts	(1970).	[After	White
and	Christoph	(1972).]	where	x*	is	in	inches.	The	polynomial	is	seen	to	be	an	excellent	fit,	whereas	the	exponential	form	does	not	reproduce	the	final	curvature	at	the	end	of	the	run.	The	Mach	number	Mae	(x*)	is	fitted	by	two	piecewise-straight	lines,	as	shown	in	Fig.	7-28	The	wall	temperature	is	approximately	adiabatic,	which	justifies	using	These
formulas	are	applied	to	Eqs.	(7-181a)	and	(7-181b),	and	the	computed	skin	friction	is	overlaid	in	Fig.	728.	Both	curve	fits	are	seen	to	be	in	good	agreement	with	the	data.	Figure	7-28	shows	that	skin-friction	predictions	based	on	the	White–Christoph	method	are	somewhat	sensitive	to	the	quality	of	the	curve	fit	of	Ue	(x),	as	was	the	incompressible	inner
variable	method	of	Das	(1988)	discussed	in	Sec.	6-8.2.	The	method	avoids	the	use	of	momentum	thickness	or	shape	factor,	so	no	predictions	of	these	parameters	are	made.	Meanwhile,	the	method	of	Walz	from	Sec.	7-9.1	cannot	be	programmed	for	this	flow,	because	Zwarts	(1970)	does	not	report	data	for	the	kinetic-energy	thickness	δ3	(x).	Other
theories	have	been	applied	to	Zwarts’	experiment,	notably	the	turbulent-energy	differential	method	of	Bradshaw	and	Ferriss	(1971).	At	the	Stanford	Conference	[Kline	et	al.	(1982,	pp.	1263–1264)],	four	competitors—all	with	multi-equation	differential	models—attempted	to	predict	this	flow,	called	case	8411.	Of	the	four	predictions,	two	were	excellent
for	skin	friction	and	two	were	poor,	but	all	four	were	excellent	for	predicting	the	shape	factor,	and	none	could	reproduce	the	measured	momentum-thickness	distribution!	Page	444	7-10	COMPRESSIBLE-FLOW	APPROXIMATIONS	FOR	QUASI-VISCOUS	FLOWS	Exact	solutions	to	compressible-flow	problems	are	often	difficult	to	achieve	in	all	but	the
simplest	of	geometries	and	physical	settings.	One	possible	alternative	is	to	pursue	compressible-flow	approximations	using	small	parameter	perturbation	theory.	Perturbation	methods	rely	on	asymptotic	expansions	of	the	variables	of	interest	using	series	of	diminishing	terms	that	are	structured	according	to	(7-184)	where	ε	represents	a	small
parameter,	such	as	the	reciprocal	of	the	Reynolds	number.	When	the	variables	of	interest	are	expanded	within	the	equations	of	motion,	a	linearized	system	is	realized.	Terms	of	equal	order	in	ε	are	subsequently	collected	into	separate	equations	and	solved	sequentially.	This	procedure	enables	us	to	determine	a	leading-order,	basic	solution	that	is
followed	by	multiple	corrections.	Naturally,	with	each	successive	correction,	the	truncation	error	is	reduced,	and	the	overall	solution	is	improved.	For	slightly	compressible	flows,	the	Mach	number	(squared)	can	be	used	as	a	perturbation	parameter.	At	the	conclusion	of	this	process,	one	can	generally	verify	that	the	incompressible	solution	is
recovered	at	the	leading	order.	As	such,	all	asymptotic	corrections	can	be	directly	attributed	to	the	effects	of	compressibility.	Approximations	of	this	sort	are	dubbed	Rayleigh–Janzen	expansions	in	honor	of	Lord	Rayleigh	and	Oskar	Janzen,	who	both	employed	this	methodology	in	the	early	20th	century.	To	showcase	the	Rayleigh–Janzen	procedure,	two
quasi-viscous	solutions	involving	porous	duct	flows	are	presented	here	and	discussed.	These	solutions	are	sometimes	referred	to	as	quasi-viscous,	because	of	their	observance	of	the	no-slip	condition	at	the	porous	wall	even	in	their	inviscid	forms.	7-10.1	The	Compressible	Taylor	Flow	in	a	Porous	Channel	In	pursuing	a	solution	for	the	compressible	flow
in	a	porous	channel	with	sidewall	injection,	the	vorticity-stream	function	approach	may	be	used.	The	problem	arises	in	the	context	of	a	rectangular	channel	of	length	L0	and	half	height	h	[Maicke	and	Majdalani	(2008)].	Along	the	top	and	bottom	sidewalls,	the	flow	enters	the	channel	isentropically	at	a	uniform	injection	speed	Vw.	The	origin	of	the
coordinate	system	is	located	at	the	headwall’s	dead	center	and,	using	the	tilde	to	denote	dimensional	variables,	and	,	can	be	taken	to	be	the	directions	parallel	and	normal	to	the	midsection	plane,	respectively.	The	channel	width	is	assumed	to	be	at	least	4	times	larger	than	its	height,	hence	rendering	variations	in	the	spanwise	direction
inconsequential.	To	make	further	headway,	all	variables	and	operators	are	normalized	using	(7-185)	where	ψ	stands	for	the	stream	function,	L	denotes	the	channel’s	aspect	ratio,	and	the	subscript	“0”	describes	a	reference	condition	at	the	headwall.	Taking	advantage	of	symmetry,	a	solution	can	be	obtained	for	the	top	half	portion	of	the	channel,
namely,	0	≤	x	≤	L	and	0	≤	y	≤	1,	as	illustrated	in	Fig.	7-29,	and	then	mirrored	across	the	midsection	plane.	The	twodimensional	velocity	vector	can	be	represented	by	v	=	(u,	υ,	0)	while	its	corresponding	vorticity,	which	carries	only	one	non-vanishing	component,	by	ω	=	∇	×	v	=	(0,	0,	ω).	The	velocity	components	can	be	related	to	the	compressible
stream	function	using	(7-186)	FIGURE	7-29	Schematic	of	a	two-dimensional	porous	channel	with	wall-normal	injection.	When	substituted	into	the	vorticity	definition,	one	arrives	at	the	first	fundamental	equation	relating	the	vorticity	to	the	stream	function,	(7-187)	A	second	relation	between	ψ	and	ω	is,	of	course,	necessary.	One	can	reproduce	the
vorticity	transport	equation	by	taking	the	curl	of	the	momentum	equation	and	putting	(7-188)	Page	445	Conservation	of	momentum	can	also	be	used	to	determine	the	pressure	once	the	stream	function	and	vorticity	are	determined,	specifically	from	(7-189)	Finally,	since	the	flow	is	isentropic,	it	is	possible	to	relate	the	thermodynamic	variables	using
(7-190)	The	boundary	conditions	stem	from	the	need	to	prevent	axial	flow	at	the	headwall	and	sidewall,	maintain	the	same	normal	velocity	at	the	sidewall,	and	disallow	crossflow	about	the	midsection	plane.	These	conditions	translate	into	(7-191)	In	fact,	the	quasi-viscous	character	of	the	solution	may	be	directly	attributed	to	the	enforcement	of	the	no-
slip	condition	at	the	sidewall,	namely,	u(x,	1)	=	0.	To	solve	Eqs.	(7-187)–(7-190),	a	Rayleigh–Janzen	expansion	is	introduced.	As	such,	the	variables	of	interest	are	expanded	in	terms	of	the	Mach	number	squared	according	to	(7-192)	The	expanded	terms	are	then	substituted	into	Eqs.	(7-187)–(7-190)	and	sorted	in	orders	of	the	Mach	number.	At	the
leading	order,	one	recovers	the	incompressible	Taylor	flow	equations:	(7-193)	(7-194)	(7-195)	(7-196)	(7-197)	These	relations	are	equivalent	to	those	considered	when	analyzing	the	incompressible	flow	in	a	channel	with	sidewall	injection.	Along	similar	lines,	the	first-order	equations,	which	encapsulate	the	first	compressible	contribution,	may	be
isolated	and	written	as	(7-198)	(7-199)	Page	446	(7-200)	(7-201)	(7-202)	As	for	the	boundary	conditions	embodied	in	Eq.	(7-191),	they	can	be	conveniently	recast	in	terms	of	the	stream	function.	One	gets,	(7-203)	(7-204)	In	order	to	write	Eq.	(7-194)	purely	in	terms	of	the	stream	function,	it	is	necessary	to	eliminate	the	vorticity	that	appears	on	its	right-
hand	side.	To	this	end,	the	compressible	stream	function	defined	in	Eq.	(7-186)	is	substituted	into	the	leading-order	vorticity	transport	Eq.	(7-195).	This	enables	us	to	realize	that	the	resulting	expression	is	secured	if,	and	only	if,	ω0	=	C2ψ0.	Upon	substitution	of	this	relation	back	into	Eq.	(7-194),	one	may	use	separation	of	variables	and	apply	the
boundary	conditions	specified	in	Eq.	(7-203).	As	expected,	one	recovers	the	incompressible	Taylor	profile:	(7-205)	The	p1	term	can	be	determined	by	integrating	the	momentum	Eq.	(7-196)	after	eliminating	the	vorticity	term,	ω0,	and	inserting	the	solution	from	Eq.	(7-205).	The	remaining	thermodynamic	variables	can	be	determined	through	backward
substitution	into	the	isentropic	relations	given	by	Eq.	(7-197).	The	remaining	thermodynamic	properties	are	found	to	be	(7-206)	The	procedure	for	obtaining	the	first-order	compressible	correction	mirrors	that	of	its	leading	order,	albeit	with	non-homogenous	terms.	As	usual,	the	vorticity	transport	Eq.	(7200)	can	be	used	to	determine	a	relation
between	ω1	and	ψ1.	After	some	effort,	Maicke	and	Majdalani	(2008)	find	a	possible	solution	of	the	form	(7-207)	The	terms	arising	after	the	±	sign	represent	additional	corrections	that	are	needed	to	fulfill	Eq.	(7-200).	Here	F	(ψ0)	refers	to	an	arbitrary	function	of	the	incompressible	stream	function,	ψ0,	which	can	be	determined	in	a	manner	to	secure
the	principal	equations	and	their	boundary	conditions.	Next,	the	vorticity	in	Eq.	(7-199)	can	be	solved	after	incorporating	all	leading-order	solutions.	The	resulting	non-homogeneous	terms	suggest	a	first-order	stream	function	of	the	type	(7-208)	where	is	taken	to	simplify	bookkeeping.	This	form	may	be	substituted	back	into	Eq.	(7-199),	thereby	giving
rise	to	two	ordinary	differential	equations	that	can	be	solved	separately.	When	these	are	augmented	by	the	boundary	conditions	specified	in	Eq.	(7-204),	the	first-order	correction	can	be	retrieved	very	neatly	and	rearranged	into	(7-209)	Solving	for	the	pressure	requires	separating	Eq.	(7-201)	into	its	scalar	components	and	then	solving	through	partial
integration.	The	resulting	compressible	pressure	correction	can	be	readily	extracted	into	(7-210)	Page	447	The	remaining	thermodynamic	variables	are	determined	through	straightforward	substitution	into	Eq.	(7-202).	One	gets	(7-211)	At	this	stage,	all	corrective	terms	can	be	substituted	back	into	the	Rayleigh–	Janzen	series	expansions	contained	in
Eq.	(7-192),	thus	leading	to	the	following	two-term	approximations:	(7-212)	(7-213)	(7-214)	(7-215)	(7-216)	and	(7-217)	Naturally,	the	procedure	can	be	repeated	to	improve	its	accuracy	by	retaining	higher-order	terms.	In	the	meantime,	the	approximation	presented	here	remains	accurate	to	in	the	velocity	and	in	the	pressure,	density,	and	temperature.
7-10.2	The	Compressible	Taylor–Culick	Flow	in	a	Porous	Tube	The	multi-dimensional	procedure	described	above	was	first	applied	by	Majdalani	(2007)	in	the	context	of	a	right-cylindrical	porous	tube	with	sidewall	injection,	where	the	incompressible	rotational	motion	is	often	referred	to	as	the	Taylor–Culick	profile	[Saad	and	Majdalani	(2007)].	The
physical	configuration,	which	corresponds	to	a	tube	of	length	L0	and	radius	a,	has	been	ubiquitously	used	to	model	the	bulk	gaseous	motion	in	solid	rocket	motors	with	circular	grain	perforations	[Chedevergne	et	al.	(2006)	and	Bouyges	et	al.	(2017)].	As	usual,	the	flow	enters	the	tube	isentropically	along	the	sidewall	at	a	uniform	injection	speed	Vw.	As
before,	the	tilde	can	be	used	to	denote	dimensional	variables	with	and	alluding	to	the	axial	and	radial	coordinates,	respectively.	Our	assortment	of	variables	and	operators	is	specified	according	to	(7-218)	where	ψ	stands	for	the	compressible	Stokes	stream	function,	L	refers	to	the	porous	tube’s	aspect	ratio,	and	the	subscript	“0”	denotes	a	reference
condition	at	the	headwall.	Taking	advantage	of	axisymmetry,	our	solution	domain	can	be	limited	to	0	≤	x	≤	L	and	0	≤	r	≤	1,	as	illustrated	in	Fig.	7-30.	To	avoid	the	use	of	multiple	subscripts,	we	resort	to	a	variant	(x,	r,	θ)	coordinate	system	and	designate	our	velocity	and	vorticity	companions	as	v	=	(u,	υ,	0)	and	ω	=	∇	×	v	=	(0,	0,	ω).	In	this	framework,
the	velocity	components	can	be	related	to	Stokes’	compressible	stream	function	via	(7-219)	Page	448	FIGURE	7-30	Schematic	of	a	porous	tube	with	wall-normal	injection.	When	Eq.	(7-219)	is	inserted	into	the	vorticity	definition,	one	obtains	a	key	relation	between	ω	and	ψ,	specifically	(7-220)	In	conformance	with	the	vorticity-stream	function
approach,	a	second	relation	between	ω	and	ψ	may	be	arrived	at	through	the	vorticity	transport	equation.	To	this	end,	the	curl	of	the	momentum	equation	is	taken	such	that	(7-221)	As	for	the	pressure,	it	may	be	retrieved	from	the	normalized	momentum	equation,	(7-222)	Our	last	stop	takes	us	to	the	isentropic	flow	relations,	which	enable	us	to	extract
the	density	and	temperature	directly	from	(7-223)	The	physical	boundary	conditions	associated	with	the	Taylor–Culick	profile	prohibit	any	radial	flow	across	the	centerline	and	any	axial	motion	at	either	the	headwall	or	the	sidewall.	They	also	require	a	constant	radial	velocity	at	the	sidewall.	In	essence,	we	have	(7-224)	At	this	juncture,	having	defined
the	governing	equations	and	their	boundary	conditions,	a	Rayleigh–Janzen	expansion	can	be	employed	to	linearize	Eqs.	(7-220)–(7-223).	This	effort	begins	by	writing	each	of	the	principal	variables	as	a	series	of	the	Mach	number	squared:	(7-225)	By	inserting	the	decomposed	variables	into	Eqs.	(7-220)–(7-223),	one	may	expand,	rearrange,	and	collect
terms	that	appear	at	the	same	order	in	the	Mach	number.	Forthwith,	the	segregation	of	terms	that	do	not	contain	the	Mach	number	leads	to	the	incompressible	Taylor–Culick	relations:	(7-226)	(7-227)	(7-228)	Page	449	(7-229)	(7-230)	In	like	manner,	the	equations	that	capture	the	first	compressible	correction	may	be	identified	as	(7-231)	(7-232)	(7-
233)	(7-234)	(7-235)	To	complete	this	system,	the	problem’s	boundary	conditions,	specified	by	Eq.	(7-224),	can	be	conveniently	written	in	terms	of	the	stream	function:	(7-236)	(7-237)	To	make	further	headway,	Eq.	(7-227)	must	be	reduced	to	a	function	of	a	single	dependent	variable,	ψ0,	which,	in	turn,	requires	eliminating	ω0.	This	can	be
accomplished	by	substituting	the	compressible	stream	function	definition,	given	by	Eq.	(7-226),	into	the	leading-order	vorticity	transport	Eq.	(7-228).	It	can	then	be	shown	that	any	relation	of	the	form	ω0	=	C2	rψ0	will	satisfy	the	vorticity	transport	equation	identically.	When	this	particular	relation	is	returned	to	Eq.	(7-227),	a	linear	differential
equation	is	realized,	namely,	(7-238)	One	may	then	proceed	to	use	the	product	solution	method	of	the	form	ψ0	(x,	r)	=	X(x)	R(r)	in	conjunction	with	Eq.	(7-236)	to	recover	the	classical	Taylor–Culick	stream	function,	(7-239)	As	for	the	pressure,	p1	can	be	deduced	from	the	momentum	Eq.	(7-229)	fairly	straightforwardly.	The	density	and	temperature
follow	equally	easily	from	Eq.	(7-235).	We	get	(7-240)	The	first-order	compressible	correction	entails	nearly	identical	steps.	First,	Eq.	(7233)	can	be	used	to	determine	a	relation	between	ω1	and	ψ1.	After	some	effort	[Majdalani	(2007)],	one	finds	(7-241)	Here	F(	ψ0)	represents	an	arbitrary	function	of	ψ0	that	must	be	determined	in	a	manner	to	satisfy
all	equations	and	boundary	conditions.	Next,	Eq.	(7-232)	can	be	solved	after	expressing	it	solely	as	a	function	of	the	first-order	stream	function,	ψ1.	Majdalani	(2007)	suggests	a	solution	of	the	form	(7-242)	Page	450	where	η	≡	π	r2/2	is	used.	It	can	then	be	shown	that	the	substitution	of	Eq.	(7-242)	and	other	known	quantities	into	Eq.	(7-232)	leads	to
two	ordinary	differential	equations	that	can	be	solved	separately.	After	some	effort,	one	finds,	(7-243)	where	stands	for	Euler’s	Gamma	constant.	Moreover,	the	sine	and	cosine	integral	functions	are	given	by	(7-244)	It	should	be	noted	that	the	last	compact	approximation	provided	by	Majdalani	(2007)	in	Eq.	(7-243)	can	be	used	to	bypass	the	need	to
use	integral	functions.	As	for	the	pressure,	it	may	be	extracted	from	the	momentum	Eq.	(7-234)	using	partial	integration.	We	get	(7-245)	where	ς	=	πα	−	2β	≃	12.6229.	The	remaining	thermodynamic	variables	are	determined	through	straightforward	substitution	into	Eq.	(7-235).	One	gets	(7-246)	In	the	interest	of	simplicity,	a	solution	that	consolidates
the	leading	and	compressible	contributions	may	be	written	as	(7-247)	and	so,	for	the	basic	flow	velocity	components,	we	have	(7-248)	(7-249)	The	corresponding	pressure,	density,	and	temperature	become	(7-250)	(7-251)	and	(7-252)	This	concludes	our	compressible	expansion	analysis	of	rotational	profiles,	which	follows	the	procedure	described	in
Fig.	7-31,	where	the	stream	function	and	pressure	equations	are	solved	sequentially.	The	procedure	requires	first	identifying	a	relation	between	the	vorticity	and	stream	function	that	satisfies	the	vorticity	transport	equation	and	then	inserting	such	a	relation	into	the	definition	of	the	vorticity—which	now	becomes	expressible	as	a	sole	function	of	the
stream	function.	The	resulting	linear	differential	equation	in	the	stream	function	is	then	carefully	solved	using	separation	of	variables	in	a	manner	to	secure	the	problem’s	boundary	conditions.	After	extracting	a	solution	for	the	streamPage	451	function	at	a	given	order,	the	corresponding	pressure	is	deduced	through	partial	integration	of	the
momentum	equation;	this	is	followed	by	the	density	and	temperature,	which	can	be	determined	from	the	isentropic	flow	relations	quite	straightforwardly.	This	procedure	can	be	repeated	at	higher	orders	of	the	Mach	number	as	needed	to	achieve	a	desired	degree	of	precision.	Unsurprisingly,	solving	for	the	compressible	counterpart	of	irrotational
flows	proves	to	be	a	lot	simpler,	as	shown	by	Maicke	et	al.	(2012).	The	interested	reader	is	referred	in	this	regard	to	the	last	two	exercise	problems	that	illustrate	the	procedure	for	the	treatment	of	irrotational	flows.	FIGURE	7-31	Flowchart	of	the	Rayleigh–Janzen	compressible-flow	expansion	procedure.	SUMMARY	This	chapter	introduces	the
analysis	of	steady	compressible	boundary	layers	for	both	laminar	and	turbulent	flows.	Such	flows	can	be	handled	either	by	approximate	(integral	or	correlative)	techniques	or	by	“exact”	(finite-difference)	computations,	and	some	of	the	most	popular	methods	are	discussed.	While	the	main	emphasis	is	placed	on	flat-plate	and	stagnation-point	flows,	the
effects	of	pressure	gradient,	heat	transfer,	and	shock-wave	interaction	are	briefly	discussed.	In	this	process,	a	presentation	is	made	of	analytically	inverted	forms	of	several	isentropic	flow	relations	that	yield	the	Mach	number,	pressure,	density,	and	temperature	directly	as	a	function	of	the	expansion	area	ratio.	Such	relations	provide	a	simple
alternative	to	the	use	of	compressible-flow	tables	in	the	treatment	of	isentropic	expansions	through	convergent–divergent	nozzles.	Our	coverage	ends	with	a	description	of	the	powerful	Rayleigh–Janzen	expansion	method	for	the	treatment	of	compressible	flows.	In	principle,	this	approach	can	be	used	to	obtain	a	compressible	analytical	approximation
to	any	mean	flow	profile	for	which	an	incompressible	solution	exists.	Naturally,	it	is	not	possible	in	one	short	chapter	to	treat	many	of	the	viscous-flow	phenomena	that	have	been	studied	under	high-speed	flow	conditions.	Some	topics	omitted	involve	mass	transfer	at	the	wall,	species	diffusion	due	to	dissociation	or	foreign-gas	injection,	chemical
reactions,	three-dimensional	flows,	shock-wave	impingement	and	leading-edge	bluntness	effects,	wall	roughness,	and	supersonic	jets	and	wakes.	The	reader	is	referred	to	the	extensive	aerospace	literature	on	such	flows	including	the	monographs	by	Dorrance	(1962),	Schreier	(1982),	Schetz	(1984),	Smits	and	Dussauge	(1996),	Anderson	(2000),
Settles	(2004),	Schetz	and	Bowersox	(2011),	and	others.	It	is	hoped	that	the	present	chapter	whets	the	reader’s	appetite	to	further	explore	this	rich	and	ever-expanding	field	of	compressible	viscous	flow.	PROBLEMS	7-1.	Consider	compressible-laminar-boundary-layer	flow	past	a	flat	plate	with	a	cold	wall.	If	Pr	≈	1,	find	the	value	of	Tw,	in	terms	of	(Te,
cp,	Ue)	for	which	the	maximum	temperature	in	the	boundary	layer	occurs	at	the	point	where	u	=	0.5	Ue.	Sketch	the	profile	T(	y).	7-2.	Consider	the	flow	of	an	ideal	gas,	γ	=	1.4,	past	a	flat	plate	(	β	=	0)	at	Mae	=	3.0.	Solve	the	similarity	relations,	Eqs.	(7-47a)	and	(7-47b),	numerically.	Plot	the	resulting	velocity	and	temperature	profiles	and	compare
them	to	(a)	the	finite-differencePage	452	results	in	Fig.	7-13	and	(b)	the	Crocco–Busemann	approximation	in	Eq.	(7-29).	Solve	for	either	an	adiabatic	wall	or	a	cold	wall,	Tw	=	Te.	7-3.	Air	at	0oC	and	13	kPa	is	in	laminar	flow	past	a	flat	plate	at	800	m/s.	Estimate	(a)	the	adiabatic-wall	temperature	in	oC	and	(b)	the	heat-transfer	rate	in	W/m2	at	x	=	15	cm
if	the	wall	temperature	is	20oC.	7-4.	Evaluate	the	flat-plate	recovery	factor	numerically	from	Eq.	(7-50)	for	a	value	of	Pr	not	listed	in	Table	7-1.	Compare	your	results	with	the	approximations	associated	with	Eqs.	(7-52a)	and	(7-52b).	7-5.	Air	at	20oC	and	20	kPa	flows	at	1200	m/s	past	an	insulated	flat	plate.	At	x	=	10	cm,	assuming	laminar	flow	with	no
shock-wave	interactions,	estimate	(a)	the	wall	shear	stress	(in	Pa)	and	(b)	the	wall	heat-transfer	rate	(in	W/m2).	7-6.	Helium	at	20oC	and	14	kPa	flows	axially	at	1600	m/s	toward	a	25	cm	diameter	cylinder	with	a	hemispherical	nose.	Using	normal-shock,	perfect-gas	theory,	estimate	the	velocity	gradient	K	in	s−1	at	the	nose	of	the	hemisphere.	7-7.	Air
at	20oC	and	40	kPa	flows	at	Ma	=	3.5	toward	a	sphere	of	diameter	10	cm	whose	surface	is	at	400oC.	Assuming	an	ideal	gas,	estimate	the	heat-transfer	rate	(in	W/m2)	at	the	stagnation	point.	7-8.	In	hypersonic	flow	past	an	insulated	surface,	the	density	is	small	near	the	wall	and	causes	the	shape	factor	H	=	δ*/θ	from	Eqs.	(7-75)	to	be	quite	large.	For
laminar	flow,	assuming	a	linear	velocity	profile	u/Ue	≈	y/δ	(see	Fig.	7-3a)	and	the	Crocco–	Busemann	temperature	correlation	Eq.	(7-28),	show	that	Compute	the	value	of	the	shape	factor	if	γ	=	1.4	and	Mae	=	8.0.	7-9.	Consider	laminar	flow	at	constant	Ue	and	Mae	past	an	adiabatic	flat	plate.	Use	the	method	of	Gruschwitz	from	Sec.	7-4.3	to	solve	for
the	variation	of	momentum	thickness	and	skin-friction	coefficient	along	the	wall.	Compare	with	other	flat-plate	formulas.	Hint:	Closed	form	integration	is	possible.	7-10.	Program	the	finite-difference	method	of	Sec.	7-4.4,	with	either	an	explicit	or	implicit	model,	for	laminar	flat-plate	flow	with	Mae	=	7.0	and	γ	=	1.4.	Assume	an	adiabatic	wall.	Compute
enough	downstream	sections	to	establish	the	validity	of	the	similarity	variable	Compare	the	computed	velocities,	temperatures,	and	skin-friction	coefficients	with	the	van	Driest	results	in	Figs.	7-2	to	7-4.	7-11.	Modify	Prob.	7-10	for	a	cold	wall	with	Tw	=	Te/4.	7-12.	Air	at	20oC	and	8000	Pa	is	in	laminar	flow	past	a	flat	plate	at	4200	m/s.	Using	Fig.	7-17,
estimate	the	shock-induced	pressure	pe,	in	pascals,	at	the	position	x	=	8	cm	along	the	plate.	7-13.	As	shown	in	Fig.	P7-13,	air	at	20oC	and	30	kPa	flows	at	Ma	=	3.5	toward	a	symmetric	two-dimensional	wedge	of	half-angle	15oC.	If	the	wedge	surface	is	insulated,	estimate	its	temperature	(in	oC)	for	an	assumed	laminar-flow	condition.	FIGURE	P7.13	7-
14.	Modify	Prob.	7-13	to	find	the	total	heat	transfer	per	unit	width	on	the	upper	surface	of	the	wedge	if	the	base	AB	has	a	length	of	10	cm.	Let	Tw	=	300	K.	Modify	Prob.	7-13	for	an	assumed	turbulent-flow	condition.	7-15.	Page	453	7-16.	7-17.	Modify	Prob.	7-14	for	an	assumed	turbulent-flow	condition.	Figure	P7-17	is	a	shadowgraph	of	airflow	at	Ma	=
2.85	striking	a	20oC	ramp,	from	Settles	et	al.	(1979).	The	white	line	at	left	shows	the	thickness	of	the	approaching	turbulent	boundary	layer.	(a)	Determine	if	the	shock-wave	angle	(the	thick	black	line)	is	in	agreement	with	oblique-shock	theory.	(b)	Discuss	how	the	details	of	the	shadowgraph	can	be	explained	by	boundary-layer	concepts.	FIGURE
P7.17	7-18.	Solve	the	hypersonic-interaction	Eqs.	(7-104)	and	(7-106)	numerically	for	γ	=	1.4	and	Tw	=	Taw	in	the	range	0	<	χ	<	10.	Compare	your	results	with	Fig.	7-17	and	with	the	simple	linear	approximation	given	by	Eq.	(7-108).	7-19.	Air	at	20oC	and	25	kPa	flows	at	2200	m/s	past	an	insulated	flat	plate.	At	the	point	x	=	2	cm,	use	hypersonic-
interaction	theory	to	estimate	the	actual	surface	pressure	(in	Pa).	7-20.	Consider	the	turbulent-boundary-layer	energy	Eq.	(7-125d)	with	negligible	viscous	shear,	heat	transfer,	and	pressure	gradient.	Near	the	wall,	we	have	τ	≈	τw	and	negligible	convection.	Integrate	the	energy	equation	to	obtain	Then,	introducing	the	eddy	viscosity	and	turbulent
Prandtl	number,	integrate	to	find	the	temperature	in	the	form	of	Eq.	(7-164),	as	found	by	Huang	et	al.	(1993).	7-21.	At	a	certain	position	in	a	turbulent	flat-plate	boundary	layer,	the	air	freestream	conditions	are	Ue	=	900	m/s	and	Te	=	20oC.The	wall	temperature	is	300oC	and	the	wall	heat	transfer	is	30	kW/m2	into	the	wall.	The	boundary-layer
thickness	is	6	mm.	Using	the	compressible	law	of	the	wall,	estimate	the	local	wall	shear	stress	(in	Pa).	Compare	your	estimate	with	other	flat-plate	formulas.	Let	pe	=	1	atm.	7-22.	Modify	Prob.	7-5	to	study	the	position	x	=	1	m,	where	the	boundary-layer	motion	is	turbulent.	7-23.	In	the	experiment	of	Coles	(1954),	for	smooth	adiabatic-wall	flat-plate
airflow	at	three	Mach	numbers	and	three	x	stations,	some	of	the	reported	data	may	be	listed	as	follows:	Compare	these	data	with	predictions	by	the	turbulent	flat-plate	methods	of	van	Driest	and	White	and	Christoph	in	Sec.	7-8.	Also	show	comparative	predictions	for	Mae	=	0.	Page	454	7-24.	The	data	from	the	experiment	of	Zwarts	(1970),	used	in
preparing	Fig.	7-28,	may	be	listed	as	follows:	The	freestream	kinematic	viscosity	was	1.06	×	10	−4	ft2/s.	Make	your	own	curve	fit	to	the	velocity	and	Mach	number	data	and,	starting	at	the	first	position,	compute	a	theoretical	skin-friction	distribution	for	comparison,	using	the	method	of	Walz	[Eqs.	(7-174)	and	(7-175)].	Numerical	integration	is
required.	7-25.	Repeat	Prob.	7-24	using	the	White–Christoph	inner	variable	method	given	by	Eqs.	(7-181a)	and	(7-181b).	7-26.	The	answer	to	Prob.	7-13	is	Taw	≈	919	K.	(a)	Assuming	laminar	flow,	find	the	wedge	half-angle	for	which	Taw	≈	950	K.	(b)	Find	the	adiabatic-wall	temperature	of	a	flat	plate	(wedge	angle	=	0)	with	a	stream	Mach	number	of
3.5.	(c)	One	of	your	answers	(a,	b)	will	be	less	than	the	other.	Give	a	thermodynamic	explanation	for	this	result.	7-27.	In	a	wind	tunnel	experiment,	air	at	20oC	and	8000	Pa	flows	past	an	adiabatic	flat	plate	at	Ma	≈	4.5.	Turbulent-boundary-layer	velocities	are	measured	as	follows:	Using	the	van	Driest	transformation,	estimate	the	wall	shear	stress	in
pascals.	7-28.	Show	that	in	the	water	hammer	problem,	although	the	radial	velocity	is	far	smaller	than	the	axial	component,	it	should	not	be	neglected	in	the	governing	equation.	Hint:	Solve	the	equation	by	ignoring	the	radial	velocity	and	then	check	the	validity	of	the	solution	you	obtain.	7-29.	Solve	the	first	member	of	Eq.	(7-112).	in	Sec.	7-5.3
assuming	u1	(x,	r,	t)	=	J0	(	λ1	r),	where	J0	(r)	denotes	the	zeroth-order	Bessel	function,	and	λ1	reproduces	its	first	root.	Hint:	u1	(x,	r,	t)	can	be	solved	using	separation	of	variables.	Answer:	7-30.	Solve	Eq.	(7-119)	in	Sec.	7-5.3	using	the	Laplace	transform	method.	Note	that	7-31.	In	seeking	a	compressible	solution	for	the	irrotational	mean-flow	profile
in	a	porous	channel	(see	Fig.	P7-31),	one	may	use	a	steady,	two-dimensional,	compressible	potential	flow	equation	that	incorporates	the	effects	of	the	porous	wall	Mach	number	Maw,	specifically,	FIGURE	P7.31	where	all	spatial	coordinates	are	normalized	by	the	channel	half	height,	velocity	components	by	the	wall	injection	speed,	and	other	variables
by	their	reference	values.	Page	455	(a)	By	substituting	into	the	compressible	potential	flow	equation	given	here	a	Rayleigh–Janzen	expansion	of	the	type	show	that	the	leading-	and	first-order	equations	for	the	compressible	potential	function	are:	(b)	Using	additive	separation	of	variables	of	the	form	ϕ0	=	f0(x)	+	g0(	y),	determine	the	general	solution	to
the	leading-order	potential	function	equation.	Show	that	(c)	For	a	porous	tube,	the	potential	flow	boundary	conditions	may	be	written	as	Show	that	function	equation.	is	the	particular	solution	for	the	leading-order	potential	(d	)	Determine	the	general	solution	to	the	first-order	potential	function	equation.	Assume	the	same	separation	of	variables	form
and	set	all	of	the	boundary	conditions	in	Part	(c)	equal	to	zero.	Show	that	the	particular	solution	is	(e)	Recalling	that	be	expressed	as	show	that	the	compressible	velocity	profile	may	(	f	)	The	differential	form	of	the	pressure	may	be	written	as	Using	a	Rayleigh–Janzen	expansion	for	the	pressure	and	density	of	the	form	expand	and	show	that	the
successive	equations	for	the	pressure	lead	to	(g)	Integrate	the	pressure	corrective	equations.	When	integrating	a	partial	differential	equation,	remember	to	include	a	function	of	the	other	variable	in	lieu	of	a	pure	constant.	Show	that	7-32.	In	seeking	a	compressible	solution	for	the	irrotational	Hart–McClure	profile	in	a	porous	tube	with	a	circular	cross
section	(see	Fig.	P7-32),	Maicke	et	al.	(2012)	use	a	steady,	axisymmetric,	compressible	potential	flow	equation	that	incorporates	the	effects	of	the	porous	wall	Mach	number	Maw,	specifically,	FIGURE	P7.32	where	all	spatial	coordinates	are	normalized	by	the	tube	radius,	velocity	components	by	the	wall	injection	speed,	and	other	variables	by	their
reference	values.	Page	456	(a)	By	substituting	into	the	compressible	potential	flow	equation	given	here	a	Rayleigh–Janzen	expansion	of	the	type	show	that	the	leading-	and	first-order	equations	for	the	compressible	potential	function	are	(b)	Using	additive	separation	of	variables	of	the	form	ϕ0	=	f0	(r)	+	g0	(z),	determine	the	general	solution	to	the
leading-order	potential	function	equation.	Show	that	(c)	For	a	porous	tube,	the	potential	flow	boundary	conditions	may	be	written	as	Show	that	function	equation.	is	the	particular	solution	for	the	leading-order	potential	(d	)	Determine	the	general	solution	to	the	first-order	potential	function	equation.	Assume	the	same	separation	of	variables	form	and
set	all	of	the	boundary	conditions	in	Part	(c)	equal	to	zero.	Show	that	the	particular	solution	is:	(e)	Recalling	that	show	that	the	compressible	Hart–McClure	velocity	profile	may	be	expressed	as	(	f	)	The	differential	form	of	the	pressure	may	be	written	as	Using	a	Rayleigh–Janzen	expansion	for	the	pressure	and	density	of	the	form	expand	and	show	that
the	successive	equations	for	the	pressure	lead	to	(g)	Integrate	the	pressure	corrective	equations.	When	integrating	a	partial	differential	equation,	remember	to	include	a	function	of	the	other	variable	in	lieu	of	a	pure	constant.	Show	that	Page	457	APPENDIX	A	VECTOR	IDENTITIES	(A-1)	(A-2)	(A-3)	(A-4)	(A-5)	(A-6)	(A-7)	(A-8)	(A-9)	(A-10)	(A-11)	(A-12)
(A-13)	(A-14)	(A-15)	(A-16)	(A-17)	(A-18)	(A-19)	(A-20)	(A-21)	(A-22)	(A-23)	(A-24)	Page	458	APPENDIX	B1	3D	KINEMATIC	EXPRESSIONS	IN	CARTESIAN	COORDINATES	Page	459	APPENDIX	B2	REDUCED	KINEMATIC	EXPRESSIONS	IN	STEADY	2D	CARTESIAN	COORDINATES	Page	460	APPENDIX	B3	3D	KINEMATIC	EXPRESSIONS	IN
CYLINDRICAL	COORDINATES	Page	461	Page	462	APPENDIX	B4	REDUCED	KINEMATIC	EXPRESSIONS	IN	STEADY	2D	CYLINDRICAL	COORDINATES	Page	463	APPENDIX	C	TRANSPORT	PROPERTIES	OF	VARIOUS	NEWTONIAN	FLUIDS	THE	VISCOSITY	AND	THERMAL	CONDUCTIVITY	OF	WATER	Kestin	and	Wakeham	(1988)	recommend	the
following	formula	for	the	viscosity	of	water	at	atmospheric	pressure:	with	μ	in	[mPa	·	s]	and	T	in	[°C].	Numerical	values	are	tabulated	below.	They	further	state	that	k(T)	is	not	known	very	accurately	for	any	liquid.	Estimated	values	of	k(	T	)	for	water	are	given	below.	Page	464	FIGURE	C-1	Viscosity	and	thermal	conductivity	of	common	gases	at	low
pressures.	Page	465	FIGURE	C-2	Absolute	viscosity	of	common	fluids	at	atmospheric	pressure.	Page	466	FIGURE	C-3	Kinematic	viscosity	of	common	fluids	at	atmospheric	pressure.	TABLE	C-1	Properties	of	saturated	water	at	atmospheric	pressure	Page	467	TABLE	C-2	Properties	of	air	at	atmospheric	pressure	Source:	White	(1988).	TABLE	C-3
Properties	of	common	liquids	at	1	atm	and	20°C	(68°F)	Page	468	TABLE	C-4	Properties	of	common	gases	at	1	atm	and	20°C	(68°F)	TABLE	C-5	Critical-point	constants	for	common	fluids	TABLE	C-6	Sutherland	and	power-law	constants	for	gas	viscosity	Source:	Chapman	and	Cowling	(1970).	Page	469	FIGURE	C-4	Viscosity	of	steam	and	water.	(From
the	1967	ASME	Steam	Tables.)	Page	470	FIGURE	C-5	Thermal	conductivity	of	steam	and	water.	(From	the	1967	ASME	Steam	Tables.)	Page	471	FIGURE	C-6	Reciprocal	Prandtl	number	1/Pr	for	steam	and	water.	(From	the	1967	ASME	Steam	Tables.)	TABLE	C-7	Molecular	parameters	for	dilute-gas	transport	properties,	Eqs.	(1-33)	and	(141)	Source:
R.A.	Svehla,	NASA	Tech.	Rep.	R-132,	1962.	Page	472	APPENDIX	D	EINSTEIN’S	INDICIAL	NOTATION	Range	Convention:	The	range	indices	are	small	subscripted	Latin	letters	that	are	not	repeated	in	a	term.	The	range	indices	take	on	values	of	1,	2,	or	3,	depending	on	the	spatial	dimension(s).	For	example,	the	subscript	“i	”	in	Ai	=	(A1	,	A2	,	A3);	i
denotes	a	range	index.	Order	of	a	Tensor:	The	order	of	a	tensor	is	determined	by	the	number	of	range	indices.	For	example:	A :	represents	a	tensor	of	zeroth	order,	i.e.,	a	scalar.	Ai	:	represents	a	first-order	tensor,	i.e.,	a	vector.	Aij	:	represents	a	second-order	tensor,	i.e.,	a	matrix.	Aijk	:	represents	a	third-order	tensor,	i.e.,	a	Rubik’s	cube;	an	i	×	j	×	k
tensor	is	a	k	array	of	i	×	j	matrices.	Summation	Convention:	The	summation	index	is	a	small	subscripted	Latin	letter	which	is	repeated	twice,	and	twice	only	in	a	term,	to	imply	summation	over	the	range	indices	1,	2,	and	3.	For	example,	in	specifying	a	vector	transformation,	one	may	use	the	standard	range	convention	for	spatial	directions	and	write	.
When	evaluated	over	the	range	indices,	we	get	(D-1)	Note	that	i	is	unrepeated	whereas	“1,”	“2,”	and	“3”	are	repeated	in	the	first,	second,	and	third	terms	of	each	equation,	respectively.	The	summation	index	can	thus	be	used	by	writing,	to	denote	a	summation	on	j.	Kronecker	Delta:	By	definition,	the	Kronecker	Delta	is	equivalent	to	the	identity	matrix
as	it	yields	(D-2)	In	three-dimensional	space,	this	practically	means	that	(D-3)	Page	473	Permutation	Tensor:	(D-4)	Gradient	of	a	Scalar:	The	gradient	of	a	scalar	ϕ	may	be	prescribed	using	a	subscripted	comma	of	the	form	ϕ,i:	(D-5)	Divergence	of	a	Vector:	The	divergence	of	a	vector	Ai	may	be	prescribed	using	a	subscripted	comma	of	the	form	Ai,i	(D-6)
Curl	of	a	Vector:	The	curl	of	a	vector	Ai	may	be	prescribed	using	Divergence	of	a	Tensor:	(D-7)	Multiplication	of	Cartesian	Tensors:	The	inner	product	of	Ai	and	Bij	results	in	(D-8)	Page	474	APPENDIX	E1	ADVANCED	ENERGY	LOSS	EVALUATION	Fundamental	Energy	Equation:	(E1-1)	Energy	equation	applied	to	a	steady	incompressible	flow	between
two	points	separated	by	a	distance	where	represents	the	rate	at	which	work	is	removed	from	the	fluid.	It	is	positive	and	equal	to	the	net	input	power	to	a	turbine;	it	is	negative	and	equal	to	the	net	output	power	from	a	pump.	Head-Loss	Equation:	(E1-2)	(E1-3)	Flow-Rate	Problem:	When	Q	and	V	are	unknown:	(E1-4)	(E1-5)	(3)	Find	f	from	Eq.	(E1-3).
(E1-6)	Page	475	(5)	Repeat	steps	(2)–(4)	until	satisfied.	Pipe-Sizing	Problem:	When	D	is	unknown:	(E1-7)	(E1-8)	(E1-9)	(5)	Repeat	steps	(2)–(4)	until	satisfied.	Page	476	APPENDIX	E2	TRADITIONAL/ITERATIVE	ENERGY	LOSS	EVALUATION	Fundamental	Energy	Equation:	(E2-1)	Energy	equation	applied	for	a	steady	incompressible	flow	between	two
points	separated	by	a	distance	where	represents	the	rate	at	which	work	is	removed	from	the	fluid.	It	is	positive	and	equal	to	the	net	input	power	to	a	turbine,	and	it	is	negative	and	equal	to	the	net	output	power	from	a	pump.	Head-Loss	Equation:	(E2-2)	(E2-3)	Flow-Rate	Problem:	When	Q	and	V	are	unknown:	(1)	To	start,	set	Re	=	108	and	find	f	from
Eq.	(E2-3)	(fully	rough	zone).	(E2-4)	(E2-5)	(4)	Find	f	from	Eq.	(E2-3).	(5)	Repeat	steps	(2)–(4)	until	satisfied.	Page	477	Pipe-Sizing	Problem:	When	D	is	unknown:	(1)	To	start,	guess	f	=	0.03	and	a	value	for	D.	(E2-6)	(E2-7)	(4)	Find	f	from	Eq.	(E2-3).	(5)	Repeat	steps	(2)–(4)	until	satisfied.	Page	478	APPENDIX	F	BRAGG–HAWTHORNE	EQUATION	FOR
AXISYMMETRIC	FLOW	IN	SPHERICAL	COORDINATES	In	modeling	axisymmetric	flow	motion,	Euler’s	steady	momentum	equation	for	incompressible	fluids	can	be	readily	transformed	into	a	single	second-order	partial	differential	equation	of	the	stream	function.	In	what	follows,	this	relation,	which	is	referred	to	as	the	Bragg–Hawthorne,	Hicks,	or
Long–Squire	equation,	is	derived	using	the	spherical	coordinates	(r,	φ,	θ)	specified	in	Fig.	F-1.	FIGURE	F-1	Spherical	coordinate	system	with	the	same	azimuthal	angle	θ	as	in	cylindrical	coordinates.	To	begin,	Euler’s	steady	momentum	equation	may	be	written	as	where,	for	simplicity,	gravity	is	ignored	and	Lamb’s	vector	identity	in	App.	A	is
substituted	for	the	steady	inertial	force.	Next,	the	pressure	term	is	consolidated	with	the	kinetic	energy	term	such	that	Page	479	Here	H(ψ)	denotes	the	total	head,	which	is	conserved	along	a	streamline.	Then	using	spherical	coordinates	and	a	projection	along	the	polar	direction,	we	get	Realizing	that	and	the	only	polar	gradient	that	survives	the
projection	is	the	two	members	of	the	vorticity	transport	equation	may	be	readily	evaluated	to	give	(F-1)	To	make	further	headway,	ωr	and	ωθ	may	be	straightforwardly	retrieved	from	the	vorticity	equation,	(F-2)	Moreover,	axisymmetry	about	the	z-axis	of	rotation	enables	us	to	extract	(F-3)	and	so,	backward	substitution	into	the	projected	vorticity
transport	Eq.	(F-1)	yields	(F-4)	At	this	stage,	υr,	υφ,	and	υφ	must	be	related	to	ψ.	In	this	vein,	the	incompressible	stream	function	can	be	introduced	to	replace	the	radial	and	polar	velocities,	namely,	by	letting	(F-5)	As	for	the	swirl	velocity	υθ,	it	may	be	expressed	in	terms	of	the	angular	momentum	by	recognizing	that	the	steady	azimuthal	momentum
equation	for	this	case	becomes	(F-6)	Equation	(F-6)	may	be	multiplied	by	r sin	φ	and	simplified,	under	axisymmetric	conditions,	to	give	(F-7)	Further	grouping	of	terms	into	derivatives	of	products	yields	(F-8)	This	expression	proves	that	the	material	derivative	of	rυθ	sin	φ	must	vanish	because	(F-9)	Finally,	backward	substitution	of	Eqs.	(F-9)	and	(F-5)
into	Eq.	(F-4)	leads	to	(F-10)	which	may	be	readily	rearranged	and	simplified	into	(F-11)	and	so	(F-12)	Page	480	APPENDIX	G	EQUATIONS	OF	MOTION	OF	INCOMPRESSIBLE	NEWTONIAN	FLUIDS	IN	CYLINDRICAL	AND	SPHERICAL	POLAR	COORDINATES	The	general	equations	of	motion	for	incompressible	flow	with	constant	transport	properties
are	(G-1a)	(G-1b)	(G-1c)	CYLINDRICAL	COORDINATES	These	coordinates	(r,	θ,	z)	are	related	to	the	Cartesian	(x,	y,	z)	by	(G-2)	The	velocity	components	are	(υr	,	υθ	,	υz).	The	equations	of	motion	become	Continuity:	(G-3)	Convective	time	derivative:	(G-4)	Laplacian	operator:	(G-5)	r-momentum:	(G-6)	Page	481	θ-momentum:	(G-7)	z-momentum:	(G-8)
Energy:	(G-9)	where	Vorticity	components:	SPHERICAL	POLAR	COORDINATES	These	coordinates	(r,	φ,	θ)	are	related	to	(x,	y,	z)	by	the	transformations	(G-10)	The	equations	of	motion	then	become,	for	velocity	components	(υr	,	υφ	,	υθ):	Continuity:	(G-11)	Time	derivative	following	the	particle:	(G-12)	Laplacian	operator:	(G-13)	r-momentum:	(G-14)	θ-
momentum:	(G-15)	ϕ-momentum:	(G-16)	Page	482	Energy:	(G-17)	where	Page	483	APPENDIX	H1	DETERMINATION	OF	DIMENSIONLESS	PARAMETERS	Buckingham	Pi	Theorem	Procedural	Steps:	1.	List	the	“n”	parameters	involved,	starting	with	the	dependent	parameter.	2.	Under	each	parameter,	write	the	primary	dimensions	MLtT.	3.	Find	the
rank	“r”	of	the	dimensional	matrix.	Typically	r	=	number	of	primary	dimensions.	4.	Select	r	repeating	parameters	from	the	n	available.	Avoid	the	dependent	variable	along	with	μ,	a	(speed	of	found),	Δp	or	ℑ	unless	they	are	intended	to	be	used	at	the	basis	of	several	Π	groups.	The	repeating	parameters	must	have	independent	units	that	yet	include	in
total	all	the	primary	dimensions.	The	best	choice	is	that	of	parameters	similar	to	ρ,	U,	L	(or	D	for	internal	flows).	5.	For	each	of	the	(n	–	r)	remaining	parameters	(called	nonrepeating,	form	a	nondimensional	Pi	parameter,	Π,	starting	with	the	dependent	variable.	6.	Express	the	Pi	parameter	containing	the	dependent	variable	as	a	function	of	the
remaining	Pi	parameters:	Identify	well-known	Pi	parameters,	especially	those	that	are	named	after	known	scientists.	Page	484	Page	485	APPENDIX	H2	LIST	OF	DIMENSIONLESS	PARAMETERS	Page	486	Page	487	Page	488	Page	489	Page	490	APPENDIX	I	TRIGONOMETRIC	IDENTITIES	ADDITION	AND	SUBTRACTION	FORMULAS	(I-1)	(I-2)	(I-3)
WERNER’S	FORMULAS	(I-4)	(I-5)	INVERSE	OF	WERNER’S	FORMULAS	(I-6)	(I-7)	TRANSFORMATION	OF	SUMS	INTO	PRODUCTS	OF	FUNCTIONS	(I-8)	(I-9)	DUPLICATION	FORMULAS	(I-10)	(I-11)	TRIPLICATION	FORMULAS	(I-12)	(I-13)	Page	491	BISECTION	FORMULAS	(I-14)	(I-15)	CONVERSION	OF	POWERS	INTO	MULTIPLE	ANGLES	(I-16)
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